Science Journal of Applied Mathematics and Statistics

2022; 10(2): 22-27
http://www.sciencepublishinggroup.com/j/sjams
doi: 10.11648/j.sjams.20221002.12

o J' v, r
otlencer

Science Publishing Group

ISSN: 2376-9491 (Print); ISSN: 2376-9513 (Online)

Extension of Power Mean and Logarithms Mean

Yisa Anthoniol, Abimbola Abolarinwaz, Abdullai Abdurasidl, Kamal Rauf® , Michael Adeniyil,
Adeyinka Ogunsanya4’ *, Christian Iluno'

'"Department of Pure and Applied Mathematics, Lagos State University of Science and Technology, Ikorodu, Nigeria
Department of Mathematics, University of Lagos, Lagos, Nigeria
3*Department of Mathematics, University of Ilorin, Ilorin, Nigeria

4Departrnent of Statistics, University of Ilorin, Ilorin, Nigeria

Email address:
ogunsanyaadeyinka@yahoo.com (A. Ogunsanya)

*Corresponding author
To cite this article:
Yisa Anthonio, Abimbola Abolarinwa, Abdullai Abdurasid, Kamal Rauf, Michael Adeniyi, Adeyinka Ogunsanya, Christian Iluno. Extension

of Power Mean and Logarithms Mean. Science Journal of Applied Mathematics and Statistics. Vol. 10, No. 2, 2022, pp. 22-27.
doi: 10.11648/j.sjams.20221002.12

Received: February 4, 2022; Accepted: March 7, 2022; Published: April 20, 2022

Abstract: Logarithms are indispensable in the revision of mathematics which are basic components tools in the theory of
mathematical analysis. Logarithms have playing acute fundamental role in the study of the properties of power and arithmetic
means as well as inequalities of Logarithms with their bound. This paper shows the properties of logarithms mean, power mean,
arithmetic mean, Harmonic mean, geometric mean and later we use Minkowski’s inequality and Holder’s inequality to establish
the modified means. In the paper, we obtained the generalization of power mean, logarithms mean, arithmetic mean, Harmonic
mean and geometric mean. The methodology adopted are Minkowski’s inequality and Holder’s inequality to establish some
means of order a of two distincts. These inequalities further generalize some existing results. This research work also
demonstrated the importance of the Minkowski’s inequality and Holder’s inequality over existing arithmetic mean, Harmonic
mean and geometric mean and further extend the generalization to weighted logarithms mean. Hence, this article distinguished
some present results on power mean, logarithms means and acquired more robust means by engaging modified Minkowski’s
inequality and Holder’s inequality with some ordinary theorems. The modified Minkowski’s inequality on power and logarithms
mean further extends the generalized weighted logarithms mean of order a of two distincts.

Keywords: Extension of Logarithms Mean, Power Mean, Arithmetic Mean, Geometric Mean, Harmonic Mean,
Minkowski’s Inequality and Holder’s Inequality

Tung-Po Lin [6] assumed p as the least value and ¢ the

1. Introduction

The application of different forms of means has attracted
many researchers in the field of mathematics, which has led
to several extension of logarithms means, power mean,
geometric mean and harmonic mean. This was investigated
by Pal et al [1] The importance of generalization of
inequalities involving logarithmic mean and power mean

cannot be overemphasized as stated by E. B. Leach and M. C.

Sholander [2]. The Extensions and generalizations of
inequalities involving the logarithmic mean, power mean
and their applications have been extensive studied in the
literature [see 2-5].

greatest value for all value of positive numbers x and y
respectively of the logarithmic mean and the power mean of
order a of two distinct. Given

Kp <Ly (x,y) < Kq

is consistent for all distinct nonnegative real numbers x and y.
Tung-Po Lin [6] demostrated in his work that at g=0 and
p=1/3 are the optimal solution for the above order which may
satisfy any non-negative real numbers x and y. H. Alzer [7]
further established that the inequalities from Tung-Po Lin [6]
is better compared to existing inequalities.
Alzer [7- 8] studied a form of generalized logarithmic mean
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which is a special case of the Stolarsky mean. Define thus:

r+1 r+1
ﬁx xr:zr ,r#E0,-Lx#y
mi:my,r =0,x#y
LGN = i o M
Inx—Iny' ’
XX =7y

so that 9(x,y) = Lo(x,y).

In 1995 J. Sa’'ndor, obtained certain refinements for
inequalities involving means, results attributed to Carlson [9];
Leach and Sholander; Alzer; Sandor; and Vamanamurthy and
Vuorinen.

See [10 — 12], theses papers gave an easy proof compare
to Tung-Po Lin’s of a more general result. S. Furuichi and H.
R. Moradi [13] introduced weighted logarithmic mean and its
inequalities among weighted means were demonstrated.
Farissi et al [14] applied the standard Hermite-Hadamard
inequalities to logarithms means. Y. M. Chuand W. F. Xia [15]
proved that harmonic mean is greater than logarithms mean i.e.
H(e,7) = Ly(e, 7). More precisely and the authors obtained
the classes of functions f and h,,a € R such that

In fo(t) -

ha(t)
1 a
(tE+1>

We shall consider lower bound value T and upper bound
value value ¢ such that

>0,t> 1.

M, <9 <M,

is hold for all difference non- negative real numbers t and ¢,
where

cife=rt

()= 1

E-T _ (2)
(x.y)H%S.r) m(e)-in(x) otherwise

&
In(e)—In(7)

and

1 1\"n
Ver <9(e,1) < (‘”ﬁ’") <Zer>0. ()

Are the logarithmic mean and power mean of order n of
two different non- negative real numbers & and Tt
respectively.

Given two numbers (&, 1), then the logarithmic mean
9(g, T) is less than the arithmetic mean and the generalized

mean with exponent one third but greater than the geometric
mean, otherwise the numbers are the same, in which all three
means are equal to the numbers. We will use the above
inequality in our later discussion.

The Mean value theorem of differential calculus is given as
follows:

Given mean value theorem, there exists a value & in the
interval between ¢ and 7 where the function f derivative f’
equals the gradient of the secant line: exists

£ € (e 1) = 1O

We get logarithmic mean value of ¢ by substituting by In
for f and same for its corresponding derivative of natural
logarithm:

1_ In(e)-In(7)
'3 - &-T

and solving for ¢:

E-T
f - In(e)-In(7)

The logarithmic mean of two positive nnumbers can also be
taken as the area under an exponential function that is
exponential curve.

In light of this, we present an integral insight using
Minkowski'’s inequality and Hdélder's inequality to generalize
logarithmic mean. We further extend the generalization to
weighted logarithmic mean.

Preliminaries Result

The following form of logarithm mean inequality is
required:

The prove of above logarithmic mean and power mean are
as follows to establish our main result;

Theorem 1: Suppose T and & are non negative real
functions defined on an open interval (t,€). Then, the
following inequality holds:

J) thetdt < [ tr+ (1 + edt (4)
Then, we have
_ &-T 1 1 _ (t+¢)
9(e ) = In(e)-In(r) = 2t + 2672 ©)

equality holds if 7 = ¢.
Proof:
Integrate both sides of above inequality yields

9(re) = [, Tt tetde < [ tr+ (1 —t)edt

E-T 1 1
= < - —_=
ln(g) =3 T+ ¢ 2 &
_ e-T l l _ (z+e)
19(6' T) " In(e)-In(x) = 2 T+ 2 €= 2 (6)

‘mE%)G‘l)=m€§)(?)S?”(“?)“%”(O‘Zj)g

Further simplification, if right hand side of (6) that is
1 1 1 1
E-T

_&er : _ 22 2,2
@@ is replaced with 7 1285 and € Yiviy > 0



24 Yisa Anthonio et al.:

gets
AT T |
;(Vf ty, byt Vj) ™)

To extend it to finitely many numbers for any positive
integer n and positive numbers X, X,, ... X,n we have
Xxan) (®)

1
= 1
(.xl, Xo, ...xzn)zn < Z(xl, X2y ey

If we set { equal to € and the remaining it's equal to T
(where 0 < { < 2™) yields

£ <
gzn-[l 2n — ig —_
217.

(1+5)r<o ©)

The above inequality showed arithmetic-geometric mean
inequality:

The area interpretation made it simple to derive certain
basic logarithmic mean properties. Since the exponential
function is a case of monotonic function, then the integral
over an interval € and 7 of length 1 is bounded by the same
values.

Then, we want to obtain useful integral inequality mean
they are as follows:

Theorem 2: Suppose Tt and & are non negative real
functions defined on an open interval (t,€). Then, the
following inequality holds:

_r
(t+e)(z+t) —

[e<] dt dt
d(e, 1) = x fo (@ - (t+‘r))

) =;TT>< logr —loge <00 (10)

[0 _ 1
0 (t+e)(t+t) T et

ixlo ((t+‘r)

=T (t+e) 0

The homogeneous function of the integral operator can be
adopted in the mean operator, that is

J(pe, pr) = pd(e, 7)

The above inequality, as with other means, we have
I(pe, pt) = p(¢,T) for p > 0. In particular,

_ Iy — 11
9(e,T) = 819(1,8) = £T19(S.T)-

If the mean value theorem is considered, the above
inequality can be generalized to n + 1 variables by divided
differences for derivative of the logarithm.

Hence, it gives

0=<M;(f°9) — fF(M1(9)) < Mi(g(¥°9)) — M1 ()M, (¥°g) and

(b)if f is concave, then, the (12) holds in the reverse

direction.

Proof:

Taking the left hand side of (12) that is M;(f°g) —
f(M;(g)) and since f°g is u —integrable function equality
holds for f strictly convex if and only if g is constant u —
almost everywhere. Let M;(g) €1 if otherwise h =

Extension of Power Mean and Logarithms Mean

9(ggy ) &) = _n\/(—l)("“)nln(so, vy En)

where In(ey, ..., &,) denote a divided difference of the
logarithm. The Arithmetic mean form (4) is given, if the right
side of (4) is replaced with t72 + (1 — t)&?, then integrate
with respect to t. We have

2 2
9(e2,72) = [} tr2 + (1 —t)eldt =12 + (t — D)e? =

2 +€?
2
22452
+e
9(&?, rz) _E+T
9(eT) G 2

2
The Geometric mean form (4) is given, if the right side of (4)

is replaced with tt2 + (1 — t)&?, then integrate with respect
to t. We have

11y _ 1.1 _nlg o
19(;,;)—f0 t£+(1 t)Tdt—2£+

E+T
Hence, % = &= Ver

The Harmonic mean form (4) is given, if also the right side
of (4) is replaced with t72 + (1 — t) €2, then integrate with
respect to t. We have

(52 '1:2) f t + (1 - t) dt Zs:;
. ﬁ(ii) _ g _ 2
Cn) S
2. Main Results

Theorem 3: Suppose (X,{,p) be a finite space and
fire = R be a u—integrable defined the integral arithmetic
mean (the conditional expectation of the random variable f
in which case it is denoted) Y, f in probability theory) by

Mi(f, 1) = ==, fdu (1)
and suppose g: X = R be a u —integrable function.

(a) If f is a convex function given on an interval / that
include the image of g and y:I — R is a function such
that i € df(e) for every €l and PY°g and
g@°g) are pu— integrable functions, then, the
following inequality holds:

(12)

M;(g) — g(or — h) will be a strictly positive function whose
integral will be zero that is, : I = R satisfies.(a) for every &
in the interior of [. If M;(g) is also in the interior of I, then

fM) < f(g(e)
If
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q(e) = fbs f (g 1)dr, holds and sufficient by Theorem (1) that
p(e) = J,” de(f) fle ) dr)e, J, a(e)g(e)de vg(e) (14)
r(e) = J, dr(fT f(&,7)d7)* and the inequality ( such that

J, a(®de <7(e)®

f:o q(e)Pde <1

f q(s)g(s)dezf dr(f f(e,’[)dr)g(s)ds
b b b

[ e[ e = ([ °°f<s>adg>% ([ scra)

< [ dr([ f(e,Dde)?

™|~

using (2.4) yields

[ (F e mdn)de < ( [ ar([” fee T)adg)z)

Hence,

(I 5 renasfas) < 7 (7 e e
The (14) can be written as
J, a@g(@de = [, (I fedr)g(@)de = [,” e ([ g()f (z, e)de)
<4717 g(g)%d‘g)ﬁ (I e 0yede)e = [ de([” fe,0)"de)" (15)

Hence,

fbm (f;of(s,r)dr)ads < fb°° (be f(e,1)%de)%dr

and

(7 (U feydn)“de) < 7 (J7 f(e,0)%de)dn

Theorem 4: let q,(€),qz(€), ..., qn(€) are real functions such that q,(€) =0 and n>1. ¥ ' ;=1 and 1;(t) = 0 we
have

[T q7e) < Xy 1(2)qu(e) < (By 1i(e)qi(e) ™ (16)
Proof:

01(8) X gy (7) = (ql(e)+qz(s))2 _ (ql(s)—qz(s))z < (q1(6)+q2(s))2

2 X 2

q1(€)’2r¢h(€)>2 (q3(s):q4(s))2

q1(&) X q2(€) X q3(€) X q4(€) < (

q1(&) X q;(€) X g3(€) X ...qn(€) and the arithmetic mean @ taking 2™ — ntime then we have
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_ q1(8)+q2(&)++qn(e)+RM-n)w 2m
01(8) X 42(&) X G5(8) X . gy (&) X @27 < (2O )

Therefore,

(q1(€) X q2(&) X g3(&) X ... qn(g))% <.

We observed that geometric mean is always less than the arithmetic mean unless all the q'(€)s are equal.
Inequality (18) can also be written in order n of positive numbers q,(¢), ... q, () with weights &;(¢), ... £(t) as below

Gu(t: ) = (Biy 7))V # 0 and Gy (;5) = [Ty 4] ()= 0 (7
This reduces to generalize weighted logarithmic mean if n = 0 and refined result.
La(;8) = [, [Ti=n q;' ()dx () (18)
The positive numbers gq,(7),...,q,(7) is generalized weighted logarithmic mean by
E.(s) = [y Gu( $)dx () (19)

The means F,(x; q) are increasing sequences in n. If is well known that the power mean G,,(x;s) is increasing sequence in
n and in (19) the same is true for F,(x;s).
Theorem 5: Let 7,1 be positive numbers with T + 7 = 1 such that n > 0. Then

G (Xt s, qT+1) < G (G S)n+1Gn(X; Q)T+1 = G ()76 (X 8) G O )" G (5 @) (20)
where (s, ™) = (s) qit 5] g5t 5] T s st ant s ARt

Proof:
If n > 0, then integral Hdlder's inequality holds:

Ga Qi s"™, g™ ) = [ fu(s™ g™ T (T)

= [, ¥ a6 g™ dx (@ < [, Ba S (S 1) ™ dx (@) Q1)
< G (X:8)"Gn (X 8) G O )" G (G @)

Theorem 6: Let T,m be positive numbers with T +n = 1 such that n = 0. Then
Gn(&;s™hq™ ) < GG (n + Ds + ( + 1q) (22)
where (n+Ds+ @@+ D) <((n+Ds; +(t+Dqq, ... W+ Vs + (t+ Dgp_1, @ + Vs, + (t+ Dgy)

Proof:
The arithmetic-geometric inequality if n # 0

Ga (Ot s™ @™ ) = [ (8™ ¢ ) dx(0) = GO (n+ Ds + (v + 1)q) (23)
In above means, G, gives
Gn(s1+ 41,82+ q2) S Gu(s1 +52) +Gu(qr +q2) if n=21
and
Go(S1+q1,S2+q2) 2 Gu(sy+5,) +G(gr +q)ififn<1

We shall adapt Minkowski s inequality to prove arithmetic mean.
Theorem 7: Let n = 1 such that

Ga (s + 4™ ) < G (ST + G (g™ ) 24

while for n < 1 the inequality is reversed.
Proof:
If n > 1, using Minkowski's inequality yields:
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1
GaQG s+ g™ = [ fuls" 4 g7 0dx(e) = [, (BE (s + g7t M) dx(e)

< G (X 8)"6,(x;5)Gn + O Q)G (X q)

If r < 0 the reverse of above results is obtained, that is
Minkowski's inequality.

3. Conclusion

The study’s findings distinguished some present results on
power mean and logarithms means and acquired more robust
means by engaging modified Minkowski’s inequality and
Hélder’s inequality with some ordinary theorems. The results
protracted and generalized some earlier results in literature.
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