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Abstract: This article focuses on the classification, a-inner-derivations and c-centroids of complex Hom-trialgebras up to
dimension three. The initial research on these algebras was conducted by Loday and Ronco, and this paper builds upon their work
by utilizing computer algebra software (Mathematica) to analyze the equations that define the structure constants. Furthermore,
we explore the concept of a-inner-derivations and a-centroids of complex Hom-trialgebras. The findings reveal that for 2- and
3-dimensional algebras, there is only one trivial a-inner-derivation. However, there exist 23 non-isomorphic a-inner-derivations
for 2- and 3-dimensional algebras. Regarding a-centroids, we identify trivial isomorphism classes for 2- and 3-dimensional
Hom-trialgebras. Additionally, there are 11 non-isomorphic classes for 2-dimensional Hom-trialgebras and 19 for 3-dimensional
algebras. The range of dimensions for both a-inner-derivations and a-centroids spans from O to 3.
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1. Introduction the natural transport of structure action of GL,, (k) on TH. As
a matter of facts, isomorphism classes of n-dimensional Hom-
associative trialgebras are one-to-one correspondence with the
orbits of the action of GL,, (k) on T H. Classification problems
of the Hom-associative trialgebras using the algebraic and
geometric technique have drawn much interest in the -
derivations and a-centroids of Hom-associative trialgebras.
The associative trialgebras introduced by Loday [4, 8] with a
motivation to provide dual dialgebras [3, 7, 11-14], have been
further investigated with regard to several areas in mathematics
and physics. The classification of Hom-associative algebras
was set forward elaborated by [2, 10].

This paper involves around examining the «-Inner-
nk A derivations and a-centroids of finite dimensional associative
5 where e; 4 e; = 350 ylen, e ke = 3L dfjex trialgebras.  The algebra of a-Inner-derivations and o-

Notably, a Hom-associative trialgebra (A,,F, L, «)
consists of a vector space, two multiplications and a linear
self map. It may be perceived as a deformation of an
associative algebra [5, 6], where the associativity condition
is twisted by a linear map «, such that when @ = 1id
[9], the Hom-associative trialgebras degenerate to exactly
triassociative algebras. We aim in this paper to examine the
structure of Hom-associative trialgebras. Let A be an n-
dimensional C-linear space and {e1, ez, - , e, } be a basis of
A. A Hom-associative trialgebra structure on .4 with products
q/, 6 and ¢ is determined by 3n structure constants ~;, d;; and

and e; Lej = 375 ex, and by a which is given by n centroids are highly needed and extremely useful in terms of
structure constants a;j, where a(e;) = > j=14ji€j- Requiring  algebraic and geometric classification problems of algebras.
the algebra structure to be a Hom-associative trialgebra gives The current paper is organized as follows. In the fist

rise to sub-variety 7H of K 3n’+n” Basic changes in A yield
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section, we identify the topic alongside with some previously
obtained results. The chief objective of this paper is to
specify and classify a-Inner-derivations as well as a-centroids
of Hom-associative trialgebras [1, 15, 16]. In section 2,
we tackle the structure of Hom-associative trialgebras. In
section 3, we handle the algebraic varieties of Hom-associative
trialgebras, and we depict classifications, up to isomorphism,
of two-dimensional and three-dimensional Hom-associative
trialgebras. 'We focus upon the classification of the -
Inner-derivations. Eventually, in Section 4, we present the
classification of the a-centroids. In this case, the concept
of «-derivations and «-centroids is notably inspired and
whetted significant scientific concern from that of finite-
dimensional algebras. The algebra of a-centroids plays an
outstanding role in the classification problems as well as in
different applications of algebras. As far as our work is
concerned, we elaborated classification results of two and
three-dimensional Hom-associative trialgebras. All considered
algebras and vectors spaces are supposed to be over a field C
of characteristic zero.

2. Home-associative Trialgebras

Definition 2.1. A Hom-associative trialgebra is a 5-truple
(A,4,F, L, a) consisting of a linear space A linear maps
4k 1: Ax A — Aand o : A — A satisfying, for
all z,y, z € A, the following conditions :

(@dy)dalz) = a(z)H(y-2), (1)
(dy)dalz) = o)k z)=a) - (yLl),2)
(hy)dalz) = alz)k (yH2), 3)
Ay kaz) = a@) byt z)=(zly)Fa(z),®)
@ryFalz) = alz)k(yk2), (3)
(zly) Ha(z) = a@)LlyH2), (6)
(z4y)Lla(z) = afz)LlyF 2), @)
(@Fy)la(z) = alz)t (yLz), (8)
(zly)Lla(z) = az)l(ylz), 9)
forall z,y,z € A.
(@ xy) * a(z) — a(z) * (y * 2)
=@@ty+taxdyt+azly) xa(z) -
= (zFy)xalz) + (z 1y) * a(z) + (zLy) *
=@ky)kaz)+ @ty dalz)+ (@Fy)L
+(@Ly) Fa(z) + (zly) 4 a(z) + (zLy) La(z)

—a(z) F(y42) —a(x) H

This corroborates that (A,#*,«a) is a Hom-associative
algebra.

Corollary 2.1. Let (A,-,F, 1L, «a) be a Hom-associative
trialgebra. Then, A is a Hom-associative algebra with respect
to the multiplicative * : A® A — A

(yH2) -

cxy=xdy+aty—aly forany xz,y€ A

Remark 2.1. In addition, « is an endomorphism with respect
to 4, and L. Then, A is said to be a multiplicative Hom-
associative trialgebra

azdy) =a(z) 1aly) ;
a(zly) = a(z)Laly)

a(zky) = a(z) - aly),

forall z,y € A.
Definition 2.2. A morphism of Hom-associative trialgebra is
a linear map

fi(A AR 1L a)— (A4, 1 d)

such that
oof=Ffoa,
and
flady) = flo) 4 fly), fleby) =f@)F fy),
flely) = flx) L' f(y)

forall z,y € A.

Remark 2.2. A bijective homomorphism is an isomorphism
of A and As.

Proposition 2.1. Let (A, -,F, L, «) be a Hom-associative
trialgebra. Therefore, (A, -, L,*,a) is a Hom-associative
trialgebra, where for any z,y,z € A, x xy=x bk y+zly.

Proof We prove only one axiom, as others are proven
similarly. For any z,y, 2 € A,

(xxy)da(z) =(@Fy+zly) dalz)

(zFy)dalz) + (zLy) 4 alz)
a(z)k (yHz)+alz)Lly H2)
afz) * (y 4 2),

which ends the proof.

Proposition 2.2. Let (A, -,F, L, «) be a Hom-associative
trialgebra and x xy = « + y + 2 - y + xzLy. From this
perspective, (A, %, «) is a Hom-associative algebra.

Proof Forany x,y, z € A,

a@)x(yFz+ydz+ylz)
a(z) — a(z) *
a(z) + (z 4y) - alz) + (
—a(@)F(yF2) —al@) 4(yk=2) -
a(z)L(y 42) —a(z) - (yLz) — a(z)

(yFz) —alz)* (y 42) —afz) * (yLz)
zdy) da(z) + (x dy)La(z)
a(z) Lyt 2)
4 (yLlz) — a(z)L(yLlz).

Proposition 2.3. Let (A,-,F, L, a) be a Hom-associative
trialgebra. Then (A, -, «) is a Hom-associative trialgebra,
wherex H y=xFy+z 1y, forz,y € A

Proof The proof is straightforward by calculation by using
Definition 2.1.

Proposition 2.4. Let (A,-,F, L, a) be a Hom-associative
trialgebra.  Then (A, 4°P,F°P, 1°P «) is also a Hom-
associative trialgebra, with x 4P y =y - 2, =z FP y =
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ydx, xzl°Py=ylz foranyz,yc A

Proof It comes immediately from Definition 2.1.

Definition 2.3. A Hom-Leibniz Poisson algebra is the triplet
(A, -, [ ], @) consisting of a linear space A, two linear maps
] Ax A — Aandalinear map o : A — A satisfying
the following statements

i) (A,-, «)is a Hom-associative trialbra,

ii) (A, [, ], @) is a Hom-Leibniz algebra ,
[z, y] * a(z) = [z,y] 1 a(z) —a(z) - [z,y] =
and

[z 2, a(y)] + [o(2), y * 2]
=lzdz—zkaly)]+ o),y dz—2Fy]
=(xkz—zFz)laly) —

Since
(zly) da(z) =alx)L(ytF 2),
(ylz) dalz) =a(y)Ll(zt 2),
a(z) F (zly) =(zFz)Llaly),
alz) F (yLz) = (zFy)Lla(x),
(xlz)La(y =oa(z)L(zFy),
a(y)L(zFx) y 1 2)Lla(x),

in a Hom-associative trialgebra, we get [r,y] * a(z) =
[z 2, a(y)] + (), y = 2] .

This ends the proof.

Proposition 2.6. Let (A,,F, L, a) be a Hom-trialgebra.
Therefore, (*,[—, —], @) is a non-commutative Hom-Leibniz-
Poisson algebra with respect to the operations x * y =
zly, [zyl=xz-dy—azty,foralz,y,zc A

Proof If following from a straightforward computation.

n
k
e; ey = E Yijeksei b €
k=1

The axioms in Definition 2.1 are ,respectivly, equivalent to

n n
Z Z VijGakVpg =

p=1g=1

n n n n n n
Z Z Vg)jaqk’)/;q = Z Z apiégk’)’;q = Z Z api§¢;1'k7;q7

p=1gqg=1 p=1qg=1

Z Z 51?], aqk’V;q

p—l q—l
n n

Z Z %J Aqk0y,

p=1g=1 p=1q=1

Z Z 5§}aqk5;q

p=1g=1

(zFy—yla)dalz) —

aly)Lzdz—zFa)+alx)Lydz—2zFy) —

n
_ k
= E 5ijek,eij_ej
k=1

Z Z al’ﬂﬂv

Classification a-Inner Derivations and a-Centroids of Finite-Dimensional Complex Hom-Trialgebras

iii) [zy,a(2)] = a(x)y, 2]+[z, 2]-a(y) forallz,y, z € A
Proposition 2.5. Let (A,-,F, L, a) be a Hom-associative
trialgebra. Define now binany operations by

$*y
[z, ]

=zrdy—ytuz
=zly—ylx.

Then (A, *, [, -] , &) becomes a Hom-associative trialgebra.
Proof By definition, for any x,y, z € A, we have

a(z) F (zly —yLly).

(ydz—zFy)lalx).

Corollary 2.2. Let (A,-,, L, «) be a Hom-associative
trialgebra. Hence, (A, *,[—,—],a) is a non-commutative
Hom-Leibniz-Poisson algebra with

zxy=cdy+az-y—zly

and
[,y =xz*xy—y*xxz forany z,y € A

2.1. Classification of Finite-dimensional Complex
Hom-associative Trialgebras

In this section, Hom-associative trialgebras are classified in
low dimension. Note that 7" denotes m!”" isomorphism
class of Hom-associative trialgebra in dimension n.

Let (A, ,F, L, «) be an n-dimensionnal Hom-triagebra of
A.Foranyi,j € N, 1 <14, j<mn,letusput

E gzjekv 61 E Aji€j.

n n
q T
Z Z @piYjkVpg>

(10)

p=1q=1
(11)

p=1qg=1

=D > w g, (12)

p—l q—l
ZZ@JW " (13)

p=1qg=1
=D @i, (14)

p=1g=1



where (a;;)

1<,y <
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n n n n
D roo__ A4 T
Z Z €ij" agkVpg = Z Z piYjEpqs
p=1g¢=1 p=1g¢=1
n n n n
b T __ S99 ¢r
Z Z VijQak€pg = Z Z am(gjkgpq’
p=1qg=1 p=1qg=1
n n n n
P T ¢q ST
Z Z 5ija"1kqu - Z Z aplgjktqu’
p=1g=1 p=1g=1
n n n n
P T __ ¢4 ¢T
Z Z §ij0ak€pg = Z Z api&j1Epq-
p=1g=1 p=1g=1

Remark 2.1 are,respectively, equivalent to

n

k
E VijQqk =
k=1

Theorem 2.1. Any 2-dimensional complex Hom-associative trialgebra is either associative or isomorphic to one of

n n n n n n
q k _ q k _
E E ki Cpj Vips E 6ijaqk—g E ki O s E §ijaqk =
k=1 k=1

k=1p=1

k=1p=1

the following pairwise non-isomorphic Hom-associative trialgebras:

Table 1. 2-dimensional complex Hom-associative trialgebras.
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15)

(16)

A7)

(18)

, refers to the matrix of o and (7};), (5;‘;) and ({Z) stand for the structure constants of 4. The axioms in

n n
q
E E akiapjfkp.

k=1p=1

THT —1 = 1L o
e1 Jezx = e, el kex=ei, ei1lex = e,
1
THs es 1e1 = e, ea kel =eq, eale; = ey, aez) = ex.
82462261 82"62:61, ezJ_E’g:el,
61482161, 81'*62:61,
2
TH5 ez 1er =eq, ex el =eq, exles = eq, aez) = ei.
ex d1ex =e1 es ez =eq,
e1 1ex =eq,
3 el kex=ei,
THs es 1e1 = e, ealey = eq, aez) = e1.
€2 = e = e,
€2 —|€2 = é€1,
a(er) = e
4 s
T?‘Lz 62"82261, 62'*62:(31, 62J.€2:€1,
aez) = e1 + es.
THE es de1 = ey, es el = e, exler =e1 aer) = e,
2
ez 1ex =e1 + ez, ez - ez =e1 + ez, ezle; =e1 + e, a(ez) = ey +e2.
TS e1 1ex =eq, el Fex=ceq, ejles =e; aer) = eq,
2
ex 1ex =e1 +ea, ez Fex =e; +ea, ez lex =e1 + e2, a(ez) = e + ea.
elJ_el =e1
THT e1 1ex =eq, es ey =e1, e1ley =eq aer) = e,
2
es 1 ez = ea, es - ex = ea, esle; =e1 aez) = ea.
exles = ea,
e1les =e1,
9 e1 1ex =e1, ez Fer =e, aler) = e1,
THS exle; =eq,
es 1 ez = eo, es ez = e, a(ez) = eo.
82J_€2 = €2,
61461:761, 61'*61:761, 61J.€1:761, ( )
«(ey]) = ey
9 s
TH, e1 ez = ea, e1 ez = ea, e1lex =eq, (e2)
«(€eg) = —€gz
ez 1e1 = ea, es el = ea, exles = ea,
cidlen = =ei;
2 er der = —eq, e1 kel = —el, a(er) = e1,
THL e1les = e,
e1 1 ez = eo, e1 Fex =eoa, a(es) = —ea.
62J.€1 = ea,
7_ 11 61461 = eée1, 61'*61:(31, 61J.€1:€1, _
Ha a(ez) = ea.
62462262, €2|7€2:EQ, 62J.€2:€2,
12 e1le; =e1,
THS ez 1 ey = eq, es ey =ea, aler) = e1.
egLeQ = ea,
61l61 = e,
T3 e1 1ex =eq, es ey =e1, e;1les =eq, aer) = e,
2
es 1 ez = eo, es ez = ea, exsle; =eq, a(e2) = ea.

exlex =e1 + e,




90

Proof Let A be a two-dimensional vector space. To
determine a Hom-associative trialgebra structure on A , we
consider A with respect to one Hom-associative trialgebra
operation. Let TH3" = (A, F, ) be the Hom-algebra

61%61:7617 61%62162,
eabe;1 =ea, aler) =e1, afer) =—es.

The multiplication operations -, L in A , we define as

follows:

e1 1e1 = ajer + azes, e1ler = bier + baea,

e1 ez = asze; + agea, e1les = bser + baea,
ez 1 e; = ase; + agea, ealey = bsey + bgea,
es ey = arer + ages, esl ey = bre; + bges.

Now verifying Hom-associative trialgebra axioms, we get
several constraints for the coefficients a;,bi € R where 1 <
1< 8.

Applying (e; 7 e1) F ale;) = aler) F (e1 F e1), we get
(a1e1 +ages) Fep =e; F(e1Fep)andtheneg - ep = 1.

Therefore a; = —1.

The verification of (e; Fe1) 4 a(e1) = a(er) F (e; der)
leads to e; 4 ey = e; b (e1 + ages) and from this we get
e1 + ases = e1. Hence we obtain as = 0.

Consider (e; " e1) dale;) = aler) 4 (e1 F e1).

It implies that e; - e2 = 1, therefore ag = 1 and a4 = 0.

61"61:—61, €1|_€1

e1 1ey = eo, e1 ke

62461:627 62"61
aler) = e,

Bouzid Mosbahi et al.: Classification a-Inner Derivations and a-Centroids of Finite-Dimensional Complex Hom-Trialgebras

The next relation to consider is (e; 4 e2) - a(e;) =
a(er) 1 (e2 - ep). It implies that 1 = e; - (ase; + agea)
and we get a5 = 0 and ag 1. To find a7 and ag, we
note that (e; 4 e2) 1 aler) = alea) 4 (e2 F e1) =
(a761 + ageg) 4 e = 0 = are; + agages = 0. Hence
we have a; = 0, agag = 0. Finally, we apply (e2 - e3)
alez) = alez) 4 (e2 F ea) = ag(e2 4 e2) = 0, and get
ag = 0.

Applying (e;Ley) b B(e1) = a(er) F (e1 F er), we get
(y161 + ygeg) Fe =e (61 - 61) and thene; F e; = 0.
Therefore yy; = 0 and y2 = 0. Consider (e; Les) = B(e1)
a(er)L(eg 4 eq). It implies that ey L eg = 0, therefore y3 = 0
and y4 = 0.

The next relation to consider is (e;les) - «(er)
ales)L(es 4 eq).

It implies that 0 = es L (bse; + bges) and we get by =
and bg 0. To find b7 and , bs we note that (esles)
04(61) = Oé(@g) = (62 F 61) = (6761 + bgeg) - e
1 = bre; + bgbges = 1. Hence we have by = 0, bgbg = 0.
Finally, we apply (eales) - a(es) = a(es) 4 (ea b e2)
= bg(ea F es) = 1, and get bs = 1. The verification
of all other cases leads to the obtained constraints. Thus, in
this case we come to the Hom-associative trialgebra with the
multiplication table:

0
= .

= —e1, ejle; = —ey,
= ea, erles =eq,
= ea, eales = eg,
aleg) = —ea.

Then THY" = (A, , ) it is isomorphic to TH3. The other Hom-associative trialgebras of the list of Theorem 2.1 can be

obtained by minor modification of the observation above.

Theorem 2.2. Any 3-dimensional complex Hom-associative trialgebra is either associative or isomorphic to one of the

following pairwise non-isomorphic Hom-associative trialgebras:

Table 2. 3-dimensional complex Hom-associative trialgebras.

THG = = 1 a
ez les = ez + ez,
ex 1ex = ez + ez, es ez =ea+es, N o
€z le3z = ez €3
1 9
THs ez ez =ep + es, e3 ey =ep + €3, N N aer) = e1.
€zléezx = €2 T €3,
e3 ez = ea + ez, e3 ez = ez +e3,
esles = ez + e3,
ez ez = ez + ez, ez - ex = ez +e3, exlez = e2 + ez,
2
TH; ez 1 ez = ep + es, ez es =ex +e3, esle; = ez + es, aer) = e1.
e3 1es = ez + ez, es b e3 =ea +es, esles = ez +e3,
T3 e; el = aes, e Fel =ea, e1le; =eq, aer) = e,
3
ez 1es = ez, es - e3 = eq, ez les = ea, aez) = ea.
THA e1 el = es, e1 e =es, erle; = es, aer) = e1,
3
es e = eoa, es ex = ea, exles = ea, a(es) = es.
e 1e1 = aeq, e1 el =e, e1le; = e,
5 aez) = ea,
THs ez 1ex = eq, e ez = eq, exles = ea,
a(es) = es.
e3 1ex =eg, es3 ke =eg, esles = ez,
er 1er =e1; +e3, e1 kel =e1 +esz, erle; =e1 + ez,
6
THs e1 ez = el +es, e1 ez =er +es, ei1les =e1 +es, a(ez) = ea.

es el = e +es, ez el =e t+es,

ezle; =e1 + ez,
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THT - F 1 a

e1 el =e1 +e2,
er 1e1 =e1 + ez,
= e1 ez =e +e2, exle; =e1 + e,
THs e1 H4ex =e1 + ea, aes) = es.
ea el =er +e2, es-lex = el + ez,
ez ez = e + ez,
ez -ex =e; +ea,

e1 1ex =e1 + ez, eiler =e1 + ez,
8 ez el =e1 +e2,
THs ex 1e1 =ej +ea, e1ley =e1 + ea, a(es) = es.
ez ez =e1 +e2,
ez ez = e + ez, exlex =ej + e,
a(er) = e,
9
THs ey 1 ey = aey — bes, es F ex = es + des, exles = bes + e3, aes) = e1 + ea,
aes) = ez + e3.
e; 1ex =eq, es el =eq, exles =eq,
3410 aez) = e1,
Hs ex 1er =eq, eabex =eq, ez lez = e,
a(es) = e3
ez 1ex =eq, ex ke =eq, esles = e,
62461281, El}—82:6’17
Tl exles =eq, a(es) = e,
Hi ez dex =eq, es el =eq,
ez ley = @il g a(63) = €3.
e3 1ex =eq, es - ex =eq,

ez 1e1 =e1 +e3,
~ n o + exlexy =e1 + ez,
() €o = eq €es (D) e] = ey €3
T'HéZ ’ ’ esles =e1 + es, aes) = e1.
e3 ez = e +es, ez ez =e +es,
eslez =e1 +es,
er 1ex =e1 +e3,

e1 ez =e; +es,
exlex =ej + es,
13 e3 1ex =e1 + es, ez ez =er +es,
THs esley =e1 + e3, aez) =e;.
e3 ez = el +es, e3 ez =e; +es,
ez les = e + es,
ez ez =e1 +es,

ez 1ez =e1 + e3, ez -ex =e; +es, L i
eslex = e €3
14 )
THg ez 1ex =ej +e3, ez ey =ej +e3, aez) = e1.
esles = e +es,

e3 1e3 =e1 + es, e3 -e3 =e1 +es,
e1 1ex =e1 + ez, ez ez =er +es, ez le; = es,
TH;,S ez 1eax =ej + ez, ez - eax =ej +e3, esles = es, aes) = e1.
ez 1e3 =e1 + ez, ez ez =e1 +es, ezlesz =es,
62461163, 61}’62161,

16 €3J_€2 = €3,
THs ez 1ex = ez, ez ez =ej +e3, aez) = e1.
€3J_€3 = €3,

e3 1e3 =e1 + es, e3 ez =e,
ei1les = ez,
e e; 1ex = e + ez, e1 e =ey, exle; = ez,
THs; aez) = e;.
ez el = e +es, e3 ez =eq, egles = ey,
€3J_€3 = €3,
ez 1e3 = e + es, ez - e1 = es, ei1lex = e +es,
18
THs ez 1ex =ey +e3, ea Fex =ey +eg, esles =eq, a(ez) =eq.
e3 1es = el +es, e3 ez =e +es, eslex = e1 + es,
€92 463:62, €2L63283,
es Fes =es + e3
19 )
THg ez ez = eq, ez les = ez, aer) = e1.
es - e3 =e2 +es,
es 1es =eg, esles = es,
e; 1es =eq, es el =eq, eijles =eq,
20 ae2) = e1,
THs ey 1esz =eq, ez e =eq, esles = e,
a(es) = ea.
ez de3 = e, ez ez =e, ezles = e,

€1J_€3 = e1,
€2 = €3 = €1,
il es el =eq, exles =eq, a(ez) = e,
TH3 e3 1ex = ey,
es - e3 =eq, esle; =eq, a(es) = ea.
e3 1es =eq,
ezlex =eq,

Proof Let A be a three-dimensional vector space. To determine a Hom-associative trialgebra structure on A , we consider A
with respect to one Hom-associative trialgebra operation. Let 7Hs = (A, -, «) be the Hom-algebra
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e3|—€1:€17 63"62261,

The multiplication operations -, Lin 4. We use the same
method of the Proof of the Theorem 2.2. Then THY =
(A, , a) it is isomorphic to 7H3.The other Hom-associative
trialgebra of the list of Theorem 2.2 can be obtained by minor
modification of the observation.

3. a-Inner-derivations of n-dimensional
Hom-associative Trialgebras

This section sets forward a detailed description of a-Inner-
derivations of Hom-associative trialgebras in dimensions two

and three over the field C.

3.1. Properties of oc-Inner-derivations of Hom-associative

€3 F €3 = €1, ,04(61) = €1,

Classification a-Inner Derivations and a-Centroids of Finite-Dimensional Complex Hom-Trialgebras

ales) = es.

aol = Zoaq, (19)
ad,(z) = I(z) da(z) —alz) 1Z(2), (20)
ad,(z) = I(x)F a(z) —alx) - Z(2), 21
ad,(x) = I(z)la(z) — alz)LZ(z), (22)

forall z,y € A.
Let (A, -, «
z € A, we have

) be a Hom-associative trialgebra over K. For

ad,(X) (V, X € A).

We can,therefore, prove that ad, is a a-derivation of (A, -
,F,a). Forany X, Y € A, we get

=XHz—-z2FX,

Trialgebras
Definition 3.1. An  «-Inner-derivation of the Hom- ad,(X 1Y) = (X 4Y)da(z) —a(z) F (X 1Y)
associative trialgebra A is a linear transformation Z : A — A
satisfying and
ad,(X)4aY) + o(X)dad,(Y)
= Xdz—zFX)da¥)+a(X)4 ¥ Hdz—-2FY)
= aoX)44Y)-FX)da¥)+a(X) 4 Y H2) —a(X)4(z1Y)
= aX)4 (¥ Hd2)—(zFX)4aY)
= oX)4(YLz)—(zFX)daY).
Hence,
ad,(X 1Y) =ad.(X) 4 a(Y) + a(X) 4 ad, (V).

On the other side,

ad (X FY) =

and

a(X)Fad.(Y)

= XHdz—-zFX)FaY)+
= XF2)FaY)-(zFX)F
aX)F Y H2)-(zFX)F

Thus, it follows that

ad(X FY) = ad.(X) F a(Y) +

(XEFY) da(z) + a(z)
(XFY)H(2) —a(z) 4 (XLY)

a(z)F(XFY)

aX)F (Y Hz—2FY)
a)+aX)F Y H42)— (X F2)FaY)
oY)

a(X) Fad,(Y).
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3.2. Classification of a-Inner-derivations of Hom-associative Trialgebras

Let {e1,e2,€3, -+ ,e,} be a basis of an n-dimensional Hom-associative trialgebra .A. The product of basis is denoted by

I(ep) = qupeq-
q=1

We have

n n
Zzpkaqp = Z apelep (23)
p=1 p=1

Z %PJI”P = Z Z LpitqjVpg — Z Z apiZaiVpg> 24)
k=1

p=1g=1

p=1g=1

YTy = 3 Y Tpigibh, — DY apZypy, 25)
k=1

p=1g=1

n n

p=1g=1

n

DT =23 Totaiby — DD anTubyy: 29

k=1 p=1qg=1

p=1g=1

Theorem 3.1. The a-Inner-derivations of 2-dimensional Hom-associative trialgebras have the following form :

Table 3. a-Inner-derivations of 2-dimensional Hom-associative trialgebras.

THT Der(c-Inner-derivations) Dim(o-Inner-derivations)
0 0
THS 1
2 0 0
TH2 1
121 0
. 0 0
THS 1
Iy 0
0 0
THS 2
Zo1  ZIa2
6 0 0 >
THS 1
Ty 0
i i 0 0 0 0. .
Proof Restlng. upon Theorem 3.1, we provide the proof only 7, = . I, = is the basis of Der(a-
for one case to illustrate the used approach. The other cases 10 0 1

can handled similarly with or without modification(s). Let us
consider T”H;l. Applying the systems of equations (23), (24),
(25) and (26), we get 717 = Zyj2 = 0. Thus, the a-Inner-
derivations of ’7";'-[‘21 are expressed as follows:

Inner-derivations) and Dim(Der(a-Inner-derivations))=2.
The a-Inner-derivations of the remaining parts of the two-
dimension Hom-associative trialgebras can be tackled in a
similar manner as depicted above.

Theorem 3.2. The a-Inner-derivations of 3-dimensional Hom-associative trialgebras have the following form :

Table 4. o-Inner-derivations of 3-dimensional Hom-associative trialgebras.

THT Der(c-Inner-derivations) Dim(c-Inner-derivations) THT Der(c-Inner-derivations) Dim(c-Inner-derivations)
Zi1 0 0 Zi1 0 0
THS 0 Tao T 3 TH2 0 o) Tos 3
0 —Zo2 —Io3 0 —Zoo2 —Io3
T Ion 0 Zii 0 Iy
THS 0 0 0 3 TH; 0 0 0 2
0 0 Zs3 0 0 0
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T’i-l,g" Der(a-Inner-derivations) Dim(c-Inner-derivations) T?-LZ,," Der(ca-Inner-derivations) Dim(c-Inner-derivations)
0 0 0 T11 0 T3
THS 0 0 T ) 2 THS 0 T2z 0 ) 3
0 0 Is3 =Tl 0 —73

Ti1 Z12 0 Z11 12 0

THY —T11 —Ti12 O ) 3 THS T =Tae O ) 3

0 0 I33 0 0 I33

0 0 0 0 0 0

TH Iy, 0 O 2 TH?! Ty 0O O 2
0 0 Zs3 0 0 Zs3
0 0 0 0 0 0

TH3? T Tom O 2 THE T Ty O 2
0 0 0 0 0 0
0 0 0 0 0 0

TH* Ty Ty O 2 TH® Ton T O 2
0 0 0 0 0 0
0 0 0 0 0 0

TH3® Zo1 Z23 O 2 THS" Zo1 Z23 O 2
0 0 0 0 0 0
0 0 0 Iy 0 O

TH;® Zo1 I3z O 2 TH;® 0 0 0 ) 1
0 0 0 0 0 O

Proof Departing from Theorem 3.2, we provide the proof
only for one case to illustrate the used approach, the other cases
can be addressed similarly with or without modification(s).
0
1

T, = T, =

S O =
o O O
o O O
o O O
o O O

-1

is the basis of Der(«a-Inner-derivations) and DimDer(a-Inner-
derivations)=3. The a-Inner-derivations of the remaining
parts of dimension three associative trialgebras can be handled
in a similar manner as illustrated above.

Corollary 3.1.

1. The dimensions of the «-Inner-derivations of  2-
dimensional Hom-associative trialgebras range between
zero and one.

2. The dimensions of the «-Inner-derivations of 3-
dimensional Hom-associative trialgebras range between
zero and three.

4. «-Centroids of Low-dimensional
Hom-associative Trialgebras

4.1. Properties of a-centroids of Hom-associative
Trialgebras

In this section, we draw the following results on properties
of a-centroids of Hom-associative trialgebras .A.

Definition 4.1.Let (A,-,F,«) be a Hom-associative
trialgebra. A linear map ¢ : A — A is called an element

and 13 =

Let’s consider T’Hé. Applying the systems of equations (23),
(24), (25) and (26), we get oy = I31 = Zoy = I31 = 0.
Hence, the derivations of 73 are indicated as follows

00 0
00 1
00 -1

of a-centroids on A if, for all z,y € A,

aoy = Yoa, 27
Y(x) Haly) = ¢(@) Av(y) = alz) 44(y), @28)
Y(@)Faly) = @) Y(y) =al@) - Y(y), 29)
Y()Llaly) = Y()Lly(y) =alz)Lld(y).  (30)

The set of all elements of a-centroid of A is denoted
Cent (o) (A). The centroid of A is denoted Cent(A).
Definition 4.2. Let ‘H be a nonempty subset of .A. The subset

ZAH)={z e Hla(z)eH=Hea(z)=0}, (@31
is said to be centralizer of H in A, where the e is  and F,
respectively.

Definition 4.3. Let p € End(A). If ¢(A) C Z(A) and
¥(A?) = 0, then 1) is called a central derivation. The set of all
central derivations of A is denoted by C(A).

Proposition 4.1. Consider (A, ,+,a) a Hom-associative
trialgebra. Then,

i) T'(A)Der(A) C Der(A).

ii) [P(A), Dr(A)] € T(A).
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i) [D(A), T(A)] (A) € T(A) and [T(A), T(A)] (A%) = 0.

Proof The proof of parts i) — 4ii) is straightforward with
reference to definitions of derivation and centroid.

Proposition 4.2. Let (A, H,+, 1, a) be a Hom-associative
trialgebra and ¢ € Cent(A), d € Der(A). Then, ¢ o d is
an a-derivation of A.

Proof Indeed, if z,y € A, then

(pod)(zey) =p(d(x)ealy)+alz)edy))
= p(d(x) e y) + p(z e d(y))
= (pod)(z) e a(y) + a(z) e (v od)(y),

where e is -, - and L, respectively.
Proposition 4.3. Let (A,-,F, 1, a) be a Hom-associative

Proof

i) Forany ¢ € Cent(A), d € Der(A), Vz,y € A, we have

=doyp(x)ey
=dop(x)ey+p(x)
=dop(z)ey+ypodzey) -

dop(zey)

Thus, (dop —pod)(zey)=(dep—pod)(r)ey
il) Letd o ¢ € Der(A). Using [d, ¢] € Cent(A), we get

trialgebra over a field F. Hence, C(A) = Cent(A) N Der(A).

Proof If ¢ € Cent(A) N Der(A), then by definition of
Cent(A and Der(A), we get Y(z o y) = (z) o ay) +
a(z) e P(y) and Y(z e y) = ¥(z) o a(y) = a(z) o P(y)
for x,y € A. The yields ¢(AA) = 0 and ¥(A) C Z(A),
i.e, Cent(A) N Der(A) C Cent(.A). The opposite is obvious
since C(A) is in both Cent(A) and Der(.A), where e is -,
and L, respectively.

Proposition 4.4. Let (A,-,F, L, a) be a Hom-associative
trialgebra. Therefore, for any d € Der(.A) and ¢ € Cent(A),
we have

(i) The composition do¢ is in Cent(A), if and only if pod

is a central a-derivation of A.
(i1) The composition do¢ is a a-derivation of .4, if and only
if [d, o] is a central «-derivation of A.

°d(y)
pod(z)ey

[d, o] (z 0 y) = ([d, ] () ® aly) = a(z) o ([d,¢] (y)) (32)
On the other side, [d, p]do @ — podand do p,pod € Der(A). Therefore,
[d, o] (z oy) = (d(po () ®aly) +a(x)e(dop(y)) (33)
—(pod(z))ealy) —alz) e (pod(y))
Relying upon (32) and (33), we get a(x) o ([d, ¢])(y) = ([d, ¥])(x) ® a(y) = 0.
At this stage of analysis,let [d, ¢] be a central a-derivation of .A. Then,
dop(rey) =[dog]|(rey)+(pod)(zey)
= p(od(z) @ a(y)) + p(a(z) e d(y))
= (pod)(z)ea(y) +a(x)e(pod)(y),
where e indicates the products -, - and L, respectively.
4.2. «-centroids of 2-3-dimensional Hom-associative - & & q
Trialgebras Z YijCak = Z Z AkiCpj Vi (36)
k= k=1p=1
This section provides pertinent details on a-centroids of
Hom-associative trialgebras in dimension two and three over Z 8fiCqk = Z Z ChitpjOf,, (37
the field K. Let {ej,ea,e3, -+ ,e,} be a basis of an n- k= lp 1
dimensional Hom-associative trialgebras 4. The product of
basis Z 5L_]qu = Z Z akchj kp7 (38)
n k=1p=1
p) = Z CqpCq- .
a=1 Z &hcqr = Z Z Critp;EfL, (39)
n n k=1 k=1p=1
Z CpiQqgp = Z ApiCqp, (34) n n n
=1 p=1 D Ehcak =YY anicy&l, (40)
n X non k=1 k=1p=1
Yo =YD crian i, (35)
k=1 k=1p=1
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Theorem 4.1. The a-centroids of 2-dimensional complex Hom-associative trialgebras are depicted as follows :

Table 5. o-centroids of 2-dimensional Hom-associative trialgebras.

THT Cent(q)(A) Dim(Cent(y)(A)) THT Cent(q)(A) Dim(Cent(y)(A))
0 0 0 0
TH) 1 TH3 1
c21 0 c21 O
0 5 0
TH; o 2 T3 eu 2
co1  din co1  c11
0 0
THS o 2 TH o 1
c21 €11 0 c11
THS il ) 1 THLO R 1
0 cnn 0 o0
0 0 0
AL ) 1 T2 et 1
0 c22 0 o0
THL O |
0 cnn
Proof Departing from Theorem 4.1, we provide the proof o = 10 o = 0 0 s the basis of
only for one case to illustrate the used approach, the other cases 0 1) 10

can be addressed similarly with or without modification(s).  Cent(a)(A) and Dim(Cent ,))(A)=2. The a-centroids of the
Let’s consider T~ ’}—[‘2{ Applying the systems of equations (34),  remaining parts of dimension two Hom-associative trialgebras
(36), (38) and (40), we get ¢;o = 0 and cpo = c11. Hence, the ~ can be handled in a similar manner as illustrated above.

a-centroids of 75 are indicated as follows

Theorem 4.2. The a-centroids of 3-dimensional complex Hom-associative trialgebras are depicted as follows :

Table 6. o-centroids of 3-dimensional complex Hom-associative trialgebras.

THT Cent(q)(A) Dim(Cent(y)(A)) THT Cent(q)(A) Dim(Cent(y)(A))
c11 0 0 c11 0 0
TH; 0 C22 c23 3 TH3 0 C22 ca3 3
0 —C22  —C23 0 —C22  —C23
0 ci2 O ci1 0 cis
THS 0 0 0 1 TH; 0 0 0 2
0 0 0 0 0 ci1
0 0 0 c11 0 c13
TH; 0 coz 2 THS 0 co» O 3
0 0 c33 —c11 0 —c13
c11 c12 0 c11 c12 0
TH:Z —c11 —cC12 0 3 THS —c11 —cC12 0 3
0 0 c33 0 0 c33
0 0 0 0 0 0
TH;" 21 00 ) 2 TH;' 21 0 0 2
0 0 c33 0 0 ecs3
0 0 0 0 0 0
7—7-[;132 co1 c23 O ) 2 TH;ISS co1 c23 O 2
0 0 0 0 0 0
c11 0 0 0 0 0
TH3! c21 c11 23 3 TH3® c21 0 co3 2
—c11 0 0 0 0 0
0 0 0 0 0 0
TH%)G c21 0 ca3 ) 2 7—7'[%7 ca1 0 ca3 2
0 0 0 0 0 0
0 0 0 0 0 0
THE ca1 0 co3 ) 2 THI ca1 0 0 2
0 0 O cz1 c21 O
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THT Cent(q)(A) Dim(Cent(y)(A))

THZ Cent(q)(A) Dim(Centy)(A))

THI

0 0 0
C21 0 0 2
cz1 c21 O

Proof Departing from Theorem 4.2, we provide the proof
only for one case to illustrate the used approach, the other cases
can be addressed similarly with or without modification(s).
Let’s consider THS. Applying the systems of equations (34),
(36), (38) and (40), we get c1a = €91 = Ca3 = c33 = 0,

c11 = —c31 and c13 = —c33. Hence, the a-centroids of T’Hg
are indicated as follows
1 00 0 0 O
c1 = 0O 0 0 ], c= 0 1 0 and
-1 0 0 0 0 O
0 0 1
c3 = 0 0 O
0 0 -1

is the basis of Cent(,)(A) and DimCent,)(A)=3. The a-
centroids of the remaining parts of dimension three Hom-
associative trialgebras can be handled in a similar manner as
illustrated above.

Corollary 4.1.

1. The dimensions of the a-centroids of two-dimensional
of Hom-associative trialgebras range between zero and
two.

2. The dimensions of the a-centroids of three-dimensional
of Hom-associative trialgebras range between zero and
three.
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