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Abstract: Integral inequalities play important roles in the fields of measure theory, probability theory and control theory.
The aim of this paper is to develop some fuzzy integral inequalities. Sugeno integral is one of the most important fuzzy
integrals, which has many applications in various fields. This paper constructs some new Sandor type inequalities for the
Sugeno integral based on s-convex function in the second sense. Numerical examples are used to illustrate the effectiveness

and practicality of the new inequalities.
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1. Introduction

There exists much vague or fuzzy information in the
world. For example, one cannot or hardly give an accurate
score for some delicious diet when facing much delicious
food. The temperature in a room cannot be measured exactly
because of the fluctuation [1]. In these situations, crisp
numbers cannot work well. To overcome this shortcoming,
professor Zadeh firstly introduce the concept of fuzzy set in
1965. Now, fuzzy set has accepted by people in various
fields, also it has received great attention and applications in
various fields [2-4]. At present, the theory and application of
Zadeh’s fuzzy set and some extensions, i.e. vague set,
intuitionistic fuzzy set, hesitant fuzzy set, etc. have been
utilized to solve a management decision and engineering
problems [5-9].

Doctor Sugeno first proposed fuzzy integral in 1974, and
since then Sugeno integral becomes an important analytical
tool for measuring uncertain information [10-12]. Many
scholars studied various fuzzy inequalities based on Sugeno
integral and other fuzzy integrals. For example, Agahi et al.
[13] established fuzzy Berwald type inequality for the
Sugeno integral based on a concave function. Hosseini et al.
[14] derived several versions of Hermite—-Hadamard type
inequality for pseudo-fractional integrals. Caballero and
Sadarangani [15] derived several Hermite—Hadamard type
inequalities for fuzzy integrals. For more details, one can see

the references [16-21].

Sandor inequalities are important integral inequality for
convex functions. Various results are derived for Sandor
inequalities based on various type convex functions. Most of
extended Sensor type inequalities are established based on
ordinal definite integrals. In 1990, Sandor [22] first
introduced the Sandor type inequality for definite integrals
based on convex function. Caballero and Sadarangani [23]
developed Sandor type inequalities for fuzzy integral with
respect to ordinary convex function. For Sugeno integral, Li
et al. [24] and Yang et al. [25] derived Sandor type
inequalities with respect to general (o, m, r)-convex functions
and (o, m) convex function, respectively.

S-convex function contains two types: the first and the
second sense function of s-convex function. They are both
important convex functions, which received great attention
[26, 27]. Under definite integral, many authors are interested
in building inequality for this function. In this paper, we will
extend the Sandor type inequality for s-convex function in
the second sense for Sugeno integral. The construction of this
article is as follows: Second 2 will recall the concepts and
properties of Sugeno integral and s-convex function in the
second sense. Section 3 will establish some new Sandor type
inequalities for s-convex function in the second sense based
on Sugeno integral. Finally, conclusions are provided in
Section 4.
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2. Preliminaries

In this section, we will introduce some definitions and
properties of Sugeno integral and s-convex function in the
second sense. Here we always denote that R is the real
numbers set, X is a nonempty set, Z is a O— algebra of

subsets of X and R, =[0,) .
Definition 1 [28]. Let f#:% - R, is a non-negative set

function, we call it a non-additive measure, if it satisfies the
following properties:

(i) H(®)=0.
(i) 4,B0Z and A0 B = M(A)< [U(B).
(i) For all n=1, 4,0 and 404, 0 =

ud J4) = lim p(4,)
n=1 -

(iv) Forall n>1, 4,0% 4 04, O--- and ((4) <+,

= p()4,) = lim u(4,).
n=l1
Remark 1. The triple (X,Z, i) is called a fuzzy measure
space. For Ua = 0, we denote

Fp=wx|[xUX, f(x)2a={f2a;}.

Thenif @ < B, we have Fp U F, .
Definition 2 [28]. Suppose that (X,Z,4) is a fuzzy
measure space, f:X — R, be a non-negative measurable

function, 40% . The Sugeno integral of function f* defined
onset A4 is

& fdp= OlaOuAnF,) M
A az0
Particularly, when 4= X , the

| rdu= OlaDur,)] e

Here, the operations [J and [J are sup and inf on R,
respectively.
Proposition 1 [28]. Suppose that (X,2,4) be a fuzzy

measure space, 4,80% | and f and & are two non-negative
measurable functions. Then

() ()] faus )

(i) For any positive real number & , we have
()| kduskOu).
4

(iii) If the functions f and & satisfy:

f<g ontheset 4,
Then

| raus®| gdu.
(iv)If 4,BOZ, A0 B, then

| rduss)| rap.
V) If u(AN{f 2za})=za, then

] fauza.

(i) If MAN{S 2 al)<a, then ()] fdusa.
(vii) (S)Lfd/KU -

There exists ¥ <@, subjectto L(AN{f = y})<a.
(ix) (S)Lfdpa -

There exists ¥ > @ subjectto (AN{f2y})>a.
(x) If H(A) <+oo then

(S)LfdﬂZ a ifand only if H(AN{fZa})=a.

Remark 2. Let F(a) = u(AN{f 2a}) then F(Q) is call

the distribution function of f on A . According to the
properties (v) and (vi) of Proposition 1, wecan get

Fay=a = ) fiu=a 3)

Then from a numerical point of view, the fuzzy integral (1)
can be calculated as the solution of the equation F(a)=a .

Definition 3 [26]. Let sU(0,1] be a real number. A

function f:/ OO R, — R is said to be s-convex in the second
sense if

JAx+(A=Dy) <A f()+A=A)" f() 4)

holds for all (x,y)d71 and A0[0,1],
Remark 3. Denote by KS2 the set of all s-convex functions

in the second sense. If s=1, then K is ordinary convex

function.
Lemmal [29]. Let x,y 20 then the inequality

(x+)0 <x%+y° (5)

holds for 80(0,1].

3. Sandor Type Inequalities for Sugeno
Integral Based on s-Convex in the
Second Sense

Sandor Type inequality provides estimates of the mean



16 Lanping Li: Sandor Type Inequalities for Sugeno Integral Based on s-Convex Function in the Second Sense

value of a nonnegative and convex function f :[a,b] —» R
with the following inequality ([30, 317)

b
[ PO @ @G L ©)
avda 3

Unfortunately, Example 1 shows that Sandor type
inequality with the form (7) is not valid for Sugeno integral
based on s-convex functions in the second sense.

Example 1. Let X =[0,1] and 4 be the Lebesgue

measure on X . If we take f(x) =x, then it is obvious that

f (x)DKf. Calculate the Sugeno integral (S) jol frdu by

Remark 2, we get

k‘

3 -
2

> =(0.382

)| r2au=
On the other hand,
%[fz 0)+ £(0)f(1)+ f*(1)] =0.3333

This proves that the Sandor type inequality (6) is not
satisfied for Sugeno integral with respect to s-convex
function in the second sense.

In this section, we will derive some new Sandor type
inequalities for the Sugeno integral with respect to s-convex
function in the second sense.

Theorem 1. Let f:[0,1] - [0,0) is a s-convex function in

the second sense, s[1(0,1], and y be the Lebesgue measure
on R, then

) 1> dusminip1 ™

where [ is the positive real solution of the equation

JB-ro)"
1- =4. 8
( I B ®)

Proof. Since f(x)0K? for x0[0,1], then

S =f(A-)0+x0)

s s (€))
<A-x)" f(O)+x" f(D)
According to (1-x)° <1,[0x =0, we have
f(x)<s fO)+x° f(1) = g(x) (10

According to (10) and the non-negative assumption of
function f(x), we have /2 (x) < g?(x) forall xO[a,b].

Then according to (iii) of Proposition 1 and Definition 2,
we have

®) [ rP@auss) | Eau, an

1
)] & @du= DIBOMEINIE 2B (12)
1
In order to calculate the Sugeno integral (S) .[0 g2 (x)du,

we need consider the distribution function F of g?(x)on
interval [0, 1] which is given as follows

F(B) = u(0,11N{g*> 2 B}) (13)
That is
F(B) = (0,110 {x | £(0)+x* £(1) 2 /B})
Then
) \/E—f(O) 1/s
F(B)=pu|10,11N X|XZ[T
. \/E _ f(()) 1/s
0
Let F(B) =/, then
JB-10)"
1-| ——= =p. 14
[ 70 Jij (14)

By (i) of Proposition 1 and (14), we have
' ) .
®| rP@dus©| & @du=miniBy
0 0

This completes the proof.
Now, we will prove the general case of Theorem.
Theorem 2. Let f :[a,b] - [0,%) is a s-convex function in

the second sense, sU(0,1], f(b)> f(a) and H be the
Lebesgue measure on g, then

b
[ f* dusminipb-a) (15)
where £ is the positive real solution of the equation
JB-1@)"
b-a)|l-| —— = 16
(b—a) [ ) B (16)

Proof. Since f(x)0 KS2 for xU[a,b], then
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x—a x—a
b—a)a+(b—a)b)

20 fa) + =2y fb)

x
b-a b-a

S =f(1-

(17)
<(1-

According to the fact that

xX—a

=7

)* <1, for any x0[a,b],s0(0,1].

—-a

We have

f(x) Sf<a)+<%ff(b> =g(v), (18)

Combining (11) with the non-negative assumption of
function f(x), we have 2 (x) < g?(x) forall xO[a,b].
Then by (iii) of Proposition 1 and Definition 2, we have

b b

©f rwdus®)| &mdu. (19)
b

)] & du= DIADMIabINE 2B @0)

b
To calculate the integral (S)J g2 (x)d u , we consider the
a

distribution function F of gz(x) on [a,b] which is given as

follows
F(B) = u(a,b]N{g* 2 BY)
That is
F(B) = u(la,b]N x| f(a)+(z:Z)“ OENED
/s
=,U([a,b]ﬂ{x|x2a+(b—a)(%] )
X 1/s
by 1| VB S @
f(®)
Let F(B)=/3, then
\/E—f(a) /s
b-a)l-| ————| |=p. 21
(b-a) [ 0 B (21)

By (i) of Proposition 1 and (21), we obtained
b oa b5 .
&[ r@dus®)| g @du=minipb-a}

Then we complete the proof.
To show the wvalid and effectiveness of the above
established Sandor type fuzzy inequalities, we see the

following example.
Example 2. Let X =[a,b] and u be the Lebesgue

measure on X . If we take the function f(x)=x, then by

Remark 3, we know that f(x) DKS2 for s =1.
(i) For the case [a,b] =[0,1], by solving the equation

a —0){1 —(Wﬂ -5 22)
We get
ﬁz#zosszo. (23)
Straightforward calculation shows that
(S)J'Olfz duz#zo.sszo. (24)

Comparing the equations (23) with (24), we can see the
following result

1
(S)Jof(x)dﬂ:min{ﬂ,1—0}~ (25)
(i) For the case [a,b] =[2,3], by solving the equation
JB-1)
3-2)| 1| ——||= 26
( ){ [ 70 B (26)
We get
[ =1.2883. 27)
Straightforward calculation shows that
3
(S) L F2du=05892. (28)

Comparing the equations (27) with (28), we can see the
following result

(S)_Ef(X)dﬂSmin{ﬁ,3—2}- (29)

This also implies the fuzzy Sandor inequalities can get a

1
well estimate of Sugeno integral (S) J. . f 2du.

4. Conclusions

The study of integral inequality is an important topic,
which has been attention by many scholars. Recently, fuzzy
set and fuzzy integral achieve great success in many fields.
Sandor type integral inequality provides estimates of the
mean value of a nonnegative and ordinary convex function.
This paper intends to establish an upper approximation for
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the Sugeno integral of s-convex functions in the second
sense based on ordinary Sandor type inequalities. Several
examples are provided to illustrate the validity of this
inequality. In the future study, we will study the other
properties of s-convex functions in the second sense for
some other fuzzy integrals.
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