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Abstract: Integral inequalities have important applications in propability and engineering field. Sugeno integral is an
important fuzzy integral in fuzzy theory, which has many applications in various fields. The object of this paper is to develop
some new integral inequalities for Sugeno integral. Based on classical Hermite-Hadamard type inequality, this paper intends to
extend it for the Sugeno integral. Some new Hermite-Hadamard type inequalities are derived for Sugeno integral based on s-
convex function in the second sense. An example is used to illustrate the effectiveness of the new inequalities.
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1. Introduction

In some practical application problems, the data
information sometimes cannot be precisely expressed due to
human errors or the limitation of decision maker’s
knowledge or other reasons. For instance, the temperature in
a room cannot be measured exactly because of the fluctuation
[1]. Zadeh first introduce the concept of fuzzy set. Since then
fuzzy set has received great attention and got lots of
applications in various fields [2-5]. Many extensions of
Zadeh’s fuzzy set, such as vague set, intuitionistic fuzzy,
hesitant fuzzy set, etc., have been proposed and been utilized
management decision and engineering science problems [6-
12]. Fuzzy integral, first introduced by Sugeno in 1974, is an
important analytical tool to measure uncertain information
[13-18].

Hermite-Hadamard inequalities are important integral
inequality for convex functions. Many results are derived for
Hermite-Hadamard inequalities based on various type convex
functions. For example, Wang et al. [17] established some
new Hermite-Hadamard type inequalities involving
Riemann-Liouville fractional integrals via s-convex functions
in the second sense. Sarikaya [18] derived established
Hermite-Hadamard type inequalities for the class of function
whose second derivatives are s-convex in the second sense.
Latif [19] established several new inequalities of the
Hermite—Hadamard type for functions whose derivatives are

s-convex in the second sense in the absolute value. Hosseini
et al. [20] derived several versions of Hermite—Hadamard
type inequality for pseudo-fractional integrals.

The study of inequalities for Sugeno integral, which was
initiated by Roman-Flores et al. [21], is most popular. From
above discussion, we see that most of extended Hermite-
Hadamard inequalities are established for definite integral,
but the research based on fuzzy integral is still rare [22-26].
s-convex function in the second sense is a kind of important
convex function, and ordinary convex function is its special
case [27]. Under definite integral, many authors are
interested in building inequality for this function. In this
paper, we will extend the Hermite-Hadamard type inequality
for s-convex functions in the second sense for Sugneo
integral. The organization of this article is as follows: Second
2 will recall the definitions and properties of Sugeno integral
and convex function. Section 3 will establish some new
Hermite-Hadamard type inequalities for s-convex function in
the second sense based on Sugeno integral. Finally,
conclusions are provided in Section 4.

2. Preliminaries

In this section, some concepts and properties of Sugeno
integral and s-convex function in the second sense are
introduced. In the follow we always denote by R the set of
real numbers. Supposed that X is a nonempty set and
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R, =[0,0) ,Zis a o —algebra of subsets of X .
Definition 1 [23]. We call a mapping f#:% — R, a non-

additive measure, if it is a non-negative set function, and
satisfies the following properties:

(i) i(®)=0.

(if) 4,B0X and AUB = ((A)< U(B).

(iii) For all n=1, 4,0 and 4 04,0, =
(4= lim pu(4,).

n=1 -

(iv) For alln=1, 4,0%,4 04, O--- and ((A4) <+,

= ()4, = lim (4,).
n=1
The triple (X,Z, 1) is called a fuzzy measure space. For
any a =0, we denote

F,={x|x0X,f(x)za}={f 2a}.

Then it is easily proved that if @ < £ then FgUOF,.

Definition 2 [1, 28]. Let (X,Z, ) be a fuzzy measure
space, f:X — R, be a non-negative measurable function,
A0 . The Sugeno integral of function f on set A is
defined as

)| rdu= DlaouAanF)
A a=0

In particular, if 4 = X , then

& fdp= DlabuE)] @
X az0

Here [ and [0 are the operations sup and inf on
R, =[0,), respectively.

Proposition 1 [28]. Let (X,2,4) be a fuzzy measure

space, 4,BOX . f and g are non-negative measurable
functions. Then

() ()] fdusua
(i) (S)Lkdysk Ou(A4), OkOR,
(iii) If f < g onthe set A4, then

&) faus®| gdu.
(iv)If 4,B05,A0B , then

& raus®| rau.
W If l(AN{f 2a})za,then

(S)Lfdyza.

(Vi) If (AN{f 2a})<a,then (S)Lfd,usa.

(vii) (S)IAfd,u<a -

There exists y<a,s.t. u(AN{f =y} <a.
1x) ()| fau>a -

There exists y>a, s.t. y(AN{f =2y} >a.
(X) H(A) <+oo, then

([ fduza = paniszapza.

Remark 1. Let the distribution associated to f on A is
F(a)=u(AN{f = a}), then according to the properties (V)
and (VI) of Proposition 1, we have that

Fa)=a = (S)L fiu=a 3)

Then from a numerical point of view, the Sugeno integral
(1) can be solvedas the solution of the equation F(a) =a .

Definition3 [27]. Let s[(0,1] be a real number. A

function f:/ O R, — R is said to be s-convex in the second
sense if

fAx+(A=-D) A f(x)+A=A) f(») @)
holds for all (x,y)07 and AO[0,1].

Remark 2. If s=1, then one can obtain the definition of
ordinary convex function. Denote by KS2 the set of all s-

convex functions in the second sense.
Lemma 1 [29]. Let x 20,y =0, then the inequality

(x+3)? <x%+)° (5)

holds for 80(0,1].
Lemma 2 [29]. Let xU[0,1], then the inequality

(1-x)* <2 —x* (6)

holds for s[1(0,1].

3. Hermite-Hadamard Type Inequalities
for Sugeno IntegralBased on s-Convex
in the Second Sense

Hermite-Hadamard Type inequality provides estimates

ofthe mean value of a nonnegative and convex function
f:[a,b] - R with the following inequality ([30-33])

atb. _ 1 b Sf(a)+ f(b)
FEE s — [ fousHO2EE )

Unfortunately, Example 1will show that Hermite-
Hadamard typeinequality for Sugeno integral based on s-
convex functions in the second senseis not valid.
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Example 1. Consider the universe set X =[0,1] and let u

be the Lebesgue measure on X . If we take the function
2
f(x) :% , then by reference [27], we can easily know that

1
f (x)DKS2 . Calculate the Sugeno integral (S)j0 fdu by

Remark 1, we get
1
(S)I fdu=3-242=0172
0

On the other hand,
IO/ g 155

This proves that the Hermite-Hadamard type inequality is
not satisfiedfor Sugeno integral based on s-convex functions
in the second sense.

In this section, we will derived some new Hermite-
Hadamard type inequalities for the Sugeno integral based on
s-convex functions in the second sense.

Theorem 1. Let s0(0,1] and f:[0,1] - [0,00) is a s-

convex function in the second sense, such that (1) > f(0)
and let i be the Lebesgue measure on R , then

b
& fdusminipy (8)
where [ is the positive real solution of the equation
l_(ﬂ_zl-sf(o) l/s:ﬁ (9)
JSM)=f(0)

Proof. As f(x)0K? for x[[0,1], we have

S = ((1-x)0+x0)

(10)
<(1=x)° f(O)+x*f(1)

According to Lemma 2, we have

S 27 fO)+x°(f(D) - fO) =g(x) (1)

Thenby (iii) of Proposition 1 and Definition 2, we have

1 1
©[ fodus®]| e@du, (2

1
(S)I g(x)dp= O[A0wm(01]N{g=A)] (13)
0 B20
In order to calculate the integral (S) I; gx)du , we

consider the distribution function F' associated to g(x)on
[0, 1] which is given by

F(B) = wu([0,11N{g = B})
That is
F(B)= (0,110 {x |27 £(0) +x°(f (1) = £(0)) = B})
When f(1)> £(0), then

SM)=f(0)

=1_(/3—21"‘f(0)J1/S
F()=1(0)

Let F(B)=[, then

s 1/s
1_(;—21 f((»] _ g
S=£(0)

_Al-s /s
F(B)=u| [0,11N x|x2(w)

(14)

By (i) of Proposition 1 and (14), we have

1 1
& f0dus©| gedu=minip1

Then we complete the proof.

Theorem 2. Let s0(0,1] and f:[0,1] - [0,0) is a s-
convex function in the second sense, such that f(1) < f(0)
and let 4 be the Lebesgue measure on R , then

1
(& fdusminipy (15)
where [ is the positive real solution of the equation
s 1/s
[ﬂ-Zl f(O)] e (16)
SM=£(0)

Proof. Similarly to the proof of Theorem 1, we consider
the function

g(x)=2"" £(0)+x* (f (1) - £(0)) (17)

In this case, the distribution function F associated to
g(x)on [0, 1] which is given by

F(B) = u([0,11N{g = B})
That is

F(B)=u([0,1N{g 2 B})
= u([0,11N{x 2" £(O) +x* (f (1) = £(0) = B})

When f (1)< £(0), then



Mathematics Letters 2017; 3(6): 77-82 80

_ p-2"r0)"
F = 0,1 x|xg| ——————=
73 /1[[ m{ | <[f(1)—f(0)j

_ [ ,8 _ zl-sf(()) ]l/x
S - f(0)

Let F(S)=[, then

Als 1/s
[ﬂ 2 f(O)] _ g )

S M= f(0)
By (i) of Proposition 1 and (18), we obtained
1 1 )
& [ F0dus®| gdu=mintp1 .
This completes the proof.

Remark 3. In the case f(1) = f(0), then function g(x) of
Theorems | and 2 is

g(x)=2"7 £(0).
According to (ii) of Proposition 1, we have
1 1
& f@dus )| gdu=min2'™ £0).1 (19)

Now, we will prove the general case of Theorem 1 and
Theorem 2.

Theorem 3. Let s0(0,1] and f:[a,b] - [0,0) is a s-
convex function in the second sense, such that f(b) > f(a)
and let i be the Lebesgue measure on R , then

b .
S| fdusminiBb-a) (20)
a

where [ is the positive real solution of the equation
ﬁ _ 21-s /s
b-a)| 1-| L2 T@ | g
S(b) = f(a)
Proof. As f(x) DKS2 for x O[a,b], we have
()= f (1_ x—maja_'_[x—majb
b—ma b—ma

s(l—x""jj f(a){x""“j f®)

b—m b—ma

@

According to Lemma 2, we have

(-3%) =2 5=)
b-a b-a

(22)

Then

S(x) < g(x) (23)
Where

X —ma

g(x):zl‘Sf(a>+[ j (f(B)-f(a) (24)

b—ma

Thenby (iii) of Proposition 1 and Definition 2, we have

b b
©[ foduss)| ewdu @s)

b
()], sdp= DIEOM(EINIZ= A]  (6)

b
In order to calculate the integral (S) I gx)du , we
a

consider the distribution function F' associated to g(x)on

[a,b] which is given by
F(B)=pu(a,blN{g = B})
That is

F(B)= y{[a,bm {x 127 f(a) +(

X —ma

b-ma

)‘ (f(b)- f(a) 2 ﬂH

When f(b) > f(a), then

s 1/s
F(B) =#[[a,b]ﬂ{x|x > ma+(b—ma)[wJ H

S(®b)= f(a)
s 1/s
=(b—ma) l_[—/}—zl f(a)J
S(b)=f(a)
Let F(B)=[, then

s 1/s
(b—ma){l—[—'g_f f(a)] ]=ﬁ 27)

f()=f(a)

By (i) of Proposition 1 and (27), we obtained

b b '
&[ r@dus )| g@du=minipb-aj

Then we complete the proof.
Theorem 4. Let s0(0,1] and f:[a,b] - [0,) is a s-

convex function in the second sense, such that f(b) <mf (a)
and let 4 be the Lebesgue measure on R , then

b
(S) L fdu<min{B,b-a} (28)

where [ is the positive real solution of the equation
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s /s
p-2' f(a)] p 29)

b —_
( ma)( 7 ()~ £ ()

Proof. Similarly to the proof of Theorem 1, we consider
the function

X —ma

g(x) :2Hf(a)+( ] (f(b)=f(a)) (30)

b-ma

In this case, the distribution function F associated to
g(x)on [a,b] which is given by

F(B) = u(la,b]N{g 2 B})

That is
F(B) = u(la,p]N{g 2 B})

X —ma

:,u[[a,b]ﬂ{xf_xf(a)"'[b: j (f(B)=fla)2 ﬂ”
ma

When f(b) < f(a), then

_ Al /s
F(B) = u| [a,51N xxSma+(b—ma>[%J

s . /s
- (b—ma)(—’g_zl f(a)J
f(b)=f(a)

Let F(B) =/, then

s 1/s
p-2 f(a)] _ g 1)

b —_
( ’"“)( 7(b)- f(a)

By (i) of Proposition 1 and (31), we obtained

b b '
&[ 1@dus )| gdu=miniBb-a}.

This completes the proof.

To show the wvalid and effectiveness of the above
established Hermite-Hadamard type fuzzy inequalities, we
see the following example.

Example2. Consider X =[0,1] and let i be the Lebesgue

measure on X . If we take the function f(x) :\/;, then by

1
Remark 3, we know that f(x) K72 fors [ (O,E] .

1
Here we let s :E , then f(1)> f(0). By Theorem 1,

through solving the equation

1—[@}2 :I[)’,
JSD=f(0)

J5-1

we getﬂZT =0.618 . Then

1
(S)J' fdu<min{B,1-0}=0.618.
0
Straightforward calculation shows that

1
(S)Iofd,u=0.618.

This also implies the inequality can get a well estimate of

1
Sugeno integral (S)j0 fdu.

4. Conclusions

Sugeno integral is an important fuzzy integral in fuzzy
theory, which has many applications in management
decision and engineering fields. Integral inequalities are
an important tool for estimating the values of integrals.
Hermite-Hadamard type inequalities provide estimates of
the mean value of a nonnegative and ordinary convex
function, and thus received great attention in definite
integral.

The main contribution of this paper is to develop Hermite-
Hadamard type inequalities for Sugeno integral. This paper
established an upper approximation for the Sugeno integral
of s-convex functions in the second sense.

In the future study, we will study the other properties and
inequalities about s-convex functions in the second sense for
some other fuzzy integrals, such as Choquet integral, semi-
normed fuzzy integral, etc.
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