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Abstract: A hypergraphs, as a generalization of a general graph, is often used as an effective tool to describe complex
structures in discrete mathematics, computer science and other fields. Hypergraph theory and related parameters of hypergraph
are important research topics in hypergraph theory. In particular, the problem of spectral extremum of graphs has been widely
concerned. This problem originates from the problem proposed by Brualdi and Solheid in 1986. That is to find the upper and
lower bounds of spectral radius of a given graph class and characterize the polar graph that reaches the upper and lower bounds.
Let H be a uniform hypergraph. Let A(H) be the adjacency tensor of H. In this work, by using Perron-Frobenius theorem,
Hoélder’s inequality and inequality of arithmetic and geometric means, we establish some upper bounds for the maximum
E-eigenvalue of a uniform hypergraph instead of the degrees of vertices and edge number of hypergraph H. In addition, we
characterize the extremal hypergraphs that reach the upper bounds.
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1. Introduction

Denote  the set {1,2,--,n} by [n] . Let multidimensional array of element ¢, ., , Wwhere

H:(V(H),E(H)) be a hypergraph with 7 vertexes and  ij,iy,++,i, O[n] lijy, JC . Obviously, a tensor 7 of

iy,

m edges, where V(H ):{vl,vz,-n,vn} and order  and dimension # has n” elements.
The definition of tensor product is given, which is a
generalization of matrix product [8].

Definition 2 [10, 4]. Let AOC™™ 7 |
BOC™™ ™+ be two tensors of orders m and 7,
then a hypergraph H is called 7 -uniform hypergraph, respectively. Then the product C=.AB of tensors .Aand
where iiD[n]’j:1’2""’l and i=12--m. Let d; be B is a tensor of order (m=1)(r=1)+1 with the
the degree of the vertex v;. If d;,=d is satisfied for any (i7a1sa2 L 7am—1)_th entry is

E (H ) :{61,82,'-~,em} represent the vertex set and edge set
of the hypergraph H , respectively. If every edge
g :{vil,viz,...,v,»]} in a hypergraph H satisfies |el.| =l=r,

iD[n] , then the hypergraph H is called a d -regular
hypergraph. Let A and J be the minimum degree and the Ciaary a1, = Z Ay i, Bia By,
maximum degree of hypergraph H , respectively. Tensor's R
definition is as follows.

Definition 1 [10]. Given any positive integers r,n, a
tensor 7 of order 7 and dimension 7 is defined by a Definiton 3 [10, 14]. Let AOC™™* 7 |

where iD[nl],afl,a'z,m,a'm_1 D[n3]><[n4]><-~-><[nr+1] )
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B > X

be two tensors of orders m and r, respectively. 7&' ' is
a n -dimension complex vector with the i -th entry:

I

r=1) — .
(T:B )i - Z tiiz"'iyxizxiz BARAL D[n] :
ipsdy i, =1
Tx" is a complex number:
r
. .
Tz = z b, % X -~-xir,z|][n].

iy i, =1

In 2005, Qi and Lim proposed the definition of tensor
eigenvalues, respectively [2, 3]. If there exists AOC and a

non-zero vector x C” such that

Tz = /]w[r_l] ,

then A is the eigenvalue of tensor 7, and & is the
corresponding eigenvector related with A of 7, where

r=1 r=1 r
" .

A1 =(x{‘1,x2 e X

In 2012, Cooper and Dutle defined the adjacency tensor
A(H) of a 7-uniform hypergraph H [1].

Definition 4 [1]. Let H =(V(H),E(H)) be a uniform

hypergraph with 7 vertexes. The adjacency tensor A (H )

of hypergraph H is a tensor of order 7 and dimension
n , whose (il,iz,n-,i,)—th entry is

1

iy, = (r—l)!
0, otherwise

if {iy.iy, i, } OE(H)

Qi et al. gave the definition of E -eigenvalue of a uniform
hypergraph [11].

Definition 5 [11].
dimension #.Let AOC and zOC",if

Given a tensor A of order ¥ and

A=Az " za” =1,

then T isthe E -eigenvector of tensor A related with its
eigenvalue A .

Lemma 1 [6, 7, 13]. (Perron-Frobenius theorem) Let
A be a non-negative weakly irreducible tensor of order
r and dimension 7, where »,n22. Let A is the

maximum eigenvalue of A. Then A is the only
eigenvalue that satisfies the corresponding eigenvector is
positive.

In 2009, Bulo and Pelillo published the first paper on the
spectrum of a hypergraph, and used the concept of
H-eigenvalue of a tensor introduced by Qi in 2005 [12]. By
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the upper bound of clique numbers of graphs derived from
So6s and Straus, Motzkin-Strau theorem is extended to
specific hypergraphs [15]. In particular, Bulo and Pelillo
extended and improved the spectral boundary introduced by
Wilf, and established a link between the cluster number and
the spectral hypergraph theory [12]. In 2012, Cooper and
Dutle systematically studied hypergraph theory through
adjacency tensor, and extended the basic results of graph
theory to hypergraphs [1]. Kang and Liu et al. gave some
upper bounds on the compactness of the eigenvalues of
hypergraphs as follows [5].

p(H)Smax L

LA MR
d/7V+d L +dr! .
Iisn| r— l{ 2 & r

Vi Vi, L sV:,}DE(H)[

Equality holds if and only if the hypergraph H 1is a
regular hypergraph.
Besides, Yi gave a upper bound of H -eigenvalue of a

hypergraph [9].
1Y g d .
{v‘l Vig Vi, DE(H) h Lo i,

In this work, several upper bounds of the maximal E
-eigenvalues of uniform hypergraphs are established in terms
of their degrees by using Perron-Frobenius theorem and
Holder inequality. In addition, the extremal hypergraphs are
characterized.

2. Main Results

Let E (H (v1 )) be all edges containing vertex v,. Write
z xizxsz X, =
{vl Vi L ,v,r}eDE(H(vl))

for short.
Theorem 1. Suppose H
with 7 vertices. Then

is a 7 uniform hypergraph

_r(r—Z)
A <or )

Equality holds if and only if the hypergraph H has only
one hyperedge, which contain all vertices.
Proof According to Lemma 1,

x = (xl,xz,L ,xn)T,xi >0,iD[n] .

Let the entry x; corresponding to vertex v, be the
largest entry in the eigenvector @& . Suppose edge
e, ={v;,v,.L ,v.} is the edge with the largest product of

eigenvector entries. According to the characteristic equation,
we have
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Ax, = ; X <dpx,xL x, (1)
e[IE H(vl))

Ax, = ; x¢ <d,x| ™,
elE H(vz))

Axy = Z x¢ <dyx| ™,
eDE(H(v3)) (2)

Ax, x¢<d.x
ellE H(v,))

Multiply the corresponding » —1 inequalities (1), then

A (x2x3L xr) < (d2d3L d, )xl(r_l)2 . 3)

If the both sides of inequality (2) are »—1 power at the
same time, then
A <d (x2x3L X, )H. 4)

Multiply the two sides of inequality (3) and (4), respectively,
then

Az("_l)xl"_l (5L x,)<d ™ (dydsL a’r)xl(r_l)2 (%351 x, )r_1 . (5
By d; <A,i0[n] and (5), we obtain

2 2
2207 ¢ Az(r_l)xl(r_z) (xlzng xrz) 2 (6)

From the mean inequality and xzxz’ =1, itarrives

r(r—2)
2201) ¢ p20) [ % j 2 x1(r—2) . )
Since zz’ =1, x? <1, we get
r(r—2)
22 o2 (1) 2 )
,
Therefore,
_r(r—2)
A<nr ) 9)
O
_r(r—2)
Let f(r)=r 4 be a function on 7. When r23,
af

d—<0. That is, f (r) is a decreasing function with 7.
»

When 7 reaches the maximum value, the corresponding
hypergraph is only one hyperedge with 7 vertexes (see

Figure 1). Meanwhile, x; =x, =L =x, . If » =2, then the

hypergraph H is a general graph satisfying A <A .

Figure 1. Hypergraph H,.

Theorem 2. Let H be a 7 -uniform hypergraph with 7
vertices. Then

Equation Section (Next) , mrl-% )
Proof By Lemma 1, we have
T = (xl,xz,m,xn )T X > O,iD[n] .

According to the characteristic equation, then

Ax; = x o Lox (10)
{v‘.,v[2 Wiy L ,v‘.r_}De‘. DE(H)
From Holder inequality, we get
Ax; = 1, x5 L x;
{vi Wiy iy Loy, 10 DE(H)
L_l
1 r
- — 11
<dr (xi x, L x, )"1 an
2 3 r
{Vvy s L v, 0o, DE( 1)
=l
1 r g
<drx’ (xfxixZL xf )2("1)
{v‘. Wiy Vi Loy Ce; DE(H)
Then,
=
B
(12)

.
Ax?<dr (xizxizxizL x? )2(V‘1)
2 3 I‘
{viw v L v, J0o, OB (1)

As zx' =1, x12+x§ +L +x,2, =1. For any 7 elements

X % L X, we have

2 2

X} +x) +L +x] SxP+x7+L +x; =1, (13)

According to the mean inequality, we obtain

-
rz r
AP <dr 2 (ljz("l) (14)
r
{vi iy Vi L Vi, Ce; DE(H)
Then
2 1)2
Ax; <d; | — (15)
r
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Summing over i from 1 to n for (15), it arrives Ll
1 1 1 )
r r A < max 1 z [d."l +drl +--.+d,r-l] .
- 1-= Isisn| r—1 2 g r
A<rmxr 2 =mr 2. (16) (v iy -, JOE(21)
O Equality holds if and only if the hypergraph H is regular.
Theorem 3. Let H be a r-uniform hypergraph with n Equation Section (Next).
vertices. Then Proof According to the characteristic equation, we have
Ax; = Z x5 Lox; (17)
{vi,v‘.2 iy L ,vir}DeiDE(H)
By Holder inequality, we get
Ax; = Z 1 x L x;
{v,- Wiy Vi L ,v,-r}DE(H)
r-1
— 18
1 | {19
<d;/ Z (xl-le»zL X )"1
{v,,v,2 Vi L ,v,-r}DE(H)
According to the mean inequality, then
L_l
r-1 r
1Y
we(L) ar| X (ee)| (19)
r-l1 {v1 iy ,vg,L ,VA’}DE(H)
If both sides are | power, then
—
r 1 L
(/]xi )ﬁ < 1di"1 Z (xlr2 +x;; +L +x;') . (20)
r— ,
{vi iy Vi L ,vir}DE(H)
Then
L T
Arlg 1cll-"lxl-’ Z ()clr2 +x; +L +xl-’)- 21
r {vl,v,.2 Vi L ,VI’}DE(H)
Lanl]
Since zz’ =1, x12 <l and x,” <x°,
e 1L
A"‘lxiz <——d;! z (xlr2 +xi: +L +xi7)- (22)
A ) o (N
Dueto zz’ =1, we have x12 +x§ +L +x,l2 =1.
Summing over i from 1 to n for (22), we obtain
o 1 n hs
e D R O S
r-l4<3 {vy v L v, JOE(G) o
n[ L RS s (23)
=L X/ Z [dl_r—l + d,{'l +L + d[_r:—l]
r-l4 (v L, JOE(G)

1 1 1

< Lmax Z drl+drt+L +4dr7 ||

r—11sisn 2 E r
(Vi v Lo, JOE(G)
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Then

1

1 1 1) |1
A < max ! E [d."l +d/ 1 +L +d."1] ) 24
Isisn| r—1 e 3 r
{vil’viz’["vir DE(H)

For the above results, equality holds if and only if

x =x,=L =x,.

Obviously, equality holds if and only if the hypergraph H is regular. [
A regular hypergraph H,; is shown in Figure 2.
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Figure 2. Hypergraph H,.

From theorem 3 and using the maximum and minimum degree of a hypergraph, the following corollary can be obtained.
Corollary 3.1 Let H bea 7 -uniform hypergraph with »n vertices. Then

o2 s . L
(rm)r=1 1 +{(r—1)5"1A—A"1]—(n—l)b_"l

A<

r—1

Proof According to the Power mean inequality, we have

R

no L =2 ( n r=1 1 r2
Zd,-"l <n’ (Zd"] (rm)ﬁ nrl (25)
i=l i=1
According to Theorem 3, then
o I €
- r=1 r=1 r=1 r=1
(r 1)/] ) 521'?’5 {vl-l,v,-z L%}M(H){diz ' di3 +L+ d’} J . .
Substitute (25) into (26), then
o o2 L 1
(r=1)Ar1 < ?;iﬁ[(rm)r—l nl=drl - (n -(r-1)4, —1) or! ] . (27)

So,
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r 1

1<i<n

1 1

r=2
(r —1)/]m < max (rm)ﬁ nrl o+ (r —l)del- —a’l-m —(n —1) ol
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1 1 1
(28)

Let f(x) = (r —1) & 1x—x"" be a function of x. When 1<J<x< A, Zf <0. That is, f(x) a decreasing function on

1

1

x as 1€0<x<A.When x=A, f(x)=(r—1)5zA—Ar‘1.Therefore,

1 r=2

1
(rm)ﬁ nrl o+ (r—l)é_ﬁA—Aﬁ —(n—1)5"1

A<

Y

1 1

O

3. Conclusion

In this work, using Perron-Frobenius theorem and Holder
inequality, some upper bounds of the maximum £
-eigenvalue of hypergraphs are obtained. In fact, spectral
radius can effectively characterize the structure of a
hypergraph. For example, spectral radius can be used to study
the connectivity, diameter and matching number of
hypergraphs. Therefore, in the future research, we consider
more properties of hypergraph radius, and establish the
relationship between the invariant of a hypergraph such as its
girth, diameter, matching number, domination number and
hypergraph radius.
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