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Abstract

Several numerical and classical approaches have been employed to determine the Boundary Value Problems solutions, but not
many of these methods have been adopted to work out Mildly Non-Linear Boundary Value Problems (MNBVP); hence, there is
a necessity to think of ways of achieving this feat. The MNBVP are problems that are neither linear nor explicitly nonlinear.
This paper discusses the process of intertwining the Newton-Lieberstein method into the upwind differencing technique in
solving mildly non-linear boundary value problems. The method requires two independent stages that involve different
techniques. First, transform the BVP to a tri-diagonal system. Secondly, solve the system of equations by applying the Newton-
Lieberstein Algorithm. The resulting equations from the nonlinear boundary problems considered in this paper will generate a
nonlinear but will relate structurally to tridiagonal equations. Here, the authors developed a method described as a hybridized
iterative algorithm, for which the number of steps cannot be determined a priori. It is a variant of the Newton’s technique. Unlike
other classical methods, it applies to nonlinear systems and to systems with more than a thousand equations, after which round
off error tends to accumulate. In real life, mathematical problems can now be expressed in the BVPs that sprang largely in the
fields of physics, science, and engineering, such as fluid dynamics, electric circuits, the motion of rockets or satellites, and other
areas of application. The algorithm proposed will estimate the approximate solutions irrespective of the number of equations
involved. Numerical results showed the robustness, efficiency, and flexibility of the intertwined technique.
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1. Introduction

In recent years, several problems have arisen from different ~ form of state differential equations, which could either in first
fields like science and engineering that are presented by math- or higher-order ordinary differential equations (ODEs). This
ematical models. Most of these models are presented in the  research focuses on finding solution to the ODEs second-order
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boundary value problems (BVPs), usually of the form

y'=fxy,y)y@ =y y'(@=yja<x<b. ()
where the values of a, b, y,, and yg are specified constants
and importantly, a # b.

As opined by Omar, Z., (2005) [1] and Dennis G. Z., (2009)
[2], it’s sacrosanct to find a solution y(x) in (1) that is con-
tinuous on the interval x € [a,b] and that will satisfy the
boundary conditions, to which an alternative approach is pro-
posed by Nur Z. M., (2011) [3]. While IVP has a unique solu-
tion, BVP may have unique, multiple, or no solutions. In
mathematical modeling, Boundary Value Problems (BVPs)
are basic and have covered a wide range in practice in the Bi-
ological Sciences physical sciences, and Engineering. They
involve finding solution to differential equations with condi-
tions given in the boundaries of the domain. This eventually
makes them important to accurately describe real-life phe-
nomena such as structural analysis, heat conduction, and fluid
dynamics.

The approach adopted in this work is to solve (1) by inter-
twining the Newton’s-Lieberstein method after the BVP has
been reduced to a tridiagonal system. Several methods have
been employed to compute the approximation solution of four
points simultaneously in form of a block. The basic idea of the
one-step block method was carefully laid out by Rosser, J. B.,
(1967) [4], as a block of new approximation values was intro-
duced simultaneously into the laid framework. The approach
was also discussed in Worland, P. B., (1976) and Majid, et al.,
(2003), [5] and [6]. In the work of Majid, Z. A., (2006) [7],
the two-point implicit one-step block technique was described
by the author for the solution first-order ODEs based on an
integral formula using the nearest point in the block.

Several researchers have already solved (1) directly, such
as Chakravarti, P. C., (1971), Suleiman, M. B., (1989), and
Fatunla, S. O., (1991) [8-10]. In that case, higher-order system
of ODEs can be resolved to a system of first-order equations
and then solved using first-order ODEs. This approach en-
larges the system of first-order ODEs and requires extra com-
putational work.

For a second-order ODE, any of the following can, and will,
be used for boundary conditions Trench, W. F., (2013), [11]:

Dirichlet or First Kind Boundary Condition:

y(xo) = yo, y(x1) = y1> @
Regular Boundary Condition:
y(xo) = yo, ¥'(x1) = y1, €)
Neumann or Second Kind Boundary Condition:
y'(%0) = yo, y'(x1) = y1, 4)

Periodic Boundary Condition:
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y' (x0) = yo y(x1) = ¥, (%)
So, our discussion will be directed towards a linear differ-
ential equation.

2. Mildly Non-Linear Boundary Value
Problem

The Mildly Non-linear Boundary Value Problems
(MNBVP) can be in various forms depending on the transcen-
dental function associated with it. However, the commonest
studied (MNBVP) is of the form:

y'=f,yy") (6)

y(a) =a, y(b) = B. (7
where a is not equal to b. if a = b in (7), the system is not
a BVP rather an Initial Value Problem. To ensure the unique-
ness of (6) and (7), it is assumed that.

fr(xy)

— =

3y 0,x €[a,b],and —0 < y < oo,

®)

When (8) is valid, (6) and (7) are referred to as a Mildly
Nonlinear problem.

While there are many theories to back the solution of both
the linear and nonlinear BVPs numerically though appears ra-
ther more difficult than those meant to substantiate the results
for initial value problems, Ibrahim S. M., (1992), [12]. Atten-
tion will be on theorems to support the linear boundary value
problems of a special type, as in (8) and (7).

Theorem 1: Let I be an interval a < x < b. Let @ and f8
be constants, and let P(x), Q(x), and R(x) be continuous on
a < x < b. Considering the linear BVP

y'+Px)y +Qx)y =Rx),x €l €

¥(@) = a, and y(b) = B. (10)
It is pertinent to note that, for numerical reasons, a priori,
the solution of the problem (9) and (10) exists, and this is char-
acterized by a unique solution. Owing to this, in addition to
the above, let us assumed that, if a < x < b,
Q(x) <0 (11)
This is a sufficient reason to establish the existence and the
uniqueness of the solution.
If it is assumed that y' is an independent variable, then

=Py QMY +R@]I = —Q®)  (12)

Hence, the condition (8) will imply either —Q(x) = 0 or
Q(x)<0.
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3. Transforming Boundary Value
Problems to Tri-diagonal Systems

The numerical solution of (6) and (7) follows in the manner
prescribed with the three-point central approximation

Yit1~Vi-1

=i (for two points central)

(13)

Yi—1=2YitYit1

2 = f(x;,y;) (for three-point central)

(14

Replacing (13) and (14) in (9) gives rise to

Yi-1— Zii;i+yi+1 + P(Xi) yi+12_hyi—1 + Q(xi)yi — R(xl-) (15)

For i =1,2,3,...,n — 1, the resulting nonlinear (15) can
now be solved using the Newton-Lieberstein’s method.

To illustrate the processes of changing the differential equa-
tion into an argument matrix that will later be solved using the
Newton-Lieberstein’s method, the following examples will be
employed to demonstrate that.

For n = 2,3, 4, ... the general form for the system of linear
algebraic of n equations of the n unknowns x;, x,, ..., x,, is
given as

+ aipx; = f1(x1)
+ apx; = f2(x3)
ot Agpxs = f3(x3)

a11x1 + a12x2 + a13X3 +
a21x1 + a22X2 + a23X3 + -
Q31X + AzzXx; + aAzzx3 +

(16)

Tt AppXn = fn(xn))

From (16), the coefficient matrix, A, the variable vector, x,
and the solution vector, b are given by

a1 A2 Qg3 Ain X1
az1 Q2 Qz3 azn X2
A= A31 04z dass A3n |, x =] X3 |,
an1 QApz  dpg Ann Xn
and
f1(x1)
f2(x2)
b=1 fs(x3) (17)
fo (Xn)
Then, the (16) can be compactly written as
Ax =Db (18)

The system (15) or its equivalent (18), for i = 1,2,3,...,n,
j=1,2,3,..,n—1, is called a tri-diagonal if all the entries
in A are zeros except @, d;;.q1, and @j.qj. A system of
simultaneous equations with nonzero coefficients only on the
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lead diagonal, on its lower diagonal, and on its upper diagonal
is called a tri-diagonal system of equations.

The term tri-diagonal is most appropriate for the coefficient
matrix, 4, in (18), provided it’s of the form that its lead diag-
onal a;;, the super-diagonal q;;,,, i.e., diagonal above the
lead diagonal, and the sub-diagonal a;,, j, i.e., diagonal be-
low the only non-zero entries.

For practical importance, to ensure a unique solution for the
tri-diagonal system, it is expedient that the conditions (19),
(20), and (21) must all hold.

Theorem 2: Let (18) be a tri-diagonal system with the en-
tries of the lead diagonal being negative while the entries of
the sub-diagonal and super-diagonal are positive, such that

a; <0,i=1,23,..,n (19)
Qi1 >0,i=1,2,3,..,n—1 (20)
Qusr; > 0,i=1,2,3,..,n— 1. 1)

Furthermore, to ensure (19) through (21) hold, the leading
diagonal entries are made to dominate the matrix such that the
absolute value of the leading diagonal entries will be greater
than or will be equal to the sum of all the entries of the other
row, with firm inequality for at least one row of the coefficient
matrix, Paul E., (2020), [13]. Precisely, let

—0q1 2 Ay (22)
—Apn = Ann-1 (23)
—a; = a;;_4,i =2,3,...,n—1, (24)

With the firm inequality condition holding for at least one
of (22) through (24), the resulting linear algebraic system is
said to have a unique solution.

The afore knowledge of theorem 2 before starting the com-
putation processes cannot be underestimated because, for sys-
tems that having no solutions, computations in such systems
will lead to no right or meaningful direction. If a system of
equation should have more than a solution, applying a partic-
ular computational method to solve it could cause a shift from
one result to another thereby, confusion.

On considering (16) with the coefficient

a11 a1, 0
Q21 A2 Q23
Q33 A3q

......... (25)
An-1,n-2 An-1n-1 An-1,n
0 Apn-1 Ann

satisfying the conditions in Theorem 2. If f;(x;) for all i =
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1,2, ...,n, are not all constants and the derivative, f;'(x;) =0,
then the system is referred to as a mildly nonlinear problem.
According to Radzi, H. M., (2011) [14], all such mildly non-
linear system have solutions and their solutions are said to be
unique.

4. Newton-Lieberstein Method
Algorithm

The Newton-Lieberstein method for solving a mildly non-
linear system is itemized in the algorithmic process below as:

Step 1: Initialize guess values for the variables
xfo),xéo), xéo), ...,x,(lo) and a value for w within the range
[0,2].

Step 2: For k = 0,1, 2,3, ..., iterate with the relations

)

+ azzxgk)+ az3xgk)— f2 (xék)) )
azz — £3589

k k k
x£k+1) _ xl(k) W (anxg e e )]

ajg — f{(xik))

(k)
(k+1) _ (k) az1%;
X, =x, - w(

(@)
azzx
x§k+1) _ x:gk) ( 32%3

+ a33x§k)+ a34xl(}k)— f3 (xék)) >
azz — f;(xék))

(k+1) _
xn—l

(k) _

k k
(an—l.n—zxsl_)z"' an—l.n—1x£l_)1+ an—1,nXn

fao1x0))

[©)

r
an-1n-1— fn—1(xn_1)

)

k k
xr(lk) - w (an,n—lx-fl_)l"' annx-fl )_

MCE
ann — (39

n =

Fa ) )

Step 3: Determine if |xl.(k+1) - xl.(k)| <e, for i
1,2,3,...,n by setting a prescribed convergence tolerance, €.
Otherwise, update and repeat step 2 iteratively.

Step 4: 1If step 3 is satisfied, substitute the values of

(k+1) _ (k+1) _(k+1) (k+1)
1 » 2 »3 rerin

equations. This is to ascertain that the values obtained for the
variables are an approximate solution to the given problem.

, X into the original system of

5. Results and Discussions

Problem 1: Solve the Mildly Nonlinear Boundary Value
Problem
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(26)
under the conditions

y(0) =0,y(1) =0. (27)

It is expedient to mention that the Newton-Lieberstein
Method will perform well if the BVP is reduced to a tridiago-
nal system with a unique solution and the solution will exist.
To determine the existence of solution of Problem 1 and if the
result is unique, the function f(x,y) = e, such that its de-

rivative % f(x,y) = e” > 0. Thus, the solution to the prob-

lem exists, and it is unique, Adebayo, (2025), [15].

To solve the problem numerically, the interval [0, 1] must
be divided into 10 equal parts with the step size, h = 0.1
gives rise to x5 =0,x =0.1,x, =0.2,x3 =0.3,x,
0.4,x5 = 0.5,x4 = 0.6,x; = 0.7,xg = 0.8,xg = 0.9, %19 =
1.0.

From the condition in (27), let y(x;) = y; such that y,
0 and y; = 0. To approximate y; where i =1,2,..,n—1,
i.e., ¥1,¥2, -, Yo, at each interior grid point, the differential
equation will be approximated by the nonlinear difference
equation introduced to (26) that yields

Yi-1=2YitYVit1

2 —e¥Yi=0fori=1,2..9 (28)
Simplifying (28) at h = 0.1 further gives
Yi-1 — 2Yi t Vier Vi = 0
(0.1)?
Yi-1—2Yi +Yitg —0.01e” =0 (29)

For i =1,2,...,n—1 and the zero boundary conditions,
yield the mildly nonlinear system as

Yo — 2y1 +y, —0.01e?r =0
Y1 — 2y, +y; —0.01e72 =0
Yo —2y3 +y, —0.01e¥s =

Y3 — 2y, +y5 —0.01e¥* =0
Vi —2y5 +y5 —0.01e¥s =0

ys — 2ys + ¥, — 0.01e¥s = 0 > (30)

Yo — 2y7 +yg — 0.01e?7 = 0

Y7 — 2yg +y9 —0.01e¥8 =0

Vg — 2Yg + Y10 — 0.01e?° =0
Vg — 2¥10 + Y11 — 0.01e710 =0

Putting the conditions (20) in (30) and simplifying, one ob-
tains (30) as
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-2y, + y, =0.01le1

y1 — 2y, +y3 = 0.01e”2
Yo —2y3 +y, = 0.01e”3
V3 — 2y, + y5 = 0.01e”*
Ve — 2ys + Yo = 0.01e75 [ 31)
Ys — 2Ye + y; = 0.01e”s
Yo — 2Y7 +yg = 0.01e?”
Y7 —2Yg +¥g = 0.01e78
Yg — 2Y9 + Y10 = 0.01e¥°

y9 - zylo = 0.016y1° - 1

Reducing (31) into an augmented matrix gives:

|
()

1 0 0
-2 1 0
2 1
2

NPk OO O

N R, OOOO
NF—= OO OO O

NFR,ROOOD OO O

Soocoococococor

cocooocococor

cocoocococor |

cocococor |

cococor

cocor

IS

o

[y
NROoOOoOOoOo OO O

At this point, the first leg of the intertwining, which is the
difference approximation, ends, and the second leg of the in-
tertwining, which is applying Newton-Lieberstein’s Method
to solve the argument matrix (32), begins, such that the coef-
ficient matrix of (32) is tri-diagonally Nonlinear BVP will
now be solved using the Newton-Lieberstein Method thus:

Step 1: Let w = 1.5, a value that is chosen from [0, 2], in-
itial guess values at k = 0, and

y{’—OyS—Oyé’—Oyf =
0,y§= 0, y§ = 0,and yj, = 0.

Step 2: Update the variable values using the Newton-
Lieberstein algorithm, thus:

0 _

O'YG -

0 _

Oa yg: O'Y7_

S =0, mn 6 (17)
! ! ay1- f1(J/§k))
0 -2(0) +0-0.01
=0 1.57_2_0.01
= —0.00746268656716
(1) (0) (0)
0 wi -2y, +y8 —f2(35 )
v =y - -
azz — f3(x; )
— 0.00746268656716 — 0 + 0 — 0.01
=0-15 —2-0.01
= —0.01303185564713
y® = y© _ y( -2+ 2 -5
3 3 azz — f3 (X3k))
_ 0 — 1.5 001303185564713-0 + 0-0.01

—-2-0.01

NP O OO OO OO O
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=0-15

0.01e”1
0.01e”2
0.01e73
0.01e”+
0.01e7s

0.01e%s
0.01e>”
0.01e7s
0.01e”°
0.01e¥10 —1

(32)

—0.01718795197547

Y-z (°)+y§ ~1257)
)

€8]

0
¥ (0)

=Va

W

—0.01718795197547—-0 + 0 — 0.01
-2-0.01

= —0.02028951639960

(1)_2y<o)+y ~r5(x®)

ass = fs (xé"))

1)

0
Vs ©—

=Y

—0.02028951639960 — 0 + 0 — 0.01
—-2-0.01

=0-15

—0.02260411671612

(1)_ (0)

- fs(v)
-1 (xék))

—0.02260411671612-0+0-0.01
-2-0.01

(1)

0
Ve ©

=Ye

=0-1.5

= —0.02433143038516

(1) (O

—2}’7
f7 (X

¢ — )
(k))

y
=y -

—0.02433143038516—0+0 — 0.01
—2-0.01

=0-15

—0.02560242094974
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@ _ oo _ - y-2y708 - 8
Yg =g w —.®
azz — fo(x;7)

—0.02560242094974 — 0+ 0 — 0.01
—-2-0.01

=0-15

= —02654997852770

W _ o _ - ¥8-25" % - fo(v5”)
Yo TYo TW )

!
az2 —f (x2

—02654997852770 — 0+ 0 — 0.01
—-2-0.01

=0-15

= —0.02727610337888

y(l) _ 0 _ Wycgl)-Zyig)-fm(yﬁ%))
10 10 ar2 - )

0.02727610337888 — 0+ 0 — 0.01
—-2-0.01

=0 — 15—

= —0.02781798759618

This process must be performed 10 times, and the values of
the variables at the 10" iteration is the expected result. How-
ever, this are done using a program, and the summary of the
results of the 10 iterations is presented in the below.

v — 0.00746268656716
¥, —0.01303185564713
Vs —0.01718795197547
Vs —0.02028951639960
Atko1 | Y5 | 2| —002260411671612
| ve —0.02433143038516
Y7 — 0.02560242094974
Vs —02654997852770
Yo —0.02727610337888
Y10 —0.02781798759618
v, —0.013457038
¥, —0.02381748
Vs —0.031786713
Vs —0.37911386
s —0.04261460
Atk =2, Yo | | —0.46223482
Y7 —0.48990599
Vs —0.05111080
Yo —0.52734264
Y10 —0.32902138
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At k=3,

At k=4,

At k=5,

At k=6,

At k=7,

v —0.018509415
v —0.033091557
V3 —0.04456232
Va —0.053572597
Ys | | —0.06064049
Yo | 7| —0.066177527 |
Y7 —0.070509925
Vs —0.07389579
Yo —0.060807761
Y10 —0.03639510
V —0.022904842
v, —0.04127090
V3 —0.055970032
Va —0.067713356
s | | —0.077079271
Yo | | —0.08453695
Y7 —0.090465994
Vs —0.083428914
Yo —0.06649490
Y10 —0.038893526
v —0.026811829
¥, —0.04861249
V3 —0.066302275
Va —0.080628098
Ys | | —0.092207743
Ye | | —0.10155069
Y7 —0.10030804
Vs —0.090256022
Yo —0.070612951
Y10 —0.040718074
v —0.030337872
¥ —0.05528620
V3 —0.075759199
Va —0.09252530
Ys | | —0.10622856
Yo | | —0.11086082
Y7 —0.10743556
Vs —0.095238343
Yo —0.073635423
Y10 —0.042061828
¥4 —0.033555992
v —0.061410921
Vs —0.08448492
Va —0.10355936
¥s | | —0.11440822
Y | | —0.11763509
Y7 —0.11264988
Vs —0.098896849
Yo —0.075858547
Y10 —0.043049341
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—0.036518377

Y1
v, —0.067073661
Vs —0.092587466
Vs —0.11019932
Vs —0.12033447
Atk=38| v 1=| 012256645
Y7 —0.11645651
Vs —0.10156953
Yo —0.077479473
Y10 —0.043765485
v, —0.039263874
¥, —0.072340497
Vs —0.097425847
Vs —0.11491687
Vs —0.12457613
Atk =9, Ye | | —0.12611043
Y7 —0.11919505
Vs —0.10348809
Yo —0.078635943
Y10 —0.044270635
Vi —0.041822363
Y2 —0.075229088
Vs —0.100685522
Va —0.118159167
Vs —0.127522654
At k =10, Ye | | —0.128583546
V7 —0.121104998
Vs —0.104818354
Yo —0.079427894
Y10 —0.044609196

This is now the solution of the reduced tridiagonal system,
and the tridiagonal system is the solution of the BVP differen-
tial equation. The method becomes very relevant, especially
when the system of equations has many variables, as we have
in the following problems. These problems cannot be solved
analytically; rather, the use of a computer program becomes
very relevant.

Problem 2: Consider the mildly nonlinear system

—50y, + 25y, =et
25y; — 50y, + 25y; =e72
25y, —50y; + 25y, =e”s
25y; — 50y, =e¥+
With zero initial guess and w = 1.3, the method converged
to a numerical solution after only eight iterations, to four dec-
imal point precision as: y; = —0.0731 y, = —0.1089,

y; = —0.1089, and y, = —0.0731.
Problem 3: Consider the mildly non-linear equation

—2y; + ¥y, =5en

Y1 — 2y, ty; =4e”?

59

Yici —2Y; + Vi1 =e¥ii=3,4,..,97,98
Yog — 2Y99 + Y100 = 8€”°
Yoo — 2Y¥100 = 137100

The system in problem 3 is a typical mildly nonlinear prob-
lem with 100 equations, which becomes readily solvable using
the method proposed herein.

6. Conclusion

This study focused on solving mildly nonlinear boundary
value problems (BVPs) that result in tridiagonal linear alge-
braic systems using the Newton-Lieberstein method. The re-
sults demonstrated that this method provides efficient and ac-
curate solutions with faster convergence.

The key findings include that the Newton-Lieberstein
method was able to handle mildly nonlinear systems effec-
tively, the iterative approach improved accuracy with each
step, and the method proved computationally efficient com-
pared to traditional numerical techniques. The results obtained
from the test problems confirmed that the method provides
stable and reliable solutions, making it an effective choice for
solving tridiagonal systems in engineering, physics, and ap-
plied mathematics. In practice, especially for systems of equa-
tions with numerous variables, it is advisable to use w =
1.0,1.3,1.5, or 1.7 for iterations not less than 10 and then
choose value for w which is yields the most rapidly conver-
gence for the remainder of the iterations.

The findings confirm that the Newton-Lieberstein
method is an effective approach for solving tridiagonal lin-
ear systems. It enhances accuracy, stability, and efficiency,
making it valuable for complex numerical problems. The
study contributes to the field of numerical analysis by
providing a method that balances computational efficiency
with precision, ensuring that BVPs can be solved more ef-
fectively.
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BVP Boundary Value Problem
MNBVP  Mildly Nonlinear Boundary Value Problem
ODE Ordinary Differential Equation
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