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Abstract

Modelling dependence between non-normal environmental variables is important because conventional multivariate models may
not adequately represent asymmetric distributions, nonlinear associations, and complex dependence structures commonly
observed in environmental data. Wind speed, in particular, exhibits substantial temporal variability, making appropriate
modelling of its dependence across different times of the day important for forecasting and renewable energy planning. This
study develops a flexible Bivariate Weibull-Epsilon Distribution (BWED) for modelling dependence between two non-normal
random variables. The study derives the joint probability density, cumulative distribution, conditional distributions, and copula
representation of the proposed model, together with a copula-based measure of dependence. Model parameters are estimated
using the Exact Maximum Likelihood (EML) method, while Gibbs sampling is employed to generate observations and evaluate
the finite-sample performance of the estimators. Simulation experiments are conducted for sample sizes ranging from 20 to
5,000, the results show that parameter estimates become increasingly accurate and precise as sample size increases, with bias
and standard errors decreasing substantially. A comparison with two existing bivariate Weibull models showed the BWED
provides a superior fit, with an AIC of 3468.56 compared with 4257.98 and 3886.72 for the competing models. The proposed
model is subsequently applied to 517 paired observations of wind speed recorded at 9:00 a.m. and 3:00 p.m. on the same day at
Christmas Island, Australia, covering October 2018 to March 2020. The estimated Kendall’s tau of 0.583 indicates moderate
positive monotonic dependence between morning and afternoon wind speeds. The study concludes that the BWED provides a
flexible, robust, and tractable framework for modelling dependence in wind-speed and other environmental data, with potential
applications in renewable energy forecasting and risk management.
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1. Introduction

Modelling dependence among non-normal random varia-
bles has become increasingly important in modern statistical
and applied research, largely because real-world datasets often
violate the normality assumption. Multivariate Gaussian mod-
els are often inadequate when variables exhibit heavy tails,
asymmetries, or nonlinear dependencies. Copula methods,
which separate marginal behavior from joint dependence, offer
a flexible framework for constructing valid joint distributions
even when marginal distributions are non-Gaussian [1, 2].

The modern appeal to copulas stems from the work of Em-
brechts et al. [3], whose seminal exposition showed how to
model non-normal dependence via copula theory. As a result,
copula models have rapidly gained traction across many fields.
In finance, directional dependence in foreign exchange markets
has been studied using copulas [4], and copulas have been used
in pricing collateralized debt obligations [5]. In hydrology and
climatology, copulas have enabled multivariate drought assess-
ment [6]. In genomics, they have been used to capture depend-
ence structures between genes [7]. And in reliability and engi-
neering, copulas have been applied to model dependence in
wind speeds or other system components [8]. Recently, depend-
ence among anthropometric variables were also modeled using
copulas [9].

In recent literature, many further developments in copula the-
ory and applications have been witnessed. For example, large
skew-t copula models have been proposed to capture asymmet-
ric and heavy-tail dependence in financial time series [10]. New
reviews highlight evolving trends such as vine copula simplifi-
cation, factor copulas, and applications in censored survival set-
tings [11, 12]. Copula-based joint regression frameworks and
survival models are receiving more attention, especially for
non-normal correlated outcomes [13].

Beyond copulas, the literature also contains direct methods
for constructing multivariate non-normal distributions. Early
expositions include Ref.s [14-16]. These approaches generally
specify joint densities or cumulative functions in closed form,
often by extending univariate distributions or using condition-
ing constructs. In the conditional approach, one builds a bivari-
ate (or multivariate) distribution by specifying a marginal and
then a conditional distribution. For example, Gongsin & Saporu
[17] developed a bivariate conditional Weibull model, and Sens
et al. [18] proposed a bivariate distribution combining condi-
tional gamma constructs. Another path uses the probability in-
tegral transform, for example, Ref. [19] constructed multivari-
ate Weibull distribution by mapping the Weibull variables into
standard normal variables for wind speed and wind power mod-
elling. In Ref. [20] the power law transformations of vector
components with Gaussian, isotropic, mean-zero variability,
was used to construct a bivariate distribution for modelling
wind speed from different altitudes.

Nevertheless, many of the existing constructions are limited
in flexibility, that is, they may only produce simple hazard
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shapes, or be difficult to generalize. In environmental and reli-
ability contexts, where variables like wind speed often exhibit
complex dependence and nonlinear tails, richer multivariate
models are needed. Indeed, recent joint modelling of wind and
waves, or wind and other environmental covariates, relies heav-
ily on vine copula frameworks, see for example, [21]. The Clay-
ton copula was used to model the joint distribution of extreme
wind speed and air density for structural wind load assessment
[22]. However, which bivariate model to use for a given situa-
tion is not generally known a priori and is usually determined
empirically through statistical model selection criteria.

In light of these developments, we propose the bivariate
Weibull-epsilon distribution, defined via a joint survival distri-
bution method. This approach combines features of the epsilon
(baseline) distribution and Weibull margins, and seeks to inte-
grate dependence directly through the joint survival function ra-
ther than relying solely on a copula plug-in. The resulting model
builds on and extends the univariate Weibull-epsilon architec-
ture to the bivariate setting, offering more flexible joint behav-
ior and tail dependence features. Specifically, our objectives are
to derive explicit expressions for the joint density and cumula-
tive distribution of the bivariate Weibull-epsilon model; analyze
its dependence properties; compare the flexibility and fit of the
model against other bivariate distributions in the Weibull family;
and, apply the proposed model to actual wind speed datasets,
demonstrating its usefulness in modelling dependence in envi-
ronmental applications. The motivation for deriving the new
distribution is the complexity in the expression of the bivariate
Weibull distributions in Villanueva et al. [19] and Monahan
[20]. The expressions of the dependence relationship of the new
distribution is simpler, which makes for easier parameter esti-
mation.

The rest of the paper is organized as follows: Section 2 briefly
looks at the bivariate survival function; in Section 3 the new
distribution is derived along with the methods for estimating the
co-dependence between the bivariate datasets, and also estimat-
ing the parameters of the distribution. In section 4, the robust-
ness of the new distribution is examined through comparison
with other bivariate distributions in the Weibull family. Model-
ling wind speed data using the new distribution is also presented
in this section. Section 5 concludes the study.

2. Theoretical Framework

The joint survival function of any two random variables, X;
and X,, can be obtained by letting h(x;) and h(x,) be their
respective failure rate functions on [0, ), with corresponding
cumulative failure rate functions H(x;) and H(x,). Then ac-
cording to Ref. [23], their joint survival function is given by
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where H(x;) = —log(l — F(xl-)) =—logS(x;),i=1,2
and ¢ € (0, 1] is the dependence parameter. When ¢ = 1, it
implies X; and X, are independent.

The derivative of Eq. (1) with respect to the variables X;
and X, yields a bivariate probability density function. Eq. (1)
has been used in the literature to construct the bivariate Weibull
probability density function and generalized to its multivariate
form [24].
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3. Methodology

3.1. The Bivariate Weibull-epsilon Distribution

The derivation of the BWED from Eq. (1), for random var-
iables X; and X,, is presented in Appendix I. However, the
new distribution is given by

a ag az\P—2
[2Ge) = 110 ([2G0) = 117 + [20) = 1] )
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The corresponding bivariate Weibull-epsilon cumulative distribution function is given by

ay az\ P
Fr ) = exp = (260 = 117 +[20) = 117 ) | = exp(—[z(r) = 1) - exp(=[2(x) = 11%) + 1.

The parameter ¢ governs the strength of dependence,
where values close to 1 indicates weak dependence and
smaller values indicate strong dependence (or association).

)

The validity of the BWED is presented in Appendix II. Plots
of the BWE density and the corresponding contour for varying
parameter values are presented in Figures 1-3.
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Figure 1. Joint probability density and corresponding contour plots of the BWE density for varying values of A, = A, with fixed parameters

a, =y = 3, 61 =62 = 155, () =0.5.
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Figure 2. Joint probability density and corresponding contour plots of the BWE density for varying values of ay = a;, with fixed parameters

M=2A,=01 6 =6 =155 ¢ =0.5.
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Figure 3. Joint probability density and corresponding contour plots of the BWE density for varying values of ¢, with fixed parameters o, =
as =3, /11 =/12 =O.1, 61=62 = 25.

parameters influence the concentration, spread, and depend-
ence structure of the joint distribution. In Figure 2, the plots

From Figure 1, the plots illustrate how changes in the scale
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demonstrate the effect of the shape parameters on the skew- model in representing a wide range of bivariate data-generat-
ness, tail behavior, and peak concentration of the joint density.  ing processes. The contour structures further emphasize the
As the shape parameters vary, the contour lines change in cur-  model’s flexibility in capturing varying degrees of depend-
vature and orientation, reflecting alterations in marginal be- ence, association patterns, and tail behavior. Collectively,
havior and dependence structure. In Figure 3, the plots illus-  these graphical features demonstrate the suitability of the

trate the role of the dependence parameter ¢ inregulatingthe =~ BWED for modelling complex bivariate relationships encoun-
strength and structure of association between the two variables.  tered in practical applications, while maintaining the pre-
As ¢ varies, the density surface and contour configurations  scribed marginal characteristics. The generalization of the
exhibit noticeable changes in concentration, symmetry, and ~ BWED to its multivariate form is given in Appendix III.
dependence intensity, ranging from stronger (top-left panel) to

weaker (bottom-right panel) joint interactions. 3.2. Conditional Distributions
The BWE density plots together with their corresponding
contour representations for the varying parameter configura- The conditional distribution of X; given X, = x, can be

tions show diverse shapes observed under different parameter ~ expressed as
settings, illustrating the potential for adaptability of the BWE

1
11 [2(xp)- 1]“2(5_1)
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Conditional distributions are used in simulating the BWED F(x1),F(x;),*,F(x,) and a joint cumulative distribution
via Gibb’s sampling technique in this study. They can also be ~ function F(-) of random variables x;,x,, -+, X,, there exist

used in regression and risks modelling. a copula function, C(-), such that

3.3. Copula-based Dependence Measure F(x1, 2,7, %) = C(F(x1), F(x2), -+, F (%)) )
Sklar’s theorem [25] states that any multivariate joint dis- Hence, given random variables X; and X, from the

tribution can be written in terms of univariate marginal distri-  BWED with respective marginal distributions F(x;) and

bution functions and a copula (link function) which describes F(x,), their copula (link) distribution and density functions
the dependence structure between the variables. That is, for  are given, respectively, by

marginal cumulative distribution functions denoted by

1 119
ol u) = exp {— |(=5au)? + (~¢ )7 }+ w1, ©)

and

1-uq
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leer + (o] + 2= fem{- o+ (ca] | )
where u; = F(x;), ((u)) =log(1—u;),i=1,2 and 0 <
¢ =1 TQD =4 fol fol Cgo(ulﬂ uZ) Cgo (uli uz)dulduz - 11 (8)
One of the most desired outcomes in the study of multivar-
iate distributions is the understanding of co-dependence struc- 7, is the measure of nonlinear monotonic dependence re-

ture among the variables. Unlike Pearson’s correlation, which
measures straight-line relationships, monotonic dependence
(often measured by the Spearman’s rho and Kendall’s tau)
captures nonlinear but consistent trends. The strength of mon-
otonic dependence is measured by copula-based Kendall’s tau,
denoted by 7,,. This can be obtained [26] from Eq. (5), using

lationship that will be used in this study. The strength of this
measure as classified in www.statisticshowto.com and used in
Saporu & Gongsin (2020) [9] is employed to aid the under-
standing of our interpretation.
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3.4. Parameter Estimation

The EML method is used for estimation purpose. The EML
method enables simultaneous estimation of all the seven pa-
rameters in the bivariate Weibull-epsilon distribution at once,

using the log-likelihood function of the BWE density in Eq.
(2). This function is coded in R and executed via the optim
package. The log-likelihood function for the bivariate
Weibull-epsilon distribution is given by

L(lel’xz) = Z;}=1 lOg (0!111512 a212522 Z(xlj)z(xzj)> + Z;‘l:l lOg ([Z(xlj) _ 1]71_1[2(x2]-) _ 1]?2_1)

z z
817 —xqj% 627 —xp;2

+3"_, log ([z(x1 D) =117 + [2()) - 1]%)4’_2 +X} log {([Z(xu) — 1] + [2(xyy) 1]%2>¢ e 1}

+ 27 <[Z(x1j) - 1]% +[2(x)) - 1]%)

where, 0 is the parameter vector space and x; = (x;q, Xjz,"
,Xin), i = 1,2, are random samples of size n.

The execution of the log-likelihood function (Eq. (9)), sim-
ulation and other computations are carried out in R, and the
script will be made available upon request. 7, will be com-
puted from Eq. (8) through numerical integration in R package,
curvature.

4. Results and Discussion

4.1. Simulation

Here, we simulate data from the bivariate Weibull-epsilon
distribution for given parameter values using Gibb’s sampling
method. Letting X = X; and Y = X,, we define the condi-
tional distributions of y/X = x and that of x/Y =y from

@
)

)

Eq. (4). Using initial value for x we simulate y from
fly/X =x), employ the simulated value of y into
f(x/Y =y) tosimulate for x. The process is repeated using
the previous simulated value of one variable to simulate the
next other value until the required sample size is obtained. The
performance of the parameter estimates for 20 - 5,000 realiza-
tions of sampled values are presented in Table 1.

From Table 1, the simulation results indicate that parameter
estimates improve steadily with increasing sample size, re-
flecting the maximum likelihood estimates’ asymptotic con-
sistency. For small samples (n < 100), estimates show no-
ticeable bias and higher variability, while for larger samples
(n = 1000), they converge closely to the true parameter val-
ues with markedly reduced standard errors.

Table 1. Parameter Estimates Performance of the BWED from the Sampled Bivariate Datasets.

Parameters
n

a,(se) a,(se) A4(se)
Actual values 1.5 3.0 0.05
20 (()0916713) 3.830(1.167)  0.156 (0.025)
50 20425126) 2.097 (0.355)  0.111(0.010)
70 2072659) 2.456(0.373)  0.108 (0.007)
100 ?0013916) 4.414 (0.973)  0.100 (0.005)
150 (20220015) 3.660 (0.598)  0.088 (0.004)
200 (10913686) 4.321 (0.556)  0.076 (0.003)

51

Az(se) 81(se) 8;(se) ¢(se)
0.03 17.5 20.0 0.25

0.048 (0.006) (617 (')(;22 " (1252216 51) ?5_6?53)
0.031 (0.002) ?411?07:3) (105.'21253) ?5(?;‘7)
0.030 (0.002) ?;;f 79 6 (]052119 93) ?508:7)
0.037 (0.004) (217 2091 522) (l ﬁ fj:) ?5%5 8)
0.032 (0.002) (272 ‘(())7179) :g '672022) ?5334)
0.036 (0.002) (218 6?9452) ?10 '31572) ?6%5269)
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Parameters

n
a,(se) a,(se) 14(se)
1.989

230 0.112) 5.004 (0.585)  0.076 (0.002)
1.845

>0 (0.105) 4.094 (0.362)  0.068 (0.002)
1754

70 (0.063) 3.589(0.187)  0.076 (0.002)
1.672

1000 ossy 34810182 0078 (0.002)

1500 008 2941 (0.098) 0,071 (0.001)
(0.042) 941 (0. 071 (0.
1.452

2000 Gors) 2968 (0083) 0066 (0.001)
1.420 0.063

3000 0.028) 2847 0.066) o 1oos)
1501 0,050

5000 0.023) 3.006 0054) o oo

Specifically, the shape parameters (o, @,) show gradual re-
duction in bias; a;improves from 0.961 (bias = — 0.359) at
n = 20 to 1.501 (bias = 0.0007) at n = 5000, while a, de-
creases from 3.83 (bias = 0.277) to 3.006 (bias = 0.002).
Standard errors shrink by nearly an order of magnitude, from
nearly between 0.17 and 1.17 to nearly between 0.02 and 0.05,
indicating increasing precision. Secondly, the scale parame-
ters (44, 4,) exhibit rapid stability; 1; converges from 0.156
(bias = 2.12) at n = 20 to 0.059 (bias = 0.18) at n = 5000,
and A, from 0.048 (bias = 0.6) to 0.032 (bias = 0.067). Vari-
ability in the scale parameters decline sharply after n = 200,
with standard errors falling below 0.001 for large samples.
Thirdly, the location parameters (J;,d,) initially fluctuate
widely, for example, §; = 67.02 versus the true value 17.5 at
n = 20 which progressively stabilize around the true values
for n > 1500, where at n = 5000, §; = 18.46 and §, =
20.18 with biases of 0.055 and 0.009, respectively. Finally,
the dependence parameter (¢) displays consistent downward
adjustment with increasing n; from 0.646 (bias=1.58)at n =
20 to 0.248 (bias = — 0.008) at n = 5000, confirming con-

Ay(se) 5,(se) 5, (se) @(se)

0.041 (0.002) ?;;69651) ?ﬁ ';391;) ?fffs)
0.038 (0.002) (2687599 11) ?24 " 71) ?03(? 3 5)
0.039 (0.001) (6;5'%283 " ff ;2679) ?(f(f 14 0)
0.039 (0.001) ?19 590378) ff ;10 78) ?(fggg)
0.036 (0.001) (211.'36;;) fg T ) ?(3337)
0.035 (0.0004) (13 '620126) ?8 '276555) ?6%5066)
0.033 (0.0003) (15'3‘7’227) ?8 i 19) ?0'?0355)
0.032 (0.0003) (15;5546) ?(?_ '112831) ?6%354)

vergence toward the true value 0.25. Generally, bias and vari-
ance decline monotonically across parameters, and by n =
1000, all estimates closely approximate their true values.
These confirm the consistency, efficiency, and robustness of
the EML estimators of the BWE model under moderate to
large sample sizes.

4.2. Robustness of the Bivariate Weibull-epsilon
Distribution

To show the robustness of the bivariate Weibull-epsilon
distribution, we compare with other bivariate distributions in
the Weibull family applied in wind speed modelling, namely
the bivariate Weibull distribution (BWD)) in Villanueva et al.
[19] and the bivariate Weibull distribution (BWD>) in Mo-
nahan [20]. We simulated data from these distributions and
fitted each to the parent distribution and the BWED. The
Akaike Information Criterion (AIC) is used to determine the
more compatible model.

The bivariate Weibull distributions in [19] (after modifica-
tion) and [20] are given in Eq.s (10) and (11), respectively.

fv,v,) = Jll_—p’;_ilz_j (:_i)kl_l (z_z)kz—l exp {— [(j—i)kl + (:—z)kz]} - exp {_ 2(1f_>p2) [px:? + pxy* — lexz]} (10)

A Ki
where x; = V2erf ! (1 — 2exp [— (%) ]) ,i=1,2 and erf~1(-) is the inverse of the error function, and

1 bqby (Wwq bi-1 ws bz-1
s —|— —= expy—
1-p?aqa; \aq a,

flwy,wy) =

@ e @] o
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where [,(-) is the Bessel function of the order zero expressed
2K
as Ip(2) = ¥, m [27]. In both Eq.s (10) and (11),

p represents dependence, with p — 1 indicating strong to

perfect correlation. Estimated results from 500 realizations of
the simulated values from the two distributions are given in
Table 2.

Table 1. Comparison of model performance for datasets simulated from two bivariate Weibull models in Eq.s (10) and (11).

Density Parameters
BWED® a a;, M Az
BWD; C1=5 C2=9 k1=3 k2=2
ok 4.866 8.761 4.878 3.103
BWD, (0.046) (0.131) (0.157) (0.108)
" 3.401 0.142 110.12 2.184
BWED (0.112) (0.004) (119.80) (0.012)
BWDZ* a, = 7.5 a, = 8.5 b1 =4 bz =3
o 9.178 11.005 4.122 3.505
BWD, (0.100) (0.135) (0.033) (0.022)
" 4.127 0.087 53.138 3.066
BWED (0.164) (0.001) (33.952) (0.279)

—LL AIC
51 62 (]
p=08
0.206
(0.045) 1907.37 382474
0.078 102.44 0.700
(0.001) (116.77)  (0.029) 1892.12  3798.24
p=08
0.698
(0.003) 219292 4395.84
0.073 21.839 0.993
(0.004) (7.039) (0.024) 1942.04 3898.08

*actual parameter values, * estimated parameter values (standard errors), ® parameters of the BWED

Table 2 compares the proposed BWED with two existing
Weibull-based models developed by Villanueva et al. (BWD;)
[19] and Monahan (BWD,) [20]. The comparison uses simu-
lated datasets generated from each of these two models and
evaluates performance using the AIC, where smaller AIC val-
ues indicate a better model fit. When data were generated from
BWD,, the BWED produced a lower AIC (3798.24) than the
fitted BWD; model (3824.74), showing that BWED de-
scribes the joint behavior better. The difference in AIC
(AAIC = 26.5) is large enough to indicate strong support for
BWED over the original model. When data were generated
from BWD,, the advantage of BWED became even more pro-
nounced, with an AIC of 3898.08 compared to 4395.84 for
BWD, (AAIC = 498). The consistent superiority of BWED
across both scenarios suggests that it remains reliable even
when the true dependence structure differs from its own for-
mulation. Overall, the results demonstrate that BWED is a
flexible and robust model for representing joint wind-speed
behavior and is therefore suited for practical environmental
and renewable energy applications.

4.3. Application to Wind Speed Data

4.3.1. Motivation

Wind energy is one of the most promising alternatives to
fossil fuels, offering a path to decarbonization and sustainable
power generation. The growth of wind power globally has

53

been extraordinary: for example, installed wind capacity in-
creased from 158.5 GW in 2009 to over 542 GW by 2018 [28,
29]. In 2020, wind power additions surged by approximately
93 GW, representing a 53% increase in new installations alone
[30], with onshore wind capacity hitting about 699 GW [29].
More recent data show that global capacity continued to grow
to a total (onshore + offshore) exceeding 1000 GW by 2023
[31]. This accelerating deployment is driven by urgent climate
targets, falling renewable technology costs, and increased pol-
icy support.

Despite this promising growth, one of the persistent chal-
lenges in wind energy planning, forecasting, and management
is the intermittent and variable nature of wind speed - both in
time and across spatial locations. Wind speeds fluctuate due
to meteorological variability, terrain effects, and atmospheric
dynamics; and capturing their dependence structure is critical
for improved prediction, site layout design, and reliability as-
sessment of wind farms. In particular, understanding temporal
dependence of wind speeds (e.g. at two different times of the
same day at the same location) can reduce forecasting error
and enhance wind farm modelling.

A substantial body of literature have investigated spatial de-
pendence in wind speeds. For example, Shen et al. [32] exam-
ined correlations among turbines under varying meteorologi-
cal conditions; Liu et al. [33] explored correlation structures,
both within and between wind farms; and Kadhem et al. [34]
associated wind variability with seasonal weather patterns.
These works, however, focus predominantly on dependence
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across locations at the same time instant. In contrast, our in-
terest is temporal dependence, that is modelling wind speeds
at two distinct times (e.g. morning vs afternoon) recorded at
the same location. This type of dependence is especially rele-
vant in forecasting, diurnal cycle analysis, and operational de-
cision-making.

To this end, we adopt the BWED (Eq. (2)) to model the joint
behavior of wind speeds at two time points of the same day.
The key goals are: (1) fit the BWED to empirical wind speed
data and quantify the degree of co-dependence between the
two time-point variables; (2) compare model performance
with two alternative bivariate Weibull constructions (Egs. (10)
and (11)); and (3) assess whether the enhanced flexibility of
the BWED improves fit and/or dependence capture, in the
context of wind speed data application.

4.3.2. The Data and Parameter Estimation

We analyzed daily wind speed records from Christmas Is-
land, Australia, collected at two time points: 9:00 a.m. and
3:00 p.m of the same day. The sampling period spans from
October 1, 2018 to March 25, 2020. Days with missing obser-
vations at either time point were removed, yielding 517 com-
plete bivariate observations out of an initial 542 days. The
original measurements reported in km/h were transformed to
m/s using a conversion factor of 0.278. The data source is &5

RGBS LM

The descriptive statistics of the wind speed data are given
in Table 3.

Table 3. Descriptive Statistics of the Wind Speed.

Time Min Q4 M

9a.m. 0.56 3.61 5.28

3p.m. 1.11 3.61 4.73
cor =0.807

The descriptive summaries in Table 3 indicates positive
correlation between the wind speeds at 9 a. m. and 3 p. m.

We fitted three models to the data, namely: the proposed
BWED model (Eq. (2)); the bivariate Weibull model in Vil-
lanueva et al. [19] (Eq. (10)); and the bivariate Weibull model
in Monahan [20] (Eq. (11)). For all the models, parameters
were estimated using maximum likelihood method. In the
BWED and Villanueva [19] model cases, we maximized the

u Qs Max
5.01 6.12 9.17
4.84 6.12 8.34

log-likelihood (Eq. 9) using the optim package in R. For Mo-
nahan’s model [20], estimation encountered identifiability or
likelihood surface irregularities, thus, the three parameters
(a4, a,, by) were estimated via direct maximization, while the
remaining two parameters (b,, p) were located by examining
the profile of the log-likelihood surfaces, holding other param-
eters fixed. The models’ fit and parameter estimates are sum-
marized in Tables 4 and 5.

Table 4. Maximum likelihood estimates and Wald significance tests for the parameters of the BWED fitted to Christmas Island wind speed

data.
Parameter a, A 8,
Estimate 1.890 0.107 10.988
Std error 0.096 0.003 0.655
Wald stat 19.618 36.267 16.780
p-value 0.000 0.000 0.000
Remark Sig Sig Sig

Sig = significant, LL = —1727.28, AIC = 3468.56

@, Az 62 9
2.199 0.118 12.874 0.417
0.128 0.004 1.872 0.019
17.201 32.065 6.877 22.064
0.000 0.000 0.000 0.000
Sig Sig Sig Sig
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Table 5. Comparative fit results for competing bivariate Weibull-type models fitted to the Christmas Island wind speed data.

Density Parameters

BWD; a; a; b,
5.930(0.081) 5.726 (0.082)  3.243 (0.114)

BWDZ C1 Cy k1

5.606 (0.076)  5.387(0.067) 3.197 (0.112)

All estimated parameter values are statistically significant.
The marginal shape parameters (&; = 1.89, @, = 2.199) are
highly significant and confirm that the wind-speed distribu-
tions are not memoryless and exhibit pronounced peaks, a
characteristic commonly observed in Weibull-type wind
speed behavior. The scale parameters (4, = 0.107, 1, =
0.118) are also statistically significant, indicating their im-
portance in shaping the tail behavior and variability of wind
speeds. The location parameters (6, = 10.99, §, = 12.87)
reflect the physical limits of observed wind speeds and pro-
vide realistic bounds for extreme values. The estimated de-
pendence parameter (¢ = 0.42) is precise and significant, in-
dicating moderate nonlinear dependence between the paired
wind speed measurements of the same day. This suggests that
wind speeds observed at different times of the day exhibit
some noticeable degree of persistence, while still retaining
variability.

Compared to the dependence measure formulations pro-

Density

Wind Speed at 3 p.m. (m/s)

25
Wind Speed at 9 am. (m/s)

5.0 75

0.06
0.04

0.02

—LL AlC
b, p
3.431(0.132)  0.927 (0.003) 2123.99 4257.98
k, p
3.477(0.120)  0.390 (0.036) 1938.36 3886.72

posed by Villanueva et al. [19] and Monahan [20], with esti-
mates presented in Table 5, the BWED’s presentation captures
the nonlinear dependence characteristics of the two times of
the day much better. Their dependence parameters (9 = 0.93
and p = 0.39, respectively) imply strong and relatively weak
linear dependence.

Model comparison using the AIC clearly favours the
BWED (AIC = 3468.56) over BWD,; (4257.98) and BWD,
(3886.72). The large AIC differences (AAIC = 789.42 and
AAIC = 418.16, respectively) provide strong evidence that
the BWED offers a substantially better representation of the
joint wind-speed behavior. This improved fit likely arises
from its flexible survival-based dependence structure and the
ability to capture nonlinear association.

Given its superior fit and realistic dependence characteriza-
tion, the BWED is adopted for subsequent dependence visual-
ization, including the copula-based plots shown in Figure 4
and drawing of inference from application of model to data.

1.00
b == 0 Hi(a
o "= mm =
= 0.75 - —
g o count
a == - = = - - 16
s
- - = m = - Em
£ 12
2 050
£ O mo - . om ]
=
az H N | o u | 4
P
3
0.25 - - . | B | |
o = m =
=
E R =

0.00 75

0.50

u, (9 am wind speed)

1.00

0

Figure 4. Copula-based visualization of wind speed dependence at Christmas Island, Australia. Panel.

From Figure 4, panel (a) presents the copula-based joint
density contours for wind speeds measured at 9 a.m. (x-axis)
and 3 p.m. (y-axis) at Christmas Island. The contour orienta-
tion along the 45° diagonal axis signifies some degree of pos-
itive dependence between the two time periods. This indicates
that higher morning wind speeds are likely associated with
higher afternoon wind speeds, reflecting to some extent tem-
poral persistence of wind regimes over the location. The dense
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yellow-to-orange region (4 - 6 m/s) marks the area of highest
joint probability, implying that moderate wind speeds domi-
nate the daily wind profile. The smooth gradient and absence
of outlying contour distortion suggest that the BWE copula
adequately captures the underlying dependence structure
without overestimating tail co-movement. Panel (5) shows the
empirical copula representation of the same dataset, with axes
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u; = F(x;) and u, = F(x,) denoting the pseudo-observa-  an adequate representation of the co-dependence structure in
tions transformed to the unit square [0,1]2. The color intensity ~ the Australian wind speed data.

represents the frequency of paired observations, and the over-

laid contour lines correspond to the BWE copula density in ~ 4.3.3. Dependence Measure

the copula domain. The clustering of points along the main
diagonal confirms monotonic co-movement, and the contour
overlay demonstrates a close alignment between the empirical
dependence pattern and the theoretical BWE copula density;
an indicator of good model calibration. The few sparse points
near the corners (high-high and low-low regions) suggest mild
tail dependence.

Finally, the good overlap (Panel @) between the empirical
and theoretical contours provides a supporting visual evidence
of the goodness-of-fit of the BWED. Also, Figure 45 is indic-
ative of a consistent graphical evidence that the BWED offers

The copula-based measure of monotonic dependence used
here is Kendall’s tau (’fq,). Monotonic dependence refers to
how two variables consistently move in the same relative di-
rection (positive) or opposite direction (negative), but not nec-
essarily at a constant rate. Unlike linear relationships, mono-
tonic trends can curve, so long as they never reverse direction.
This estimate is presented in Table 6 together with the classi-
fication of the strength of this measure as used in [9].

Table 6. Estimate of co-dependence measure of BWED for Wind speed data.

Method Ty Strength

EML 0.583 Moderate

From Table 6, the value obtained indicates that there is a moderate positive monotonic dependence between the wind speeds
at the two time points of the day. This implies that the tendency of one variable to increase with the other is visible but there is
a significant variation in the data which is clearly evident in Figure 4b.

Comparative analysis with existing bivariate Weibull mod-
4.4. Discussion of Results els further emphasizes the robustness of the BWED. The log-
likelihood and AIC results show that the proposed BWED is

The new bivariate non-normal probability density function  consistently more amenable to data compared to the bivariate
generated in this study, referred to as the BWED, describes ~ Weibull models in Villanueva et al. [19] and Monahan [20],

the simultaneous occurrences of two random phenomena,  confirming a better flexibility in modelling both central and
each assumed to be characterized by the univariate Weibull-  mild tail dependence. This advantage arises from the epsilon
epsilon distribution [41]. The shapes of the bivariate density =~ component, which adjusts the joint tail thickness without dis-
function, shown in Figures 1-3, at varying parameter values, torting marginal behavior, thereby offering a more adaptable
depict different random simultaneous occurrences in nature, dependence structure. Such flexibility has also been high-
thus providing visual evidence of its flexibility to describe the ~ lighted in recent studies where hybrid or copula-based
intermittence in natural processes. Weibull models yielded improved fits in meteorological and

The simulation results confirm that the EML estimators  renewable energy datasets [37, 38]. These findings suggest
yields consistent and efficient estimates for the parameters of ~ that the BWED can serve as a general framework for multi-
the new bivariate distribution. Across sample sizes from 20to  variate modelling where marginal Weibull behavior is evident

5,000, the estimates approach the true values monotonically, but dependence deviates from conventional Gaussian or Gum-
with both bias and standard error diminishing as n increases. bel copula assumptions.
This convergence behavior validates the asymptotic properties The empirical application to wind speed data from Christ-

of the EML estimators and demonstrates its reliability even ~ mas Island further demonstrates the practical usefulness of the
under moderate sample conditions typical of environmental proposed BWED model. Graphical validation through contour
data. The accurate recovery of the dependence parameter ¢, density and empirical copula plots shows strong agreement
which converged from 0.646 at n = 20 to approximately between the theoretical BWED copula and the empirical
0.25 at n = 5000, underscores the method’s effectiveness in ~ pseudo-observations, indicating a well-calibrated model with
capturing dependence structures crucial for joint risk and reli- little evidence of misfit. Similar copula-based diagnostics
ability modelling. Similar improvements in convergence and  have shown that such approaches effectively capture nonlin-
variance reduction have been reported in recent MCMC-based ~ ear dependence structures in energy-related variables [39].
estimation frameworks for copula and compound distributions The marginal shape parameter estimates (&; = 1.89,a, =
applied to wind and hydrological data [35, 36].
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2.20) indicate typical Weibull-type behavior with clear non-
zero modes, consistent with observed wind speed distributions.

The dependence parameter (¢ ~ 0.42) is significant and re-
flects moderate nonlinear co-movement driven by shared at-
mospheric conditions. The estimate of the copula-based Ken-
dall’s tau, £, = 0.583, suggests that this co-movement is a
moderate positive monotonic dependence. Consequently,
other meteorological and atmospheric factors (humidity, tem-
perature, etc.) are influencing morning wind speed alongside
that of the afternoon of the same day causing more noise in
the data than a strong relationship.

There are practical insights provided by the nature of this
dependence. These are:

1) Morning wind speed contain to some extent predictive

information for corresponding afternoon conditions.
This can improve the skill of short-term wind power
forecasts and enable more reliable scheduling of mainte-
nance or storage operations.

2) Wind power variability in the morning is likely to be
mirrored later in the day, a feature critical for grid stabil-
ity assessment.

3) The dependence relationship captured by the BWED
copula allows realistic simulation of the joint wind pro-
files, aiding probabilistic forecasting and uncertainty
quantification in renewable energy integration.

These insights align with recent developments emphasizing
dependence-focused stochastic modelling in power systems
and atmospheric sciences [35, 36].

From a methodological standpoint, the results confirm that
the BWED combines parsimony with flexibility, providing a
tractable yet expressive model for wind-speed dependence. Its
superior AIC performance over traditional bivariate Weibull
formulations suggests that accounting for mild tail depend-
ence significantly improves model fit. Furthermore, the cop-
ula representation inherent in the BWED framework allows its
direct extension to higher dimensions, making it suitable for
spatiotemporal modelling of wind data across multiple sites or
time intervals. Given the increasing complexity of renewable
energy systems, such scalable dependence models are becom-
ing essential for integrated forecasting and risk management.

These findings are also timely given the rapid global expan-
sion of wind power. According to recent reports by the Global
Wind Energy Council [40] and the International Energy
Agency [31], global installed wind capacity surpassed 1,000
GW by 2023, with continued double-digit annual growth. This
accelerating deployment heightens the need for accurate prob-
abilistic models of wind dependence to support grid balancing,
energy market forecasting, and investment risk analysis. As
renewable penetration increases, the cost of misestimating
joint variability also rises, making advanced dependence mod-
els like the BWE particularly valuable for operational plan-
ning and reliability studies.

Notwithstanding its strengths, several limitations suggest
directions for further research. The present analysis assumes
temporal stationarity and constant dependence; extending the
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BWED to time-varying or regime-switching frameworks
could better capture evolving dependence structures. Alt-
hough AIC-based selection establishes relative fit, out-of-
sample validation using cross-validated forecast accuracy
would provide stronger evidence of predictive performance.
Future studies may incorporate meteorological covariates -
such as atmospheric pressure, humidity, or stability indices -
into the marginal or copula components and evaluate the
BWED alongside alternative copula families to assess robust-
ness. For extreme-event analysis, tail-adaptive or vine copula
extensions could improve characterization of joint wind ex-
tremes across spatially correlated sites. Further work could
also explore spatio-temporal formulations and applications in
hydrology and reliability engineering, where modeling de-
pendent extremes and component lifetimes is essential.

5. Conclusion

A new bivariate distribution, termed the BWED, has been
developed and explored. Theoretical and graphical analyses,
including density and contour plots under varying parameter
settings, demonstrate its flexibility and wide applicability to
bivariate lifetime systems. The model was also extended to a
multivariate form, reinforcing its generality. Robustness stud-
ies indicate that the BWED is more amenable to data than the
existing members of the bivariate Weibull family in bench-
mark applications [19, 20]. This provides strong motivation
for its use. Empirical evaluation using paired wind-speed
measurements at 9 a.m. and 3 p.m. of the same day from
Christmas Island, Australia, further confirms its suitability.
The BWED achieved the best fit relative to competing bivari-
ate Weibull models, capturing the co-dependence between
wind speeds at different times of the day. The copula-based
Kendall’s T estimate of 0.58 reveals a moderate monotonic de-
pendence between the two time periods. The fact that a meas-
ure of co-dependence is derivable from the model gives cre-
dence to a comparative advantage in data application.

Generally, both simulation and empirical evidence affirm
that the BWED is a robust and flexible framework for model-
ling dependence in environmental and reliability data. It pro-
vides efficient parameter estimation and realistic joint behav-
ior, making it a valuable addition to stochastic wind-energy
modelling and broader environmental applications.

Abbreviations

BWED  Bivariate Weibull Epsilon Distribution

BWE Bivariate Weibull Epsilon
BWD Bivariate Weibull distribution
EML Exact Maximum Likelihood
AIC Akaike Information Criterion
MCMC  Markov Chain Monte Carlo
Eq. Equation
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Appendix: The Bivariate Weibull-epsilon
Distribution and Its Multivariate Form

Appendix I: Derivation of the Bivariate
Weibull-epsilon Distribution

The Weibull-epsilon distribution was introduced [41] as a
life time distribution with flexible shapes within its parameter
range that can be used as density and hazard rate functions.
For a random variable X, its density and distribution func-
tions are, respectively, given by

£ ,8,2) = ah 5= 200206 = 11 eap{~[2(x) -
1]}, (A-D)
and
F(x;a,6,A) =1—exp{—[z(x) — 1]}, (A-2)
26
where z(x) = (g)z, 0<x<$§, a,4,6 > 0.

The bivariate Weibull-epsilon distribution is constructed
using the joint survival function method defined in Eq. (1).
The Weibull-epsilon cumulative failure rate function,
H(x;),i = 1,2, is obtained as

Aidi i
H(x;) = —logexp {— [(;i%ii) - 1] }
28 a
_ xi+6i 2 _ .
et w
Ai8;

xi+6;\ 2 .
13 I.) ,l

For simplification of notation, let z(x;) = ( -
=i

1, 2. Then the Weibull-epsilon joint survival rate function is
given by

PO ) = exp = (I2e) = 117 + [10) =117 | (A)

Differentiating Eq.(A.4) with respect to x; and X,
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gives the bivariate Weibull-epsilon probability density func-
tion in Eq. (2). The corresponding cumulative distribution
function is derived as

The bivariate Weibull-epsilon distribution function can be
determined from the relationship between bivariate cumula-
tive distribution and survival functions. This is given [42] by

F(xy,x3) = 1= F(x;) = F(x) + F(x1, x5),

= F(xy,x,) = F(xy, %) + F(x) + F(xp) — 1. (A-5)

Substituting (A4.2) and (A.4) into (A.5), the bivariate
Weibull-epsilon distribution function is obtained, and given in

Eq.(3).

Appendix II: Validity of the BWED

Theorem

The bivariate Weibull-epsilon density function, f(xq,x;),
given in Eq. (2) is a true probability density function.

Proof

It suffices to show that 0 < F(xq,x;) < 1.

F(xl,xZ) = P(Xl S xl,Xz S x2)

= foxz foxl f(ty, tp) dtydt,

a az\ ¢
= exp | ([26:) = 117 + [200) — 1]% ) |-
exp(~[2(x) = 11%) = exp(~[z() = 1) + 1.

Ai8; Ai8;

Since z(0) = (g:_sé)T =1 and z(§;) = (%)T =

oo,i = 1,2, then
F(0,0) = exp {— ([1 1] 41— 1]%2)4)} —exp(—[1—
1]%) — exp(~[1 — 1]%) + 1
= exp(—0} — exp(—0) — exp(—0) + 1
—1-1-141=0
Also
F(6,,6,) = exp {— ([oo —1]7 4 [oo — 1]“—5)4’} _
exp(—[o0 — 1]%1) — exp(—[o0 — 1]%2) + 1
= exp{—o0} — exp(—) — exp(—) + 1
—0-0-0+1
=1.

Since F(x4,x,) isastrictly monotonic increasing function,
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the proof is complete.
Appendix III: Multivariate Weibull-epsilon distribution
The bivariate Weibull-epsilon distribution can be general-
ized to its multivariate form by the expansion of the expres-
sion of the bivariate survival function [24]. That is, given an
m —dimemsional random vector X = [X,X,, ..., X,,]7, the
joint survival function is given by

Fo) = exp {= (1H,G)T? + [Hy Gl + - +

H,, (xm)]%>(p}. (A-6)

And for a Weibull-epsilon random vector, X, the joint sur-
vival function is given by

Fy(x) = exp {— ([Z(x1) - 1]% + [z(xy) — 1]% + .t

(2o~ 119’}

= exp {_( i=1lz(x;) — 1]%>¢}' (A-7)

T and

where 0 <@ <1, 0<x; <68;, x=[x1,%p, .
ai, 4,6, >0,i=1,2,..,m.

The multivariate Weibull-epsilon probability density func-
tion is derived from the joint survival function (4.7) by dif-

ferentiation [24]. That is,

»Xm]

am

7F X1, X2, vi) X
8x10%5..0%m X( 1y 420 =0 m)

fX(x1'x2' ""xm) = (_1)m

m ai\ P
= D G {‘ RREORRD }

a

()" Mz fak s 20 ) - 1107

¢

o {(—1)”1'Ns(m,j)(n2’;1 ) ( ™ lz(x) -

)" e - (oo - 0F) ]

number of summands of the j** partition of m
=

where n; =
such that m; +m, + My =mo,omy =my =
mnl.>0, 0<n<m,

Tk = p(p — 1) X ..x (@ —my + 1) is the falling fac-
torial of ¢,

N(m) = total number of partitions of m, and

Ny(m,j) = total number of set partitions of the set S,, =
{1,2,..,m} corresponding to the j* partition of m.
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