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Abstract: The application of Runge- Kutta (R-K) methods in obtaining numerical solutions to a wide class of ordinary and
partial differential equations arising in various fields of applied sciences has been widely documented. Their efficiency,
accuracy, and ease of implementation have made them one of the most popular techniques for solving initial value problems.
This success has motivated their extension to more complex systems, particularly Delay Differential Equations (DDEs), which
naturally arise in modeling real-life phenomena where time delays are inherent, such as in population dynamics, control
systems, epidemiology, and engineering processes. In this paper, we present a numerical approach for solving DDEs by
adapting a three-stage Multiderivative Explicit Runge-Kutta (MERK) method. The presence of delayed arguments in DDEs
introduces additional computational challenges, especially in the evaluation of past states. To address this, Lagrange
interpolation is employed to approximate the delayed terms. Furthermore, the stability properties of the proposed method are
investigated through the derivation of the associated stability polynomials. These polynomials provide insight into the
convergence behavior and robustness of the methods when applied to stiff and non-stiff delay systems. The performance of
these methods are analyzed by solving DDEs, and comparisons are made with existing methods in the literature. The results
demonstrate reliability of the three-stage MERK methods for solving DDEs.
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1. Introduction

The rapid advancement of DDEs across various fields
of science and engineering have triggered an increasing
interest in their numerical solutions in recent years. Several
research works have been carried out to develop numerical
methods to solve DDEs and even stiff DDEs. Among these
numerical methods, the Runge-Kutta methods are particularly
noteworthy due to their flexibility, efficiency, and accuracy.
In Ismail and Read [5], a numerical solution of DDEs
was obtained through the R-K method by using Hermite
interpolation to estimate the delay terms. Ismail and Suleiman
[6] examined the P-stability and Q-stability of singly diagonal
implicit Runge-Kutta (RK) methods for DDEs. Olaniyan et al.
[2, 9] obtained a numerical solution of DDEs with Heronian

Implicit R-K methods by using Hermite interpolation to
estimate the delay terms.

Due to the flexibility, efficiency and accuracy of RK
method, researchers have been motivated to develop advanced
variants that involved higher-order derivatives in each internal
stage. Akanbi M. A. [1] derived multi-derivative explicit R-
K methods involving up to second derivative. Goeken and
Johnson [1] derived explicit R-K schemes of stages up to 4
with the first derivative. Wusu et al. [12] also derived a new
3-stage scheme by incorporating higher-order derivatives up to
the second derivative. Then, Olaniyan et al. [10] went further
to develop a 4-stage scheme also by incorporating higher-order
derivative up to the second derivative. However, these variants
of the R-K method were used to solve ODEs. Recently, the
new variants adapted to deal with DDEs. In Kumar D. C. and
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Pushpam E. K. [7], a two-stage multiderivative explicit R-K
method was used to solve DDEs and Lagrange interpolation
was used to estimate the delay term. In this project, we intend
to improve on the work of Kumar D. C. and Pushpam E. K.
[7] by extending the two-stage MERK methods to three-stage
multiderivative explicit R-K methods for stiff DDEs.

2. Methodology

Three Stage MERK Method for DDEs

Consider the first-order delay differential equations (DDEs)
given as:

y′(t) = f(t, y), y(t0) = y0 (1)

The 3-stage MERK method to solve equation (1) is of the
form:

yn+1 = yn + hΦ(xn, yn, h) (2)

where
Φ(xn, yn, h) = d1k1 + d2k2 + d3k3

and

k1 = f(yn),

k2 = f

(
yn + hb21k1 + h2C21ffy +

h3

2
C22(f

2fyy + ff2y )

)
,

k3 = f

(
yn + hb31k1 + hb32k2 + h2C31ffy +

h3

2
C32(f

2fyy + ff2y′)

)
The 3-stage MERK method family according to Wusu A. S. [12] are provided in Table 1.

Table 1. Examples of three-stage MERK methods.

Parameter Method 1 Method 2 Method 3 3sMERK

d1
169

816

1

6

1

9

1

9

d2
5488

7089

1

36
(16 +

√
6)

1

36
(16 −

√
6)

1

6

d3
125

6672

1

36
(16 −

√
6)

1

36
(16 +

√
6)

2

3

b21
17

28

1

10
(6 −

√
6)

1

10
(6 +

√
6) 1

b31 −
91976

10625

3(−402 − 197
√
6)

1250

3(−402 + 197
√
6)

1250

3

8

b32
108976

10625

2(489 + 179
√
6)

625

2(489 − 179
√
6)

625

1

8

c21
289

1568

3

100
(7 − 2

√
6)

3

100
(7 + 2

√
6)

2

5

c22
17

196

1

500
(54 − 19

√
6)

1

500
(54 + 19

√
6)

1

5

c31
3092

625

3(−321 − 106
√
6)

2500

3(−321 + 106
√
6)

2500

1

40

c32
1823

625

−342 − 37
√
6

2500

−342 + 37
√
6

2500

1

40

The 3-stage MERK method for solving equation (1) can be
adapted to solve (ODEs).

Consider the first-order DDEs with a constant delay τ :

y′(t) = F (t, y(t), y(t− τ(t, y(t))) t > t0, (3)
y(t) = Φ(t)

where Φ(t) represents the initial function.
The 3-stage MERK method adaptation to solve DDE is of

the form:
yn+1 = yn + hΦ(xn, yn, h) (4)

where

Φ(xn, yn, h) = d1k1 + d2k2 + d3k3 =

3∑
r=1

drkr
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and

k1 = hf(yn, y(tn + c1h− τ)),

k2 = hf

(
yn + hb21k1 + c21h

2ffy +
h3

2
c22(f

2fyy + ff2y ), y(tn + c2h− τ)

)
,

k3 = hf

(
yn + hb31k1 + hb32k2 + c31h

2ffy +
h3

2
c32(f

2fyy + ff2y ), y(tn + c3h− τ)

)
where y(tn + c1h− τ), y(tn + c2h− τ) and y(tn + c3h− τ)
are the delayed terms. Different interpolation techniques have
been applied to estimate delay terms. In this paper, the
Lagrange interpolation method is employed.

3. Stability Analysis of 3 Stage MERK
Method

The most frequently used test equation out of several
concepts of stability of numerical methods when applied to
DDEs is given as ;

y′(t) = λy(t) + µy(t− τ), t ≥ t0

y(t) = f(t), −τ ≤ t ≤ 0
(5)

where λ, µ ∈ C, τ > 0, and f is continuous.
The test equation (3.5) will be used to investigate the

stability of the adapted MERK method using the concept P-
stability in Barewell [2]. In addition, Lagrange interpolation is
employed to approximate the delay terms based on previously
computed values of y and is given as

y(tn + cih− τ) = y(tn−m + cih) =

s∑
l=r

Ll(ci) yn−m+l (6)

having

Ll(ci) =

s∏
j1=r

ci − j1
1− j1

, where j1 ̸= 1, r, s > 0

and yn−m+l is the computed value for y(tn −m+ l).
Applying the 3-stage MERK method to the test equation

with delay τ = 1, we obtain:

yn+1 = yn + h

3∑
r=1

drkr

k1 = hf

(
yn,

s∑
l=r

Ll(ci) yn−m+l

)
,

k2 = hf

(
yn + hb21k1 + c21h

2ffy +
h3

2
c22(f

2fyy + ff2y ),
s∑

l=r

Ll(ci) yn−m+l

)
,

k3 = hf

(
yn + hb31k1 + hb32k2 + c31h

2ffy +
h3

2
c32(f

2fyy + ff2y ),

s∑
l=r

Ll(ci) yn−m+l

)
(7)

Where u = (1, . . . , 1)T , k = (k(1), . . . , k(q))T , d =
(d1, . . . , dq)

T and Ll(cl) = (ll(c1), . . . , ll(cq))
T .

Considering f as in equations (3.5) and (3.7) given n ≥ m, we
have:

k = λ(ynu+ hAk) + µ
(∑

Ll(ci)yn−m+l

)
(8)

yn+1 = yn + hdT k (9)

From equation (8) , we obtained the following:

k = λynu[I − λhA]−1

+ µ[I − λhA]−1
∑

Ll(ci)yn−m+l (10)

hk = αynuζ + βζ
∑

Ll(c)yn−m+l (11)

where α = λh, β = µh, ζ = [I − λhA]−1 and I represents
the identity matrix. Substituting (11) in (9) , we have:

yn+1 = yn + αdT ζynu+ βdT ζ
∑

Ll(ci)yn−m+l (12)

The stability polynomial will be in its standard form when
n − m + l = 0 is substituted. The recurrence relation is
considered stable if the roots of the stability polynomial given
below satisfy the stability condition.

S(α, β, ψ) = det

[
ψn+1I − ψnX −

s∑
l=r

ψ1+lZl

]
(13)
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where the root condition |ψ| ≤ 1 hold.
We evaluated the function y(tn + cih − 1) using five-point

interpolation to determine the stability region.

The corresponding stability polynomial for the method is
given by:

S(α, β, ψ) = ψn+1 − (1− αdT ζu)ψn − βdtζ(L−1(c) + L0(c)ψ + L1(c)ψ
2 + L2(c)ψ

3 + L3(c)ψ
4)

Hence, the stability polynomial for the 3-stage MERK
method is given by:

S(α, β, ψ) = ψn+1 −
(
1 + α+

α2

2
+
α3

6
+
α4

24
+

α5

120

)
ψn

+

(
9

37
β +

1

3
αβ

)
ψ4 −

(
4

21
β

)
ψ3

+

(
2

3

)
ψ2 +

(
2

23
β +

3

4
αβ

)
ψ −

(
4

25
β

)
The corresponding stability region is given in the figure

below:

w

z

Figure 1. Stability Region of 3sMERK.

4. Numerical Experiment
The following are some of the problems tested. Problem 1

and 2 were taken from Kumar and Pushpam[7], while Problem

3 was taken from Ismail and Read [5].

4.1. Problem 1

Consider the nonlinear DDE given by:

y′(t) = 5y(t) + y(t− 1), y(t) = 5

for t ≤ 0 with the exact solution as y(t) = 6e5t − 1

4.2. Problem 2

Consider the nonlinear DDE given by:

y′(t) = y2(t) + y(t− 1)− t4 + t+ 1, y(t) = t

for t ≤ 0 with the exact solution as y(t) = t2

4.3. Problem 3

Consider the nonlinear DDE given by:

y′(t) = cos(t)y(y(t)− 2), y(t) = 1

for t ≤ 0 with the exact solution as y(t) = sin(t) + 1.
The numerical results were generated by solving the

problems with the three-stage MERK methods and the
classical Runge-Kutta method. Table 2 presents the absolute
error results of Problems 1 to 3.

Table 2. Absolute Error Results of Problems 1 to 3.

Methods Absolute Error of Problem 1 Absolute Error of Problem 2 Absolute Error of Problem 3

ERK 2.523e-6 1.331e-6 3.185e-5

3sMERK 1.289e-7 8.472e-8 5.233e-6

Method 1 3.0323-7 9.914e-7 5.883e-6

Method 2 8.386e-6 1.403e-6 1.386e-6

Method 3 7.341e-7 1.976e-6 8.112e-5

5. Conclusion

This study presented a numerical technique for solving
delay differential equations using a three-stage Multiderivative
Explici Runge-Kutta (MERK) method. The delay terms were
approximated by using Lagrange interpolation. The stability
polynomial of the method was obtained to study its stability

characteristics. To evaluate the efficiency of the methods, some
DDEs were solved and the results obtained were measured
alongside the classical Runge-Kutta method. The comparison
based on absolute error shows that the three-stage MERK
methods provide accurate approximations to the solutions of
DDEs. Hence, these methods prove to be a reliable numerical
approach for solving DDEs .
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