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Abstract 

This study investigates the three-dimensional flow and heat transfer characteristics of a Jeffrey nanofluid flowing through a 

stretching channel under the influence of a Lorentz force generated by an applied magnetic field. The Jeffrey fluid model is a 

significant non-Newtonian fluid model that accounts for both relaxation and retardation effects, which are important in describing 

the viscoelastic behavior of complex fluids. The incorporation of magneto-hydrodynamic (MHD) effects enables the analysis of 

electrically conducting fluids subjected to magnetic forces, which are widely encountered in industrial and engineering 

applications such as cooling systems, polymer processing, and biomedical devices. The analysis further considers nonlinear 

thermal radiation to accurately represent heat transfer at high temperature conditions. In addition, the Soret and Dufour effects 

are included to examine cross-diffusion phenomena between heat and mass transfer processes. The Soret effect describes mass 

diffusion caused by temperature gradients, whereas the Dufour effect represents energy flux generated due to concentration 

gradients. These coupled transport mechanisms significantly influence the thermal and concentration boundary layers. The 

governing nonlinear PDEs are transformed into ODEs using suitable similarity transformations and solved numerically. The 

effects of various controlling physical parameters on velocity, temperature, and concentration distributions are examined in 

detail. The numerical results reveal that an increase in the Dufour number enhances thermal energy transport, leading to higher 

temperature and velocity profiles while reducing concentration distribution. Conversely, increasing the Soret number strengthens 

mass diffusion induced by temperature gradients, thereby improving concentration and velocity distributions within the boundary 

layer region. 
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1. Introduction 

When considering multi-component fluid systems, temper-

ature and concentration gradients may appear to be independ-

ent, and in some instances, interact through coupled transport 

mechanisms also known as cross-diffusion effects. The Soret 

effect illustrates how a heat gradient separates species in a 

mixture. In the opposite case, the Dufour effect describes the 

case where concentration gradients, in combination with the 

energy equation, create an additional heat flux that changes 

the thermal energy transport of the fluid. When it comes to 

strong thermal gradients, reactive mixtures, or magnetohydro-

dynamic environments, these interdependent mechanisms be-

come more crucial. They may be important in the design of 

polymer processing, chemical reactors, geothermal systems, 

and in the flow of fluids in space. Many models of fluid flow 

have included cross-diffusion mechanisms to capture the heat 

and mass transfer and understand their role. For example, 

Turkyilmazoglu and Pop [1] studied mass thermally induced 

diffusion and diffusion-thermo effects in viscous flow caused 

by the Lorentz force over a flat plate. Zheng et al. [2] carried 

that study to hydromagnetically viscous flow over oscillatory 

stretching surfaces and noted the influence cross-diffusion had 

on the flow. In [3] Reddy and Chamkha examined the effects 

of some of the mechanisms described previously in magnet-

ized nanofluids and revealed significant changes in the ther-

mal and concentration fields. Sampath Kumar et al. [4] carried 

out a nonlinear analysis of Jeffrey fluid flow in thermal con-

vection under cross-diffusion and boundary convective cir-

cumstances. Hayat et al. [5] examined three-dimensional con-

ductive flows with radiative influences, whereas Zia et al. [6] 

examined Casson fluid flow cross-diffusion effects with inter-

nal heat production, thermal radiation, and heat creation. 

Madan Kumar et al. [7] used Darcy's equations to calculate 

stable two-dimensional Jeffrey fluid flows across a stretched 

porous material and included thermal diffusion and diffusion-

thermo effects. Subhan Ullah et al. [8] examined Joule heating, 

chemical reaction, heat sink, cross-diffusion, and hydromag-

netic Jeffrey-Hamel flows in converging and diverging 

stretchable channels. They reported that heat sources and 

Dufour parameters increase temperature profiles, while Soret 

effects reduce concentration. Due to their relevance to engi-

neering and applied sciences, the cross-diffusion effects have 

also received much attention in the related works studies [9-

12], indicating the relevance to advanced transport modelling. 

A pair stress fluid in a conduit with one electrically con-

ducting wall and one non-conducting wall undergoes thermal 

diffusion and diffusion-thermo influenced magnetohydrody-

namic double-diffusive mixed convection, according to Shilpa 

et al. [13]. Mair et al. [14] studied entropy formation in Bing-

ham plastic fluid incompressible boundary layer flow across 

an inclined, rough, rotating disk. The research examined how 

cross-diffusion and radiative heat flow affect thermal and 

mass movement. Under velocity slip circumstances, Surbhi et 

al. [15] quantified the effects of melting, thermal diffusion, 

and diffusion-thermo on Casson fluid flow over a stretched 

surface. Their results indicated that increasing the Dufour pa-

rameter enhances the temperature distribution, and a similar 

rising trend in thermal profile was observed with higher values 

of the Soret number. 

Nuclear reactor cooling, thermal storage devices, refrigera-

tion, electronic cooling, solar energy harvesting, and many 

other thermal engineering systems rely on natural, forced, and 

mixed convective heat transport. The versatility of convec-

tion-driven flows has led to their investigation in a wide range 

of physical settings and fluid models by Gorla and Sidawi [16] 

and also they explored buoyancy-induced flow across a 

stretched elastic surface with transpiration, whereas Wang [17] 

studied mixed convection heat transfer of non-Newtonian flu-

ids on vertical surfaces. Chamkha [18] investigated stretched 

plate hydromagnetic natural convection, Rashidi et al. [19] ex-

plored micropolar fluid mixed convection boundary-layer 

flow utilizing homotopy analysis, and Giressha [20] studied 

Maxwell fluids with suspended particles, nonlinear radiation, 

and non-uniform heat source. Numerous studies have ex-

plored convection in different configurations [21-24]. Many 

investigations have employed linear thermal convection's per-

sistence for very tiny temperature changes. Large temperature 

changes affect buoyancy-driven flows in solar collectors, elec-

tronic cooling devices, nuclear reactors, and energy storage 

devices, generating non-linear density-temperature correla-

tions. Vajravelu et al. [25], Kameswaran et al. [26], and Sachin 

et al. [27] explored nonlinear convection's effects to address 

this. Recently, Jyoti et al. [28] Magammad et al. [29] Studied 

buoyancy-driven nonlinear coupled convection with radiative 

effects over a non-Newtonian fluid-stretching vertical sheet 

and heat radiation in kerosene-alumina nanofluid flow be-

tween parallel plates with variable vis/vis. A base fluid with 

microscopic solid particles forms nanofluids, which increase 

thermophysical characteristics. Krishnan [30] conducted a 

rheometric analysis where he showed that temperature, the 

volume fraction and mass of nanoparticles, remarkably affect 

the viscosity of water-based nanofluids. A study by Sampath 

et al. [31] showed better thermal performance of Cu and Fe₃O₄ 

nanofluids in the case of convective heat transfer. In addition, 

Nishandar et al. [32] showed that Al₂O₃, CuO, and hybrid 

nanofluids are quite useful in improving the efficiency of va-

pour compression refrigeration. Gunisetty et al. [33] investi-

gated magnetized Casson nanofluid blood flow through a ste-

notic artery and reported that increasing magnetic field 

strength reduces blood velocity, while copper nanoparticles 

enhance heat transfer and may improve targeted drug delivery 

within the circulatory system. Gunisetty and Balaanki [34] 

performed a numerical analysis on the influence of multiple 

nanoparticle shape factors in Casson hybrid nanofluid flow 

over a rotating disk and reported significant variations in ther-

mal transport characteristics due to particle geometry effects. 

Ramasekhar [35] investigated magnetohydrodynamic hybrid 
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nanofluid flow over a stretching cylinder using artificial neu-

ral network techniques and numerical simulations to analyze 

complex thermal transport behavior. 

Magnetohydrodynamic (MHD) nanofluid flow has gained 

considerable attention due to its wide range of applications in 

engineering and industrial processes, including cooling sys-

tems, thermal energy storage, nuclear reactors, metallurgical 

processing, and biomedical technologies. The suspension of 

nanoparticles in conventional base fluids significantly en-

hances thermal conductivity and improves heat transfer char-

acteristics, while the application of an external magnetic field 

provides an effective mechanism for controlling the motion 

and thermal behavior of electrically conducting fluids. In 

high-temperature thermal systems, thermal radiation plays a 

crucial role in the energy transport process, and the nonlinear 

radiation model offers a more realistic description of thermal 

behavior compared with linearized radiation approximations, 

especially in situations involving large temperature differ-

ences. Owing to these important practical applications and en-

hanced thermal transport characteristics, several researchers 

have recently investigated MHD nanofluid flow in the pres-

ence of nonlinear thermal radiation effects [36-41]. 

Engineering has many uses for Jeffrey fluids as viscoelastic 

models in non-Newtonian fluids. Some fields of engineering 

that use Jeffrey fluids in modelling include: Biomedical engi-

neering, lubricant engineering, and design of thermal systems. 

Jeffrey fluids model relaxation and retardation in Dalir [42], 

Qasim [43], Shehzad et al. [44], Ramesh [45], Veera Krishna 

and Chamkha [46]. Researchers in magneto-hydrodynamics 

assume the fluid acts linearly according to Newtonian thermal 

theory. Constraints like this are often used in modeling. This 

work aims to fill a gap in the literature by investigating poorly 

understood phenomena such as thermophoretic fluid flow 

over vertical surfaces, nonlinear convection, cross-diffusion, 

and mixed-mode hydrodynamics (MHD). Deepening our un-

derstanding of fluid-dependent engineering processes is the 

overarching objective of this study. 

2. Mathematical Formulation 

Consider the two-dimensional Jeffrey fluid boundary layer 

flow begun by a linearly stretched sheet at “𝑦 = 0”, with the 

fluid occupying the region “ 𝑦 > 0 ”. Equal and opposing 

forces stretch the surface along the x-direction, creating a lin-

ear velocity profile. 𝑈𝑤 = 𝑎𝑥, where 𝑎is a positive constant. 

The x-axis is chosen to be perpendicular to the stretching sur-

face, and the y-axis is aligned with it in the Cartesian coordi-

nate system. At the surface, convective heating and mass 

transfer are imposed, characterized by the surface temperature 

𝑇𝑓  and concentration 𝐶𝑓, along with the corresponding heat 

and mass transfer coefficients ℎ1and ℎ2. The fluid nears tem-

perature uniformity away from the sheet (𝑇∞) and concentra-

tion 𝐶∞. Using this physical model, we may study the linked 

thermal and solutal transport in a stretching-surface-moving 

Jeffrey fluid. The following equations regulate the issue under 

investigation (see Hayat et al. [36], Sachin et al. [27]); 

 
Figure 1. Mathematical flow geometry. 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0,                                           (1) 

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
= (

𝜈

1+𝜆1
) [

𝜕2𝑢

𝜕𝑦2 + 𝜆2 (𝑢
𝜕3𝑢

𝜕𝑥𝜕𝑦2 + 𝑣 
𝜕3𝑢

𝜕𝑦3 −
𝜕𝑢

𝜕𝑥

𝜕2𝑢

𝜕𝑦2 +
𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑥𝜕𝑦
)] −

𝜎𝐵2

𝜌
𝑢 + 𝑔(𝛽0(𝑇 − 𝑇∞) + 𝛽1(𝑇 − 𝑇∞)2 +

𝛽2(𝐶 − 𝐶∞)),                                          (2) 

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
= 𝛼𝑚

𝜕2𝑇

𝜕𝑦2 +
𝐷𝑚𝐾𝑇

𝐶𝑠𝐶𝑝

𝜕2𝐶

𝜕𝑦2 + 𝜏 [D𝑚 (
∂C

∂y

∂T

∂y
) +

DT

T∞
(

∂T

∂y
)

2

] −
1

𝜌𝑐𝑝

𝜕𝑞𝑟

𝜕𝑦
+

𝑄0

𝜌𝑐𝑝
(𝑇 − 𝑇∞) +

𝜇

𝜌𝐶𝑝(1+𝜆1)
[(

𝜕𝑢

𝜕𝑦
)

2

+

𝜆2 (𝑢
𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑥𝜕𝑦
+ 𝑣

𝜕𝑢

𝜕𝑥

𝜕2𝑢

𝜕𝑦2)],                                     (3) 

𝜕𝐶

𝜕𝑥
+ 𝑣

𝜕𝐶

𝜕𝑦
= [𝐷𝑚 (

𝜕2𝐶

𝜕𝑦2) +
𝐷𝑇

𝑇∞

𝜕2𝑇

𝜕𝑦2] +
𝐷𝑚𝐾𝑇

𝑇𝑚

𝜕2𝑇

𝜕𝑦2 −
𝜕(𝑉𝑇𝐶)

𝜕𝑦
,                         (4) 

The radiative heat flux expression in equation (3) is given 

by the Rosseland approximation as; 𝑞𝑟 = −
4𝜎∗

3𝑘∗

𝜕𝑇4

𝜕𝑦
= −

16𝜎∗

3𝑘∗ 𝑇3 𝜕𝑇

𝜕𝑦
,         (5) 
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Where σ∗  and k∗  are the Stefan-Boltzman constant and 

the mean absorption coefficient correspondingly, and in view 

to equation (5) in equation (3) reduces to; 

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
= 𝛼𝑚

𝜕2𝑇

𝜕𝑦2 +
𝐷𝑚𝐾𝑇

𝐶𝑠𝐶𝑝

𝜕2𝐶

𝜕𝑦2 𝜏 [D𝑚 (
∂C

∂y

∂T

∂y
) +

DT

T∞
(

∂T

∂y
)

2

] +
16𝜎∗

3𝜌𝑐𝑝𝑘∗ [𝑇3 𝜕2𝑇

𝜕𝑦2 + 3𝑇2 (
𝜕𝑇

𝜕𝑦
)

2

] +
𝑄0

𝜌𝑐𝑝
(𝑇 − 𝑇∞) +

𝜇

𝜌𝐶𝑝(1+𝜆1)
[(

𝜕𝑢

𝜕𝑦
)

2

+ 𝜆2 (𝑢
𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑥𝜕𝑦
+ 𝑣

𝜕𝑢

𝜕𝑥

𝜕2𝑢

𝜕𝑦2)],                                  (6) 

The corresponding boundary conditions at the surface and far away from the surface are written as follows; 

𝑢 = 𝑈𝑤(𝑥), 𝑣 = −𝑉𝑤(𝑥), −𝑘
𝜕𝑇

𝜕𝑦
= ℎ1(𝑇𝑓 − 𝑇), −𝐷𝑚

𝜕𝐶

𝜕𝑦
= ℎ2(𝐶𝑓 − 𝐶) at 𝑦 = 0, 

𝑢 → 0,
𝜕𝑢

𝜕𝑦
→ 0, 𝑇 → 𝑇∞, 𝐶 → 𝐶∞ as 𝑦 → ∞,                                   (7) 

𝜈  represents dynamic viscosity, while 𝑢  and 𝑣  indicate 

velocity components along the x- and y-axes, 𝜆1 and 𝜆2 rep-

resenting relaxation and retardation times, 𝑔  representing 

gravity acceleration, 𝐵 representing magnetic field, 𝑇𝑚 rep-

resenting fluid mean temperature, β2 representing volumetric 

solute expansion coefficient, and 𝛽0 and 𝛽1. The coefficients 

for volumetric thermal expansion are 𝛼𝑚 (thermal diffusiv-

ity), 𝐷𝑚  (solutal diffusivity), 𝜌 (density), 𝐾𝑇  (thermal dif-

fusion ratio), 𝐶𝑠  (concentration susceptibility), 𝐶𝑝  (specific 

heat capacity), 𝜇  (dynamic viscosity), 𝑄0  (heat genera-

tion/absorption coefficient), 𝑉𝑇  (thermophoretic velocity), 

and k (thermal conductivity). T = fluid temperature, C = con-

centration, T∞ = ambient temperature and 𝐶∞- ambient con-

centration. The term 𝑉𝑇 in equation (4) can be defined as fol-

lows; 

𝑉𝑇 = −𝑘1
𝜈

𝑇𝑟

𝜕𝑇

𝜕𝑦
,               (8) 

here 𝑘1  - thermophoretic coefficient and 𝑇𝑟  -reference 

temperature. 

Now, introduce the following similarity transformations 

𝜒 = √
𝑈𝑤

𝜈𝑥
𝑦, 𝑢 = 𝑎𝑥𝑓′(𝜂), 𝑣 = −√𝑎𝜈𝑓(𝜂), 𝜃(𝜂) =

𝑇−𝑇∞

𝑇𝑓−𝑇∞
,𝜙(𝜂) =

𝐶−𝐶∞

𝐶𝑓−𝐶∞
, 𝑇 = 𝑇∞(1 + (𝜃𝑤 − 1)𝜃(𝜂)) with 𝜃𝑤 =

𝑇𝑓

𝑇∞
, 𝜃𝑤 > 1   (9) 

Into the equations (2) to (7), we get 

𝑑3𝑓

𝑑𝜒3 + (1 + 𝜆1) (𝑓(𝜒)
𝑑2𝑓

𝑑𝜒2 − (
𝑑𝑓

𝑑𝜒
)

2
) + 𝛽 ((

𝑑2𝑓

𝑑𝜒2
)

2

− 𝑓(𝜒)
𝑑4𝑓

𝑑𝜒4) + 𝜆(1 + 𝜆1)(𝜃(𝜒) + 𝛼𝜃(𝜒)2 + 𝑁𝜙(𝜒)) − (1 + 𝜆1)𝑀
𝑑𝑓

𝑑𝜒
= 0, (10) 

(1 + 𝜆1) {
𝑑2𝜃

𝑑𝜒2 + 𝑅 [(1 + (𝜃𝑤 − 1)𝜃(𝜒))
3 𝑑2𝜃

𝑑𝜒2 + 3(𝜃𝑤 − 1)𝜃′2
(𝜒)(1 + (𝜃𝑤 − 1)𝜃(𝜒))

2
] + Pr (𝑓(𝜒)

𝑑𝜃

𝑑𝜒
+ 𝐷𝑓

𝑑2𝜙

𝑑𝜒2 + 𝑄𝜃(𝜒))} +

𝑃𝑟𝐸𝑐 {(
𝑑2𝑓

𝑑𝜒2)
2

+ 𝛽
𝑑2𝑓

𝑑𝜒2 (
𝑑𝑓

𝑑𝜒

𝑑2𝑓

𝑑𝜒2 − 𝑓(𝜒)
𝑑3𝑓

𝑑𝜒3)} + 𝑃𝑟𝑁𝑏
𝑑𝜃

𝑑𝜒

𝑑𝜙

𝑑𝜒
+ 𝑁𝑡 (

𝑑𝜃

𝑑𝜒
)

2

= 0,               (11) 

𝑑2𝜙

𝑑𝜒2 + 𝑆𝑐𝑓
𝑑𝜙

𝑑𝜒
+ 𝑆𝑐𝑆𝑟

𝑑2𝜃

𝑑𝜒2 − 𝑆𝑐𝜏 (
𝑑𝜙

𝑑𝜒

𝑑𝜃

𝑑𝜒
+ 𝜙

𝑑2𝜃

𝑑𝜒2) +
𝑁𝑡

𝑁𝑏

𝑑2𝜃

𝑑𝜒2 = 0,                       (12) 

and the corresponding boundary conditions become; 

𝑓′ = 1, 𝑓 = 𝑆, 𝜃′ = −𝐵𝑖1(1 − 𝜃), 𝜙′ = −𝐵𝑖2(1 − 𝜙) 𝑎𝑡 𝜒 = 0, 

𝑓′ → 0, 𝑓′′ → 0, 𝜃 → 0, 𝜙 → 0 𝑎𝑠 𝜒 → ∞.                               (13) 

The following parameters are involved in nonlinear convec-

tion: dimensionless mixed convection, buoyancy ratio, mag-

netic, Dufour, Prandtl, heat generation, radiation, temperature 

ratio, Eckert, Schmidt, thermophoretic, Soret, suction, thermal 

Biot, concentration Biot, Brownian motion, electrophoresis; 

𝜆 =
𝐺𝑟𝑥

(𝑅𝑒𝑥)2, 𝐺𝑟𝑥 =
𝑔𝛽0(𝑇𝑓−𝑇∞)𝑈𝑤

3

𝜈2𝑎3
, 𝑅𝑒𝑥 =

𝑈𝑤
2

𝜈𝑎
, 𝛽 = 𝜆2𝑎, 𝛼 =

𝛽1(𝑇𝑓−𝑇∞)

𝛽0
, 

𝑁 =
𝛽2(𝐶𝑓−𝐶∞)

𝛽0(𝑇𝑓−𝑇∞)
, 𝑀 =

𝜎𝐵2

𝜌𝑎
, 𝐷𝑓 =

𝐷𝑚𝐾𝑇(𝐶𝑓−𝐶∞)

𝐶𝑠 𝐶𝑝𝜈(𝑇𝑓−𝑇∞)
, 𝑃𝑟 =

𝜈

𝛼𝑚
, 
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𝑄 =
𝑄0

𝑎𝜌𝑐𝑝
, 𝑅 =

16𝜎∗𝑇∞
3

3𝑘∗𝑘
, 𝜃𝑤 =

𝑇𝑓

𝑇∞
, 𝐸𝑐 =

𝑈𝑤
2

𝐶𝑝(𝑇𝑓−𝑇∞)
, 𝑆𝑐 =

𝜈

𝐷𝑚
, 

𝜏 = −
𝑘1(𝑇𝑓−𝑇∞)

𝑇𝑟
, 𝑆𝑟 =

𝐷𝑚𝐾𝑇(𝑇𝑓−𝑇∞)

𝑇𝑚𝜈(𝐶𝑓−𝐶∞)
, 𝑆 =

𝑉𝑤

√𝑎𝜈
, 𝐵𝑖1 =

ℎ1

𝑘
√

𝜈

𝑎
 𝐵𝑖2 =

ℎ2

𝐷𝑚
√

𝜈

𝑎
, 

𝑁𝑏 =
𝜏𝐷𝑚(𝐶𝑓−𝐶∞)

𝜈
, 𝑁𝑡 =

𝜏𝐷𝑇(𝑇𝑓−𝑇∞)

𝑇∞𝜈
. 

The Skin friction coefficient, Nusselt number and Sher-

wood numbers are; 

𝐶𝑓 =
𝜏𝑤

𝜌𝑈𝑤
2 , 𝑁𝑢𝑥 =

𝑥𝑞𝑤

𝑘(𝑇𝑓−𝑇∞)
, 𝑆ℎ𝑥 =

𝑥𝑞𝑚

𝐷𝑚(𝐶𝑓−𝐶∞)   (14) 

By Fourier’s law, 𝜏𝑤 -surface shear stress, 𝑞𝑤-surface heat 

flux and 𝑞𝑚 -surface mass flux are given by; 

𝜏𝑤 =
𝜇

1+𝜆1
[𝜇

𝜕𝑢

𝜕𝑦
+ 𝜆2 (𝑢

𝜕2𝑢

𝜕𝑥𝜕𝑦
+ 𝑣

𝜕2𝑢

𝜕𝑦2)]
𝑦=0

, 

𝑞𝑤 = −𝑘 (
𝜕𝑇

𝜕𝑦
+ 𝑞𝑟)

𝑦=0
, 

𝑞𝑚 = −𝐷𝑚 (
𝜕𝐶

𝜕𝑦
)

𝑦=0
           (15) 

Now by combining equation (9) and (15) in view of equa-

tion (14), we have obtained; 

𝐶𝑓𝑅𝑒𝑥
1/2 

=
1

1+𝜆1
(𝑓′′(0) + 𝛽(𝑓′(0)𝑓′′(0) − 𝑓(0)𝑓′′′(0))), 

𝑁𝑢𝑥𝑅𝑒𝑥
−1/2

= −(1 + 𝑅𝜃𝑤
3 )𝜃′(0), 

𝑆ℎ𝑥𝑅𝑒𝑥
−1/2

= −𝜙′(0)            (16) 

Table 1. Validation of the computed skin-friction coefficient 𝑓′′(0) against previously published results of Hayat et al. [36] and Dalir [42] 

under the special case 𝑆 = 𝜆 = 0, 𝛽 = 0.2, and 𝑁𝑏 = 𝑁𝑡 = 0. 

𝝀𝟏  Hayat et al. [36] Dalir [42] Present Study (RKF-45)  

0 -0.91287 -0.91468 -0.91299 

0.2 -1.00000 -1.00124 -1.00006 

0.4 -1.08012 -1.08100 -1.08016 

0.6 -1.15471 -1.15534 -1.15472 

0.8 -1.22474 -1.22522 -1.22476 

1.0 -1.29099 -11.2913 -1.29110 

1.2 -1.35401 -1.35428 -1.35401 

1.4 -1.41421 -1.41442 -1.41422 

1.6 -1.47196 -1.47212 -1.47196 

1.8 -1.52753 -1.52770 -1.52753 

2.0 -1.58114 -1.58124 -1.58114 

Table 2. Numerical values of the reduced skin-friction coefficient, local Nusselt number, and local Sherwood number for varying thermal Biot 

numbers and Dufour parameter. 

𝑩𝒊𝟏  𝑩𝒊𝟐  𝑫𝒇  𝑪𝒇𝑹𝒆𝒙
𝟏/𝟐 

  𝑵𝒖𝒙𝑹𝒆𝒙
−𝟏/𝟐

  𝑺𝒉𝒙𝑹𝒆𝒙
−𝟏/𝟐

  

0.5 0.5 0.4 -0.74483965 0.191249 0.221236 

0.5   -0.74483965 0.191249 0.221236 

1   -0.6225689 0.248921 0.206965 

http://www.sciencepg.com/journal/ajam


American Journal of Applied Mathematics http://www.sciencepg.com/journal/ajam 

 

153 

𝑩𝒊𝟏  𝑩𝒊𝟐  𝑫𝒇  𝑪𝒇𝑹𝒆𝒙
𝟏/𝟐 

  𝑵𝒖𝒙𝑹𝒆𝒙
−𝟏/𝟐

  𝑺𝒉𝒙𝑹𝒆𝒙
−𝟏/𝟐

  

2   -0.52738027 0.291415 0.19724 

 0.5  -0.74483965 0.191249 0.221236 

 1  -0.69213595 0.183588 0.314294 

 2  -0.64523425 0.176666 0.398565 

  0.4 -0.74483965 0.191249 0.221236 

  0.8 -0.70774344 0.172766 0.233399 

  1.2 -0.66855528 0.150691 0.247875 

Table 3. Numerical values of the reduced skin-friction coefficient, local Nusselt number, and local Sherwood number for varying 𝐸𝑐, 𝑀, 𝑅. 

𝑬𝒄  𝑴  𝑹  𝑪𝒇𝑹𝒆𝒙
𝟏/𝟐

  𝑵𝒖𝒙𝑹𝒆𝒙
−𝟏/𝟐

  𝑺𝒉𝒙𝑹𝒆𝒙
−𝟏/𝟐

  

0.5 0.5 0.4 -0.74483965 0.191249 0.221236 

0.2   -0.74483965 0.191249 0.221236 

0.4   -0.72166608 0.178459 0.229087 

0.6   -0.69969606 0.166606 0.236329 

 0.2  -0.64440687 0.197144 0.221235 

 0.4  -0.74483965 0.191249 0.221236 

 0.6  -0.8385522 0.185363 0.221462 

  0.4 -0.74483965 0.191249 0.221236 

  0.8 -0.68576124 0.170661 0.234171 

  1.2 -0.6407977 0.155945 0.243598 

Table 4. Numerical values of the reduced skin-friction coefficient, local Nusselt number, and local Sherwood number for varying 𝜃𝑤 , 𝑄, 𝑁𝑏, 𝑁𝑡. 

𝜽𝒘  𝑸  𝑵𝒃  𝑵𝒕  𝑪𝒇𝑹𝒆𝒙
𝟏/𝟐

  𝑵𝒖𝒙𝑹𝒆𝒙
−𝟏/𝟐

  𝑺𝒉𝒙𝑹𝒆𝒙
−𝟏/𝟐

  

0.5 0.5 0.8 0.8 -0.74483965 0.191249 0.221236 

1.2    -0.74483965 0.191249 0.221236 

1.4    -0.72017215 0.180902 0.227303 

1.6    -0.6909948 0.169255 0.234042 

 0.2   -0.74483965 0.191249 0.221236 

 0.4   -0.61197965 0.130959 0.257429 

 0.6   -0.38669165 0.034938 0.312166 

  0.5  -0.72412 0.200801 0.187354 

  0.8  -0.74484 0.191249 0.221236 

  1.5  -0.74943 0.179588 0.246462 

   0.5 -0.7701 0.191208 0.237908 

   0.8 -0.74484 0.191249 0.221236 
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𝜽𝒘  𝑸  𝑵𝒃  𝑵𝒕  𝑪𝒇𝑹𝒆𝒙
𝟏/𝟐

  𝑵𝒖𝒙𝑹𝒆𝒙
−𝟏/𝟐

  𝑺𝒉𝒙𝑹𝒆𝒙
−𝟏/𝟐

  

   1.5 -0.68726 0.189975 0.186077 

 

3. Results and Discussion 

This study considers radiative heat transmission, cross-dif-

fusion (Soret and Dufour effects), thermophoresis, internal 

heat production, and convective boundary conditions in mag-

netohydrodynamic nonlinear convection flow of a Jeffrey 

nanofluid across a vertical surface. Key dimensionless param-

eters are examined in detailed parametric research. For the nu-

merical scheme validation, the calculated skin-friction coeffi-

cient 𝑓′′ (0) is compared with the results of Dalir [6] using 

the implicit Keller-box method, and Hayat et al. [5] employing 

homotopy analysis for a limit. The excellent consistency in 

Table 1 supports the present computational strategy. Figure 2 

shows how the Dufour parameter impacts velocity, tempera-

ture, and concentration distributions. Increased Dufour num-

ber means both increased fluid velocity and temperature pro-

files, while the concentration field decreases. The Dufour ef-

fect increases heat flow from concentration gradients, increas-

ing thermal energy in the boundary layer and decreasing spe-

cies concentration. 

Figure 3 shows how changing the Soret parameter affects 

velocity and concentration profiles. Increasing the Soret value 

shows higher thermally induced mass diffusion in the bound-

ary layer. In Figure 4, the impact of the Deborah number on 

the dimensionless velocity 𝑓′(𝜒) , temperature 𝜃(𝜒) , and 

concentration 𝜙(𝜒) is presented. Increasing 𝛽 increases the 

velocity profile but decreases the temperature and concentra-

tion profile. Physically, a larger Deborah number indicates 

more pronounced elastic effects concerning the fluid's relaxa-

tion properties; that is, flow resistance is diminished, and fluid 

flow is expedited, which results in a reduction in the thermal 

and concentration boundary layers. Figure 5 shows the veloc-

ity profile due to the magnetic parameter (M). It is observed 

that dominant magnetic effects retard fluid flow due to the Lo-

rentz force opposing the flow. 

Figures 6 and 7 depict the effects of the radiation parameter 

𝑅 and the temperature ratio parameter 𝜃𝑤 , respectively, on 

the flow characteristics. It is observed that increasing either 

parameter enhances both the velocity and temperature distri-

butions within the boundary layer. Physically, stronger ther-

mal radiation or a higher surface-to-ambient temperature ratio 

elevates the energy level of the fluid, which reduces thermal 

resistance and accelerates the flow. In contrast, the concentra-

tion profile decreases with higher values of 𝑅 and 𝜃𝑤, as in-

tensified thermal effects weaken the concentration boundary 

layer and promote mass diffusion away from the surface. Fig-

ure 8 presents the impact of the heat generation parameter 𝑄 

on the flow behavior. An increase in 𝑄 signifies stronger in-

ternal heat production within the fluid, which elevates the tem-

perature distribution across the boundary layer. The resulting 

rise in thermal energy intensifies buoyancy effects, thereby 

promoting fluid motion and increasing the velocity and tem-

perature profiles. 

Figures 9 and 10 demonstrate how thermal and solutal 

Biot numbers, 𝐵𝑖1  and 𝐵𝑖2 , affect velocity, temperature, 

and concentration curves. Increased Biot numbers and pa-

rameter values boost boundary surface convective heat and 

mass transport, strengthening fluid and boundary layer inter-

actions. Thus, momentum, temperature, and concentration 

boundary layers increase. These results show that convective 

boundary conditions strongly limit engineering heat and 

mass transport. Figure 11 illustrates the effect of the convec-

tion parameter on the dimensionless velocity 𝑓′(𝜒), temper-

ature 𝜃(𝜒), and concentration 𝜙(𝜒) profiles. An increase in 

convection parameters is shown to enhance velocity distri-

bution; however, both temperature and concentration pro-

files decline. A physically stronger convection parameter re-

sults in an increase in buoyancy-driven flow, which means 

an increase in the rate of fluid motion within the boundary 

layer. Stronger fluid movement accelerates heat and mass 

transfer away from the surface, thins thermal and concentra-

tion boundary layers, and lowers temperature and concentra-

tion profiles. 

Figures 12 and 13 show how the Brownian motion param-

eter 𝑁𝑏 and the thermophoresis parameter 𝑁𝑡 affect veloc-

ity, temperature, and concentration distributions. The param-

eters regulate nanoparticle diffusion and temperature-gradi-

ent-induced particle migration, which modifies thermal and 

concentration-boundary-layer properties, making them cru-

cial to nanofluid transport. An increase in 𝑁𝑏 means there 

is more random motion of nanoparticles that results in 

stronger energy interactions between the fluid and the sus-

pended particles, leading to more thermal diffusion and an 

upward shift in the temperature profile. The concentration 

profile, however, is expected to be lower because of induced 

particle migration away from the boundary surface. Due to 

the energy increase within the boundary layer, the velocity 

field is likely to improve. On the contrary, the thermophore-

sis parameter 𝑁𝑡  signifies the temperature-gradient-in-

duced migration of nanoparticles. A greater 𝑁𝑡 value shifts 

nanoparticles away from the boundary surface towards the 

surrounding less hot fluid, causing an increase in the temper-

ature and concentration boundary layer thickness. Increasing 

thermal energy owing to thermophoretic effect intensifica-

tion should enhance fluid velocity. In nanofluid flow systems, 

the interaction of 𝑁𝑏 and 𝑁𝑡 alters the random motion and 
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diffusion of the nanoparticles, as well as the thermophoretic 

transport of the nanoparticles. 

4. Concluding Remarks 

This work investigated the magnetohydrodynamic nonlin-

ear convection flow of a Jeffrey nanofluid across a vertical 

extending surface under radiation, internal heat production, 

Brownian motion, thermophoresis, cross-diffusion effects, 

and convective boundary conditions. The analysis reveals that 

some parameters of nonlinear convection and magneto con-

vection influence the momentum boundary layers of the flow 

structure the most. In contrast, the Deborah number changes 

the viscoelastic response, which has a fundamental influence 

on the profiles of the flow structure. The temperature field, 

enhanced by thermal radiation, temperature ratio, and heat 

source, overpowers and accelerates buoyancy-driven forces 

when combined with diffusion effects like Soret and Dufour. 

Boundancy-driven heat and mass transfers are dominated by 

Soret and Dufour effects. The Brownian motion increases heat 

energy owing to nanoparticle random motion, while concen-

tration falls, and thermophoresis raises temperature and con-

centration layers, causing particles to travel along thermal gra-

dients. The thermally and concentration active layers increase 

with the enhanced surface psi flow, with the increased thermal 

and solutal Biot numbers strengthening the surface convection 

layers. 

Overall, Magnetic forces, viscoelasticity, nonlinear buoy-

ancy, nanoparticle transport, and cross-diffusion mechanisms 

regulate flow and heat-mass transfer, providing insight for ad-

vanced thermal engineering and nanofluid-based industrial 

applications. 

 
Figure 2. Influence of Dufour number on 𝑓′(𝜒), 𝜃(𝜒) and 𝜙(𝜒). 

 
Figure 3. Influence of Soret number on 𝑓′(𝜒), 𝜃(𝜒) and 𝜙(𝜒). 

 
Figure 4. Influence of Deborah number on 𝑓′(𝜒), 𝜃(𝜒) and 𝜙(𝜒). 

 
Figure 5. Influence of magnetic field on 𝑓′(𝜒), 𝜃(𝜒) and 𝜙(𝜒). 
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Figure 6. Influence of thermal radiation on 𝑓′(𝜒), 𝜃(𝜒) and 𝜙(𝜒). 

 
Figure 7. Influence of temperature ratio parameter on 

𝑓′(𝜒), 𝜃(𝜒) and 𝜙(𝜒). 

 
Figure 8. Influence of heat source parameter on 𝑓′(𝜒), 𝜃(𝜒) and 

𝜙(𝜒). 

 
Figure 9. Influence of thermal Biot number on 𝑓′(𝜒), 𝜃(𝜒) and 

𝜙(𝜒). 

 
Figure 10. Influence of concentration Biot number on 

𝑓′(𝜒), 𝜃(𝜒) and 𝜙(𝜒). 

 
Figure 11. Influence of convection parameter on 𝑓′(𝜒), 𝜃(𝜒) and 

𝜙(𝜒). 
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Figure 12. Influence of convection parameter on 𝑓′(𝜒), 𝜃(𝜒) and 

𝜙(𝜒). 

 
Figure 13. Influence of convection parameter on 𝑓′(𝜒), 𝜃(𝜒) and 

𝜙(𝜒). 

Abbreviations 

PDEs Partial Differential Equations 

ODEs Ordinary Differential Equations 

𝜆  Mixed Convection Parameter 

𝐺𝑟ₓ  Local Grashof Number 

𝑅𝑒ₓ Local Reynolds Number 

𝛽  Nonlinear Convection Parameter 

𝛼  Thermal Buoyancy Parameter 

𝑁  Buoyancy Ratio Parameter 

𝑀  Magnetic Parameter 

𝐷𝑓  Dufour Parameter 

𝑃𝑟  Prandtl Number 

𝑄  Heat Generation/Absorption Parameter 

𝑅  Thermal Radiation Parameter 

𝜃𝑤  Temperature Ratio Parameter 

𝐸𝑐  Eckert Number 

𝑆𝑐  Schmidt Number 

𝜏  Thermophoretic Parameter 

𝑆𝑟  Soret Parameter 

𝑆  Suction/Injection Parameter 

𝐵𝑖₁  Thermal Biot Number 

𝐵𝑖₂  Concentration Biot Number 

𝑁𝑏  Brownian Motion Parameter 

𝑁𝑡  Thermophoresis Parameter 

𝜎  Electrical Conductivity 

𝜌  Fluid Density 

𝜈  Kinematic Viscosity 

𝑘  Thermal Conductivity 
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