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Abstract: This work develops mathematical aspects of Conventional Finite Volume schemes for flow problems in porous
media governed by discontinuous absolute permeability. Focusing on incompressible one-phase flow problems in heterogeneous
porous media, a particular attention is put on the homogenized absolute permeability involved in the discrete Darcy velocity
over the “interaction zone” between two adjacent control volumes. The first key-step of our presentation consists in putting
in place a discrete-function-space frame-work endowed with inner products and their associated norms. Then after adequate
mathematical tools are deployed as projection and interpolation operators with their fundamental properties. A discrete version
of the Poincaré-Friedrichs inequality is also established and used to get equivalent discrete norms. Interpolation Operators are
used to define cellwise-constant and linear-spline approximate solutions. A discrete variational formulation of the finite volume
problem is stated and the Lax-Milgram theorem applies (upon projection operator continuity) to show the well posedness of the
discrete variational problem. A first order convergence in L?-norm and in some discrete energy norm has been shown. Sufficient
conditions to get higher order convergence rate in L?-norm and in H¢-norm have been stated for linear-spline solutions.

KeyWOI‘dS: Conventional Finite Volumes, Incompressible Flows, Discrete Function Space Frame-Work, Cellwise-constant
and Linear-spline Solutions, Rate Convergence

1. Introduction usual H2(T') denotes ~o(H"(€2)) which is a dense subspace
of L2(T).
We are interested in the finite volume approximation of the
Let Q be a bounded open subset of R%, d € {1, 2, 3} being  ¢olution u to the following system:

the space dimension. Note that {) is not necessary convex
(but connected and not empty) with a polygonal boundary —div [Mx)gradu] = f in Q (1)
denoted by T'. Let us start with recalling that H'(Q) denotes w =0 on I" )
the usual Sobolev space made up of L?()—functions with
distributional partial derivatives in L*(Q2) while Hg(€) is @  where u is the unknown function while \ and f are given
closed subspace of H'(£2) gathering the functions v such that  functions such that:
Yo(v) = 0, with 7o(.) denoting the usual Trace operator feL*Q) 3)
(over the boundary I') defined from H'(Q) to L*(T'). As
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and A(.) is a piecewise-constant function over €2, so it verifies
what follows:

IAmin, Amae € R such that,
Amin < M®) < Apag ae. in Q. 4)

Before going into the finite volume approximation of the
solution u to the system of equations (1)-(2) we should start
with ensuring on existence and uniqueness of this solution
thanks to the well-known Lax-Milgram theorem. The Lax-
Milgram theory and more can be found for instance in [2, 3,
18]. It is a tool adapted for the analysis of weak (or variational)
formulations of 2nd order elliptic problems. This is the way
we can see that the system (1)-(2) possesses a unique weak (or
variational) solution u in the sense that:

u € H}(Q) such that : 5)
B(u,v) = L(v) Vo € HH(Q)
where we have set:
B(u,v) = [ Mz)gradu.gradv dz ©)
L(v) = [, f(@)v(z) dx

Terminology: The above system is named Weak (or

Variational) Formulation of the elliptic problem (1)-(2).
Remark 1.1. Under conditions (3)-(4) above one can show
that there is equivalence between (1)-(2) and (5)-(6).

2. Conventional Finite Volume
Formulation of (1)-(2) in
One-dimensional Space

Let us concentrate on the one-dimensional version of the
model problem (1)-(2).

2.1. The Model Diffusion Problem and Its Weak
Formulation

We are interested here in the following one-dimensional 2nd
order elliptic problem :

Find a function ¢ such that :

@) (@) = f(z) in I=]a,b], 7
with  p(a) = p((b) =0.
Note that the weak (or variational) formulation of the system

(7) is the problem that consists to (see for instance [1, 2, 4, 5, 8]
concerning this topic):

Find u € H'(I), with u(a) = u(b) = 0 such that :

J; M) ()’ (z)de =

where H!(I) is the well-known Sobolev space made up of
functions v from L?(T), with distributional first derivative of v,
denoted here by v’, belonging to L2(I). Since I is a bounded
interval of R, it is known that H'(I) C C°(I), where I =
[a, b] (see [2] for instance). So the relations u(a) = u(b) = 0
get sense. On the other hand, H{(I) denotes a subspace of
H(I), made up of v such that v(a) = v(b) = 0.

The variational formulation (8) is relevant for the discrete
formulation of the model problem in terms of Finite Volume
scheme, as will be seen later, (or in terms of Finite Element
scheme: see for instance [12]).

2.2. Finite Volume Meshes and Relevant Discrete Function
Spaces

Let us start with the presentation of gridding procedure
which is the starting point of most numerical methods for
Boundary- and Initial-Value Problems (including Generalized
Equations of Finite Difference Methods introduced by [6] and
developed for Computational Structural Mechanics models in
[7, 20, 21] for instance).

2.2.1. Finite Volume Meshes
Let us consider a finite increasing sequence of points {a =
g < 21 < X2 < ... < N < Ty41 = b} from I = [a,b].

®)

[, f@)v(x)dz Yo e HY(I).

In one-dimensional space we have the following conventional
Finite Volume Mesh.

Definition 2.1. (conventional finite volume mesh)

1) Let us set by definition:

Ki:[xi_h;axi"'_hj]
withh;:xi—xF% andhj:mH%—Q:i Vi<i<N
)

where the real numbers {2;} ¥ 1! and {z, +1 1L are given and
are such that:

a:x0<$%<x1<x%<x2<...<

Ll < .’Ei7% <z < l’iJr% < Tip1 < ... <
oo <IN <2ZTyn_L <IN <Tyyl <IN =b.

2) Let us set by definition:

KOZ[xo—ha,xo—th_] 10
TR " (10
Kny1=[ony1 — hy v +hiy ]
with the convention:
hy =hk,, =0. (11
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3) Let us set: P =
N = {xi+%}i]\io-

(K} ¢ = {x}" and

The family {P,C, N’} defines on I what we name a finite
volume mesh denoted by 9J1. The elements of P are called the
mesh control-volumes (or simply control-volumes ), those of
C are called the mesh (element) centroids and those of N are
called the control-volume boundaries or mesh interfaces.

Note that each control-volume K is attached to one centroid
x,; and vice-versa. In what follows h; denotes the diameter of
the control-volume K;. In other words:

h; = h} +h;.

On the other hand let us define the size h of the mesh 91 as:
Definition 2.2. We set:
h—

max h;.
0<i<N+1

The control-volumes Ky and K 4; have their “centroids”
on their borders. For this reason these control-volumes are
named “degenerate control-volumes”.

Definition 2.3. (Cell-Centered and Vertex-Centered Finite
Volumes)

4) The Cell-Centered Finite Volume is a Finite Volume
Scheme for which the discrete unknowns are all located at

{x;}¥ i.e. at the “centroids”.

5) The Vertex-Centered Finite Volume is a Finite Volume
Scheme for which the discrete unknowns are all located at the

Definition 2.6. For a given bounded interval T" of R we set:

Po(T)={v:T — R/ Jvpr € Rs.t.v(x) =vpinT}.

where “s.t.” stands for such that.

In our frame-work it is interesting to view the elements v of
Po(T) as functions defined in T\{z!, z1'}, where 2 and 2
are respectively left and right end-points of the interval 7.

Now all the ingredients are gathered to define the
finite-dimensional function spaces for the finite volume
reconstruction of the exact solution to general 2nd order
elliptic problems. In the following definition CFV means
”Conventional Finite Volume(s)”.

Definition 2.7. (Discrete function
approximations)
6)The discrete function space S™*¥ for the CFV approximation
of the exact solution to general 2nd order elliptic problems is
defined as:

spaces for CFV

N+1
SUJT,O = H Po(Kz)
=0

7) The discrete function set V%9 for the CFV approximation
of the exact solution to general 2nd order elliptic problems
with prescribed Dirichlet boundary conditions is the subset of

boundaries of control-volumes i.c. at {z; 1 W

Remark 2.1. Note that depending on the boundary
conditions discrete unknowns are to be also considered at
xo or at xy4+1. More precisely, with Dirichlet boundary
conditions there is no discrete unknown to be considered
neither at x( nor at xy4;. For Neumann boundary conditions
i.e. only the fluxes —[A¢'|(x0) and —[A¢'](zn+1) at end-
points are given, so discrete unknowns are to be considered
at xg and at 1. This is the reason why degenerate control-
volumes are not involved in the local discrete balance equation
for Dirichlet boundary conditions, but are involved for the
Neumann boundary conditions. Note also that it is possible
to solve a flow (or diffusion) problem with hybrid (or mixed
) boundary conditions, that is, Dirichlet condition at one end-
point and Neumann condition at the other.

2.2.2. Discrete Function Spaces for Finite Volume
Reconstruction of Exact Solutions
Let us start with the following definition.
Definition 2.4. We set:
DH% =[x, xi41], fori=0,1,2,..,N
Let us introduce a family of subintervals of I, called
“diamond mesh” and denoted by ®. This is needed in
what follows for defining the discrete derivative of discrete
functions associated with the mesh 9)t. So the mesh ® depends

somewhat on the mesh 91.
Definition 2.5. We set :

D= {Di+%}£\;0'

12)

S™.0 defined as:

YOO _ {v c §M.0 / {U(x) = Uq m Ko }
v(x) =up in Kni1

where u, and wu; are prescribed values of v at the domain end-
points. In the particular case where u, = 0 and u;, = 0 the set
V20 js nothing than a subspace of S0, denoted by S7"” in
what follows.

Remark 2.2. Note (or recall) that :

1) The function space S™° is a finite-dimensional space,
with dimension equal to (N + 2).

2) The function space Sgn’o is a finite-dimensional space,
with dimension equal to N.

3) Let us denote by 1x (with K generic name of control-
volumes from the mesh 9)7) the pseudo-characteristic function
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defined almost everywhere in I as :

1]((1‘) = {é

where Int(K) and Ext(K) stand for Interior and Exterior of
K respectively. The sets of pseudo-characteristic functions
{1k, } V5" and {1, }Y, are naturally canonical basis of S™%°
and Sg“ respectively.

In the sequel we will need to use some scalar products
defined on the spaces S™°. Before defining these scalar
products we should introduce the function space S©° defined
as:

Definition 2.8. (Space where are lying discrete gradients of

if x€Int(K)

if x€ Ext(K) (13)

Definition 2.9. (Discrete derivation operator)

2,0 o _ D 9,0
S S +—V ’l}h—Z[V Uh]i«k%lDH_% €S

where we have set

[ngh}w

1
2

208
discrete functions.)

Let us set: S®0 = Hilio Po(D;; 1) where we have set
Diys = [z;, x;11]. Define on S®-¥ the following scalar
product:

N
(€2, 2o = D hiribiriGiry (14)
i=0
where we have set
hiys = b +hi,y = lengthof Dy, 1. (15)

A discrete derivation operator V? is defined from the space
S™0 to the space S®° as follows:

It is high time to equip the space S™"¥ with the following scalar products. Indeed they play a key role in the sequel.

First scalar product:

Yo, wy € SW,O

(16)
=0
1
7[’[}1‘4_1 — Ui]. (17)
ity
N+1
(Onswh) 2y = Y hiviw. (18)

=0

Recall that h; is the one-dimensional Lebesgue measure of the control-volume K;. This scalar product is associated with the

following norm:

Yo, € SD:R,O

1
I on 2= D havf]2.

N+1
19)
i=0

Whenever there is no risk of confusion, we will be using the following simplified notations, namely (v, wp)rz2 on and ||

Uh ||L2’9:n.
Second scalar product:

Yon,wy € S™0 (vp, wr) iy = (Vhswr)r2nom + (Vo0 , V2ws) 2o (20)
The associated norm denoted by || . || z1(7),on and called discrete H' — norm is defined as :
Vo, € §70 | vn H?LII(I),EDIZ | on ||%2(1),5m + | V2uy ||2L2(I),® : e2y)

We have the following important result.

Proposition 2.1. (Discrete version of Poincaré-Friedrichs inequality)
There exists a mesh independent nonnegative constant « such that

Y, € SOE)JI,O

where

N
IVou 30 = >
=0

lvn llzzom < & Vo0 2o

1
h, [’Ui+1 — 'Ui]z.
ity
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Proof Let vy, be a function from Sgﬁ’o, that is, v, € Hi\[:'gl

Py(K;), with (excluding discontinuous points of vy, that is,

precisely speaking, boundary-points of K. l]fV: 31):
vp(x) =v; in  Int[K;] VO<i<N+1
where Int[K;] stands for interior of K; and where vg = wyi1 = 0 since vy, € Sgﬁ’o. So for any arbitrarily fixed

i€{0,1,...,N,N + 1}, we have a.e. in K;:

N

i—1
Uk — Vg
(@) [P= 0} < Q0 lowr— o ? < (Y hk%y)z
k=0

k=0 \/ hk+%

By Cauchy-Schawrz inequality we deduce that for all < € {0,1,..., N, N + 1}

|on(z) > = 02 <[b—a] | v ||i1372m ae. in K;

Integrating the two sides of the previous inequality in K; and summing over ¢ € {0, 1, ..., N, N + 1} lead to the inequality we

are looking for, with k = b — a.

An immediate consequence of the previous result is what follows.

Proposition 2.2. (Discrete H& — norm)

(i) The following mapping

7

N
ST 3 v — || wn g on= 1> _
=0

[is1 — 022 = || VR0 [|12.0 (22)

z+%

defines a norm over the space S?;"’O. This norm is called below the discrete Hi — norm.

(ii) Moreover on the space Sgﬁ,a

space S”0).

Remark 2.3. Note that the discrete H} —norm is associated
with the following inner product:

(Uh,wh)sgﬂ,o = (ngh , Vg’wh)Lz([)yg. (23)

The function space Sg‘n’o equipped with this inner product is

a Hilbert space. Note also that in the sequel the bilinear form
(vp, wh)gém,o is denoted also by (vr, wn) g2 on-

Projection operator

Let us introduce the following projection operator denoted
by IT™, operating from the well-known Lebesgue space L2 (1)
to the discrete function space S™°.

Definition 2.10. (Projection operator) Define the projection

the discrete H} — norm is equivalent to the discrete H' — norm (defined above on the larger

operator IT™ as follows:

N+1
L*(1) > v Mo € S0 with 1™ = Y [170); 1k,
=0

where we have set : [[I™0]; = hi fKi v(z)de VO < i <
N+1.

Proposition 2.3. The projection operator IT™ is a continuous
linear mapping from the function space L?(I) equipped with
its well-known standard-norm (defined by:
| v 2= [[; | v(z) [? dx]?) to the discrete function space
S™-0 endowed with the norm || . ||12(y),on defined above by
the relation (19).

Proof Let v be an arbitrarily chosen function from the space L?(I) equipped with its well-known standard-norm. The operator
II™ transforms v into IT”"v lying in ™0, By definition, we have

N+1

N+1

def 1
1T g™ 3 W = 3 i [ o) de?
1=0 i

Thanks to Cauchy-Schwarz’s inequality we get:
| T 1Z2(rym <l v [IZ2(7) - This inequality ensures that
the projection operator II™ is continuous since it is obviously
linear.

i=0 i

2.3. Conventional Finite Volume Formulation of the
Problem (7)

Let us start with describing the general frame-work and
introducing some useful definitions and notations.
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2.3.1. General Frame-work

In most engineering problems (fluid flows in subsurface and
heat conduction in multilayered materials for instance), the
diffusion operator coefficient \(.) is supposed to be a piece-
wise constant function for geophysical/physical reasons. We
adopt that point of view in this work. Putting in place a relevant
finite volume mesh is required as the first step towards any
finite volume analysis for such mathematical models. In the
preceding subsection we have exposed in details the procedure
for obtaining such a finite volume mesh M = {P,C,N}.
Recall that P is the family of control-volumes K; = [z; —
hi,z; + hi], C is the family of mesh element centroids

7 7

1)The discontinuity points of A(.) are part of the set {z 1,3, 25, ...

210

5Ez}fv—51

points ;1 N

and N is the family of control-volume boundary

Note that centroids z;] ; are the points

where approximate values goz]N 1 of the exact solution ¢ are

computed by means of a Finite Volume algorithm. In what
follows we are going to expose the main steps for putting in
place a Finite Volume scheme in view to address the problem

.

General assumptions:

Let {I,},cs be the subdivision of I associated with the
set (assumed finite) of discontinuity points of the diffusion
coefficient A(.). Let us assume that:

2) VseS, ¢l;eC?(I,)andweset: v = max,es[max; | ¢” [|.

In the sequel we denote by A, the constant value of A(x)
in the control-volume K; included in the portion I from the
subdivision of I due to the diffusion coefficient discontinuity.
Whenever there is no risk of confusion A;, is simply denoted
by )\z

Definitions and notations useful for the sequel

Let us define the flow velocity (vector function with
d components in d-dimensional space; recall that in this
subsection d = 1) and the flux (scalar function by definition)
at the point z, +1 represented with sc;r% or x;;% whether it
is seen by an observer lying in [z, 2, 1] orin [z; 1, Zi41]
respectively:

+ /):

a(w5 1 ¢) =~ ) (25)

@ (2,¢') = f(z)

9z, ¢") = —[hi¢'(@)]

(Diffusion law: Darcy’s law in our model problem)
F(l‘j_+%a()0/)+F( +17§0):

(Continuity principle of the flux),

with the following prescribed Dirichlet boundary conditions
(see equation (7)):

¢(xo) = p(zn41) = 0. (29)

Floy.¢) + Flal @) = hilll™ fl;

where (according to Definition 2.10)

1™ £,

ARG

(Balance equation in control-volumes) for z € K; =

yTN4+1 }
(24)
is the flow velocity at the points xiﬁl and
2

+ + +
F($Z+%7@/) = Q(‘rH_%)(p/) V(.’Ez_'_%) (26)
is the flux at the points 2% ., where 1/(90.+ ) = —1 and

i+3 i+3
v(z;, ,) = +1 are the outward unit normal vector in one-

it3
dimensional space. The dot ”-” in the relation (26) represents
the standard scalar product in R but here d = 1, so this
standard scalar product is reduced to the simple multiplication
operation in R.

93 99

2.3.2. The Discrete Flux Function at Control-volume
Boundaries
Step one: Pressure-Velocity reformulation) Rewrite the
global flow equations (7) in the following equivalent form :

[ 1,201], VI<i<N

27)

(Continuity principle for ¢) V0 < i < N

(28)

where ¢, is the derivative of the velocity with respect to the
space variable.
Step two: Approximation of the fluxes involved in the
balance equation over control-volumes.
Integrating in the control-volume kK; the two sides of the
balance equation (see the system (27) above) leads to

¥Y1<i<N. (30)

€29
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At this stage it is easily seen that an accurate approximation
of the fluxes is required for getting a Finite Volume scheme of
higher quality. However never forget that this approximation
accuracy is dependent on the mesh structure and the regularity
of the solution.

Under the assumptions (24) the Taylor-Lagrange Theorem
applies to ¢ restricted to [z, 2, , 1 | (which is included in some

Q, with § € S) and leads to

h oo (h)?
o(x;) = @(IHA)**QDI(IH%)JFTSQH

2 1! (5;%)’

with T <& 1 < Tiya.
2

Then we deduce

Ai

_ A

(i) —pla, DI+T (2, 1, by ¢") (32)

1
2
where, in virtue of (24), we have (with h standing for the mesh
size, denoted also by size(90t) and defined in Definition 2.2
above):

h
T, 1,h0") |<yzmaz{ds; s € <7< N.
T(z;, 1, h < 5 A S YO<i< N (33)
2
Applying again Taylor-Lagrange Theorem to ¢ restricted to [x; 1 x;+1] leads similarly to
+ h;—&-l 1/ .+ (h;+1)2 110+ . +
Sp(xi-i-l) = QO(‘TZ+%) + 1! ¥ (xl+%) + Y P (524’,%)3 with xi—‘—% < £i+% < Tit1-
By analogy we deduce that
Ai
F(a),,,¢") = 225 [p(@is) — (@l )1+ Ta], 1, b @) (34)
2 hi+1 2 2
where, in virtue of General Assumptions (24), we have
+ " h ,
|T(xi+%,h,go )< ’ygmax{)\s; se S} Y0 <i¢ < N. (35)

Step three : What expression for the discrete flux function
in view to get a conservative scheme ?

This is a decisive step. Our objective in this step is to
find out a discrete flux function defined at the control-volume
boundaries in such a way that the Flux Continuity Principle is
respected. This is so far the only way to get a conservative

>\1',+1

—lp@it) — oz )]+ () -

hita hi
where we have set: T'(z;,1,h,¢") = T(gcj+l Jhoo") +
2
— 2
T(QTH_%, h7 ¥ )
Note that discrete pressure continuity is imposed by setting:

or = plaf) “E o),

scheme.

Summing side by side the flux relations (32) and (33), and
accounting with the exact (or physical) flux continuity at the
interface z;, 1 ie. [F(x;r%,@’) + F(x:r%,@/)] = 0, in
addition with ¢ € H(I) C C°(I), lead to the following
relation:

i)+ T (@1, h¢") =0 (36)

for r € {%, 1, %, 2,....,N + %,N + 1}. Since the quantities
of the form ¢, 41 are viewed as discrete unknowns of second
class we look for expressing them as a linear combination of
the quantities gok]kN:Jrol plus a term of the form O(h?). Thanks
to (36) we immediately obtain the following result:

Proposition 2.4. Assume that the conditions for the definition (24) are put in place and that there exist mesh independent

nonnegative numbers wg, wq such that
wgh < kI R < wgh

Then we have forall : € {0,1,..., N}

(Ni1/hiiy)eisr + (Ni/h )i

VO<i< N+ 1L

T(:EiJr% b, 50//)

Pitrl =

(N1 /hiiy) + /B

— . 37
(Nig1/hipy) + N/
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with 7( ho)
Lip 1,1, P
| i — | < CR? (38)
(Air1/hita) + (Xi/Ri7)
where C' is a mesh independent nonnegative number.
Let us go back to the flux expressions F (m;l,go’ ) and  Hand Side) of equation (37). Setting
2
F(x, ,,¢') (see equations (32) and (34) ) with the intention A\, Aot
tT3 + - i
of replacing there ; , 1 with the expression in the RHS (Right- % T ¥ and i1 T =
i it+1
We easily obtain that
— ! O‘;ra;+1 9
Pz 1,¢") = —/—————[pi —pis1] + E(¢", 2, 1) (39
i+3 a; + ai—i—l i+ 3
and
+ / a:»ai:rl i —+
Fzl1,¢) = /———lpiv1 —@i] + E(¢", 2] 1) (40)
2 a; + oy 2
where
| E(¢”,2" ) |[< Chand | E(¢",z_ ,)|< Ch 41)
it+3 it
with C standing for diverse mesh-independent nonnegative  (p(z;) = gpl)f\/: +01 in the canonical basis of S™*°. Denote by

numbers.
Remark 2.4. (Very important for error estimates) It follows
from (39) and (40) that:

9 + 2 — o
B(g"xt,) + B(@ar,,) = 0.

2
Our objective was to find out a discrete flux function
(defined at the control-volume boundaries) that satisfies the
Flux Continuity Principle. This purpose is achieved with the
following definition of the discrete flux function inspired from
relations (39) and (40).
Definition 2.11. Let us assume that the true solution ¢ to
the diffusion problem (7) satisfies the required conditions (24).
Let ¢;, be the function from S”0 defined by its components

Fp, , (., V® ) the vector made up of discrete fluxes defined
2

on the two sides of the point Tiyas follows. For: =0, ..., N
we set:

Ahist
F T, ,vg = (AAlAS ) 9
Dri+1( z+% Soh) )\ihi—+1 + Ai_l,_lh;r [80 901-‘1-1]
and
Aidit1
Fp, , (z} ., V%) = L i1 — oil-
Di+%( i+3 @h) )\ih;ul T )\i+1h;r [QO +1 QD]

The above definition of the discrete flux function can be
expressed in terms of discrete gradient [V ¢y,],, 1as follows:

Definition 2.12. The conditions required in the previous definition are conserved here. We could define the discrete flux

function as follows. For ¢ = 0, ..., N we set:

Fp (2,1, V%n) = =Xb_, [Vo0uliy s (42)
and
FDi+1 (‘TL%’VQS%) = Ap. l[vgﬁph]wé (43)
where we have set: A
* i+ L AN+ D [pit1 — il
= 2 and [V 1= 44
Pk Noh 4+ A b Vo erliry hisi @
with
hiyy = hi +hiy
Remark 2.5. The coefficient AB# involved in the Engineers.  Indeed the determination of homogenized

definition of the discrete flux function and given by the relation
(44) is the harmonic mean value of the following set of
diffusion coefficients {\;, A\;+1}. This harmonic mean value,
called "homogenized” or “equivalent” diffusion coefficient
of the exchange zone D, 1 is well-known by Reservoir

parameters for numerical simulation of large scale multiphase
flows in fractured and/or heterogenous petroleum reservoirs is
a challenging issue so far (see for instance: [8-11, 13, 14, 16,
17, 19]). We will be coming back on this topic for 2-D elliptic
problems in a up-coming work.
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2.3.3. Equations of the Conventional Finite Volume Scheme
Here our objective is to put in place the discrete balance equation in each control-volume and the finite volume formulation of

(.
It follows from relations (39)-(40) and Definition 2.11 that

F(:Cj_;.% ) (pl) = FDi+% ($f+% y vgwh) + E(QO” s le:_%), (45)
with e € {—;+}. Using (45) in the following equation of the local mass balance (i.e. mass balance in the control-volume K):

Fz,, @)+ Fle) . ¢) =[P f]; V1 <i< N
2 2

yields a system of relations (linear with respect to @k]kNjOl) that reads as:

= hilll™ fli = E(¢",2,,) = B¢, 2 ,) V1<i<N (46)
where we have set:
VO<j<N
Fp,.y (x;—kl’v@(ph) - %[(‘% — ¢y+1]
2 : R TP (47)
Fp (@], V%) = N T [P el

Definition 2.13. (Cellwise-constant approximation of )
Recall that ¢ denotes the exact solution to the problem (7). Let (@)ffgl be the components (in the canonical basis) of a
function @, from the space S™°. The function @, is called a cellwise-constant approximation of ¢ if (and only if) the set of its

components {@; } ?le is solution to the following system of linear equations:
V1<i<N 48)
Fp,,, (2,1, V®%,) + Fp_, (@], V®%,) = h[II™f];
2 2 2 2
where, for j = 0, ..., N, we have set:
- D5 ) — AjAjt1 = _
FDJ.+% (l’]+% ) \Y Sﬁh) - AJ}L;+1 + /\j+1h;r [90_7 (pj—‘rl] (49)
+ D=\ _ AjAj+1 — _ =
FDJ+%(-T]+%7V Sﬁh) - th;+1+)\1+1hjf [90]4’,1 @]]7
accounting with the following boundary conditions:
Po = Py = 0. (50)

Recall that [T f]; is defined by the relation (31).

Definition 2.14. (Finite Volume scheme) The system of equations (48)-(50) with discrete unknowns {@}i]\il defines what is
called a Finite Volume Scheme or Finite Volume algorithm for numerically solving the problem (7).

Rewriting the LHS (Left-Hand Side) of (48) in terms of components of i, by exploiting the equations (49) leads to the
following discrete problem :

Find a discrete function 3, € S3°, with components (B, By, ..., D)

in the canonical basis of Som’o, such that : (&)

i\ — — i Xi— __ _ .
m[% — Pl + m[% 2 = h;[lI f]; V1 <4 < N.
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Notice that this discrete problem is equivalent to the
system (48)-(50). The system of equations involved in the
previous discrete problem is what is called the conventional
(or classical) Finite Volume Scheme for the continuous problem
(7): see for instance the work of Eymard, Gallouet and Herbin
in [5] considered as one of the main references on this topic.

Concluding remarks:  Notice that the homogeneous
Dirichlet boundary conditions of the continuous problem (7)
are involved in the Finite Volume scheme (51) through the fact
that we are seeking ¢, in the space Sgﬁ’o of discrete functions.
There are some natural questions concerning the Finite Volume
scheme given by (51): (i) Does the discrete problem (51) get a
solution ? (ii) If the response is affirmative, is there a unique
solution ? (iii) If there is a unique solution to (51), is that
solution stable with respect to the norms defined in S”*° and
does the Finite Volume solution @}, (in case it exists) converge
to the exact solution ¢ as the mesh size h goes to 0 ? we shall
be answering to all those questions in the next subsection.

2.4. Theoretical Analysis of the Finite Volume
Scheme Designed for the Problem (7)

Let us start with giving the matrix properties of the discrete
problem (51).

2.4.1. Matrix Analysis of the Discrete Problem (51)

Let A, = {A7}, with 1 < i,5 < N, be the N x N matrix
associated with the finite volume scheme under consideration.
We have the following result.

Proposition 2.5. Ay, is a symmetric positive definite matrix
ie.

(i) AJ = A  V1<ij<N
and (52)
(ii) (&)'ARE > 0 VEE RN\ {Opn}

where (.)* is the transposition operator.

Proof Let & be a non zero-vector from R”, with components
(&,)N.,. We can see from the left-hand side of the discrete
balance equation from (51) that for: =1, ..., N:

Aii
[Ang]i = 1

= i — &it1]+
NIy + Ak o S

L AiNi—1
NhE L+ Ak

(& — &i-1]
where we have set g = 0 and {x41 = 0. Therefore,

N
(O A =3 — ML e g2
2 Ny + Niihy

It is then clear that

(6)'Ané > 0VE € RY,

Remarking that (£)* A€ = 0 implies & = 0, the positive
definiteness of the matrix Ay, is proven.

Definition 2.15. Let a and b be two vectors from R”, with
components {a;} and {b;} in the canonical basis of R™. We
define a partial order over R™ as follows.

a<b <— 0<b;—q;V1<i<n. (53)

In particular a vector from R", with positive components, is
said greater than or equal to zero-vector of R™, denoted Ogn
or simply O if there is no risk of confusion. Notice that when
n = 1 we recover the well-known total order relation over R.
Remark that the partial order relation given by definition 2.15

easily extends to space of matrices.

Definition 2.16. (Monotone matrix)

Let M be an n x n real matrix. M is monotone if : (i)
M is invertible, and (ii) The inverse M ~! of M is such that
0< M e

0<[M Y, V1<i,j<n.

A monotone matrix gets the following characterization (see
for instance [4]).

Proposition 2.6. Let M be an n X n real matrix.
monotone if and only if :

M 1is

VEER"0 < M{ = 0 < &

The monotonicity of a matrix associated with a discrete
formulation of a linear 2nd order elliptic problem ensures that
the involved numerical scheme meets the positivity-preserving
property (often named discrete maximum principle). Before
checking that the finite volume scheme (51) meets that
property let us state it for the continuous problem (7): see [2, 3]
for instance.

Proposition 2.77. Denote by R’ the set of nonnegative real
numbers and assume that:

(i) The diffusion coefficient A(.) lies in C'*(I) and satisfies
the following (strict ellipticity) condition:

JANT € RY .t A" < N(z) Va e T;

(ii) The function f lies in C°(I) and satisfies the following
positivity condition:

f(z) >0 in I.

Then the unique solution ¢ in C2?(I) N C°(I) for the
diffusion problem (7) satisfies the following property:

¢(z) > 0in I (Positivity Preserving Property).

Proposition 2.8. (Monotonicity property) The matrix Ay
associated with the discrete problem (51) is monotone.

Proof Following the classical technique exposed in the
literature (see for instance [5]), let w = {w;}, be a vector
from R such that

0 < Apw (54)
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We should prove that all the components of w are positive. The previous inequality is equivalent to what follows :

i=1,..,N,
Ai
< AR T wi — wit1]
Aihiyy + Aipah,
with
wo = wnt1 = 0. (56)
Let us set
Wnin = min{w; ; 1 =0,1,2,..., N} (57)
and
a ™ min{i € {0,1,..., N} such that w; = wpin}.  (58)
Suppose that
1 < a < N 59)

Therefore (55) is satisfied for ¢ = «, that is,

for
AiNi—1
+ i — Wi— 55
Nhi, + Ni—ih i = wi] (53)
)\a)\a+1
0< Wo — Wt |+
W +)\a+1h2§[ +1]
>\a>\a71

+ a a—1],
T+ e ahe e T ol

It follows from the definition of « (see relation (58)) that
0 S 7>\a )\aJrl —
AahaJrl + )\a+1ha

+ AozAa—l
Aahlt |+ Aa_1ha

[wa - wa+1]+

[Wo —wa-1] < 0

Since 0 < 0 is not possible, we have necessarily that « = 0
and thus w,,,;, = wp = 0. The positivity of all the components
of the vector w is proven.

Remark For proving that Ay, is monotone a novel and elementary technique has been exposed in [15]. It is based on geometric
arguments in any space dimension. Let us proceed with that technique for our one-dimensional situation. Consider w = {w; }

any vector from R¥ such that

We should prove that all the components of w are positive. The previous inequality is equivalent to what follows.

0 < AiAit1

= Nhps + Nnihd wi = wiga]

with

Let us suppose that the least component of w is w,, with 1 < o < N. So for ¢ = o, we get from (61) that

0 < Apw. (60)
Aidi—1 .
+ i — Wi Vi<i<N, 61
NI+ g T il ! oD
wo = wy+1 = 0. (62)
Ao Ao
- wo — wo—1] < 0. (63)

0 < )\J)\U+1

~ — [WU - Wo‘—‘—l}
A<7hg_|_1 + )\0+1hjr_

Therefore
(64)

()Ifoc—1=0o0ro+ 1= N + 1 then the positivity of all
the components of w is proven since wy = w1 = 0. It is the
end of the proof.

Wog—1 = Wog = Wg+1-

(i1) Otherwise, consider the semi-line L, with origin z, and
passing trough z,_;. It is clear that the relations (64) hold for
all the interior centroids x; belonging to the semi-line L. The
concerned centroids are 1 < T9 < 3 < ... < To_1 < L.
So we can assert that:

We—1 = W = Wk+1 V1 S k S ag. (65)
Taking £ = 1 in (65) leads straightly to the positivity of
all the components of w. Note that the second technique for

proving the positivity preserving property of the matrix Ay,

+
Aoht 1+ Aoo1ho

may be seen as less elegant than the classical one. However
it is easily extensible to higher space dimension (in particular
two- or three-dimensional space as we will see when dealing
with 2-D elliptic problems).

Remark Notice that the sparse structure of the matrix Ay,
together with its symmetry and positivity definiteness give
rise to the use of a large game of powerful linear solvers
for addressing the linear square system (51). Let us list for
instance Jacobi’s method, Gauss-Seidel’s method, Conjugate-
gradient method, etc.

2.4.2. Variational Formulation of the Discrete Problem
(5D
Recall that ©, is a cellwise-constant function, with
components (@, Py, ..., ) in the canonical basis of S °,
defined as solution to the discrete problem (51). Let v, €
Sgﬁ’o, with components (v, v, ..., vy ) in the canonical basis
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of Sgﬁ,o- Multiplying the two sides of the discrete balance
equation from the discrete problem (51) by v; and summing

oni € {1,2,..., N} lead to what follows :

Aidig1 _ _ m .0
iv1 — Pillvigr —u) = (1T f,v Yo, € Sg 66
2Ny ikt [Biv1 — @illvis —vi] = (T f, vn) £2,0m n €Sy (66)
Let us name B, .) the bilinear form defined on the discrete function space Sgﬁ’o by
N
def Aiit1
B(vp, wp) = — [Vit1 — v][wit1 — w;).
; Aihi g + Nip1hy
Any discrete function solving the discrete problem (51) is necessarily a solution of the following variational problem.
Definition 2.17. (Variational problem)
The variational formulation of the discrete problem (51) consists to
Find a function @;, € Sgn’o such that 67)
B(@p,on) = I f,on)2m Yo € S50

We have the following obvious result.

Proposition 2.9. (Equivalence result)
The discrete problem (51) is equivalent to the variational
problem (67).

Proof 1t is done in two steps.

1) Step I: It is well understood (from the way the variational
problem is introduced) that any solution of the discrete

%(aha ]-K]) = (Hmfv ]-Kj)L2,fm

where 1 is the j th element of the canonical basis of the space
Sgn,o. Recall that

1 if z € Int(K;)
1k, (z) = (69)

0 if z € Ext(K;)

where Int(K;) and Ext(K;) are respectively the interior
and the exterior of the control-volume K;. According to the
definition of 1k, the right-hand side of the equation (68)
is equal to || K, f(x)dx while its left-hand side is equal to
W[% —Pjp) + ﬁ[% —P;_1). So
we recover the well-known discrete balance equation in the
control-volume K;, governing the discrete problem (51).

We have the following result.

Proposition 2.10. (Existence, Uniqueness and Stability)
Recall that h is the mesh size (with vocation for going to zero)
and assume that:

1) There exist mesh independent nonnegative numbers w,
and wy such that:

wgh < hy,hi <wgh  VO<i<N+1;

2) The diffusion coefficient \(.) is a piece-wise constant

problem (51) is a solution of the variational problem (67).

2) Step 2: Let p, € Sgﬁ,o be a solution to (67), and
let (¥4, Ps,-.., ) be its components in the canonical basis
of Sgn’o. Therefore those components satisfy the variational
equation involved in the variational problem (67). That
variational equation is equivalent to the following system of
equations:

Vje{1,2,3,..,N} (68)
function, with a finite number of discontinuity points, and is
strictly positive almost everywhere in I;

3) The sink/source term f(.) is lying in L?([).

Then the variational problem (67) gets a unique solution.

Moreover that solution, denoted by ¢, satisfies the
following stability inequality:

1 @n lepom < Cl 2 (70)
where C' is a mesh independent nonnegative number.

The proof of the above Proposition is a straightforward
application of Lax-Milgram theorem which is a powerful tool
for the variational analysis of linear elliptic equations of order
2m, with m given nonnegative integer. The Lax-Milgram
theorem is stated as follows.

Theorem 2.1. (Lax-Milgram)
Let H be a Hilbert space and || . || the norm associated with
the scalar product defined on H. Let L be a linear form and ¥
a bilinear form both of them defined on H and satisfying the
following properties:

1) ¥ is continuous i.e. there exists a nonnegative real
number ~y such that for all v, w € H we have:
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| (v, w) [ <y ol wl].

2) ¥ is coercive or H-elliptic i.e. there is o a nonnegative
real number such that for all v € H we have:

allv ||2 < ®(v,w).

3) L is continuous, that is, L lies in the topological dual H’
of H. Let (., .) denotes the duality pairing between H’ and H.
Then the variational problem that consists to:

Find ¢ € H such that
(71
U(p,v) = (L,v) Yve H

possesses a unique solution.

The proof of Lax-Milgram’s theorem can be found in many
classical books of Functional Analysis. See for instance [1-3].

Let us give now the proof of Proposition2.10 asserting
existence, uniqueness and stability of the solution i, to the
variational problem (67).

Proof We proceed in two steps.

1) Step 1: Existence and Uniqueness. It suffices to check
that the conditions of Lax-Milgram are fulfilled. We start with
noticing that Sozm,o is a Hilbert space with respect to the scalar
product (23) associated with the discrete Hi — norm given by
(2.2).

(1) Let us prove Continuity and Coercivity of the bilinear
form B(., .). For all vy, wy, € S7°, we have :

Aidit1
ihiiy + Airh

N
def
| B, wn) =D y [Vig1 — vs)
=0

[wit1 — wi] |

According to assumption 2) the first observation is that there

exist two nonnegative numbers \,,;, and A4, such that
Amin < M@) < Anag ae. in I.

According to assumption 1) and the previous inequalities,
the second observation is that the effective diffusion coefficient
(see Remark 2.5) AT, is bounded as follows:

i+ 5

WoAimin_ N hip i Aidi WaAZ e %)
2W3Amar Di*% /\ihi_+1+)\i+lh:_ - 2wg)\mm

These two observations put together with the Cauchy-
Schwarz inequality lead to the continuity of the bilinear form
B(.,.). On the other hand, the coercivity of B(.,.) straightly
follows from the first inequality of (x).

(ii) Continuity of the linear form (H“m f,-)p2,m: For all
v, € Sgﬁ’o, the Cauchy-Schwarz inequality applies and gives

| (I f on) zz0m [ < T F (22 o | o [l22,0n

The continuity of (II™f,.)72 oy follows from application
of the discrete Poincaré-Friedrichs inequality (Proposition 2.1
) and Proposition 2.10.

2) Step 2: Stability of the finite volume solution @,,.

Take v, = ¢, in the variational equation (67) and use the
coercivity of the bilinear form 9B(_, .) and the continuity of the
linear form (II™' f, .) 12 oy.

2.4.3. Convergence of ©,,
Note that @, the cellwise-constant function (approximating
the exact solution ) does not belong to the Sobolev space
HL(I) as does ¢. So we are going to give convergence result
of @, to o only in L? — norm. Let us establish an important
intermediate result. Denote by F, the error-function from the
space Sozm,o with components {E;}¥ , (in the canonical basis
of this space) defined by
v1e{1,2,3,...,N}.

B = p; — @y (72)

Lemma 2.1. (Error estimates) Under the assumptions of Proposition 2.10, there exists a mesh-independent nonnegative number

C' such that:

de
I B lagon < Cho Il B iz an < Ch || By e ™ max | Bi|< Ch

(73)

1<i<

Proof Let us start with subtracting side by side equation (48) from (46) and accounting with (47) and (49). Therefore we are

led to the following so-called Error system of equations:

Aidio1

>\'i)\i+l L . P . p—
Aih,;rl‘f‘AiJrlh;r[ ) E1+1] + )\ih:ri,l +)\13,1h; [E'L E’L—l] =
(74)
=&, +EH v1<i<N,
i+3 1—3
where Ey = Eny1 = 0, and where we have set :
E . =-E(,r_,) and &', =-E(p",z",) (75)
i+5 i+3 =3 =5
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with (see Remark 2.4):
B(¢", 2, ,) +E(¢",z} ) =0 (76)
2 2
and (see relations (41)):
| E(¢". 2, 1) |[<Ch and | B(¢”,af ,) |<Ch Vi€ {1,2,3,..,N} (77)
2 2

where C' stands for diverse mesh-independent nonnegative numbers.
Multiplying the two sides of equation (74) with E; and summing on i € {1, 2, ..., N} leads to what follows:

N
B(Ep, Ep) = ZEz‘[S;Z% +&]

i=1

Thanks to Remark 2.4 and the coercivity of the bilinear form 5., .) we can see that

wg)‘%m‘n ||E ”2 <i5+ [E E] <ChZN: h |Ei+1*Ei‘ <
Qwadkmag | H M= s i1 T i = 22\ it+4 \/m =
2
(by Cauchy — Schwarz) < Chvb—a || Ep | g om - (78)
The second inequality of (73) follows from the discrete Therefore

version of Poincaré-Friedrichs inequality (see Proposition 2.1).

N+1
Let us prove the third inequality. For any ¢ € {1, 2, ..., N}, we ~
have | B <[> [ Bira = Ei [|F < (b —a) || En [I33 on i=0 7K '
(thanks to Cauchy-Schwarz inequality). )
Lemma 2.2. Consider the assumptions of Proposition2.10 1€ ~
N . : . L2 < th
and let ™" be the unique discrete function from the space l¢—¢ HL2(1) > :
2,0 .
Sy " such that : This is the end of the proof.
def We can state now the L% — convergence of P, to ¢ as
pin = plz)=pi  VO<Si<N+L follows.
Proposition 2.11. (Convergence of the conventional finite
So we have volume solution)

Under the assumptions of Proposition 2.10 there exists a mesh-

0
e =¢™ N2y < Ch independent nonnegative number, let us say Y, such that

where C' is a mesh-independent nonnegative number.

Proof Let us arbitrarily choose ¢ € {0, 1, - N, N +i} and
x € K;. From the assumption: ¢, € CY(K;), with K; part
of I, for some s € S, we get by Taylor-Lagrange theorem Proof Thanks to the triangular inequality we have
that for all z € K; we have

=25 2y < Th

o =2n llezay <l e — @™ ey + 11 €™ = ez

1
. m — Oy ) o
[‘P\Ki Plx, J() 1! [%K’i w‘fﬂ] (&) [z = =i The proof is completed thanks to Lemma 2.2 that applies to the
ith i < < Theref first term and Lemma 2.1 that applies to the second term of the
with min{z, 2;} < & < max{z, z;}. Therefore Right-Hand Side of the preceding inequality.

m 12 2 2
/K‘[‘plki - @\Ki] (z)dz < h /K | (14, ) (&o) 7 d < 2.5. Linear-spline Approximation of

i i

We expose here a finite-volume-based reconstruction of the
exact solution ¢, requiring that the candidates lie in Linear
Spline function space LS® associated with the mesh D =
{DH% = [zi,mi41)}, introduced in subsection2.2. So

< hih*[max | ¢ || < Ch?h;
where
C = [max | ¢' [|.
I

s

doing the reconstructed solution can be shown to lie in H (1),
just like the exact solution.
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2.5.1. Preliminary Notions and Results
Recall that
LS —{UhECO()/Uh‘D

ePl( +1) V0 <i< N},

Lemma 2.3. Let € be an open bounded domain included in R?, with d € {1,

where Py (D, 1 ) is the space of real polynomials of degree
< 1, restricted to the segment D, 1
Proposition 2.12. The function space LS®
the Sobolev space H'(1).
This result is a straight consequence of the following
Lemma.

is a subspace of

2,3}. Let T be a family of sub-domains of

defining a partition of €2 in the sense that for all 7, L. € T we have :

T is nonempty open subset of Q and Q = UperT

T#L = TNL=0 and TNL =TrNTy

(79)

where I, is the boundary of ¢, forall o € T.

Let v be a continuous function in € and assume that:
VT eT

where v|,, stands for the restriction of v within 7.
Then v lies in H!(Q).

Proof. Let v be a function from the space of continuous
functions in £). For the sake of simplification of notations the
function U)p is simply denoted by v inside 7" and on I' 7, except
when there is risk of confusion.

(i) Since 2 is bounded in R%, v lies in L?(£2).

(i) It remains to check that the first order distributional
derivatives of v lie also in L?(£2). For this purpose, let us
choose arbitrarily a direction, let us say «, in the space R
Denote by D, v the distributional derivative of v in the a'®
direction. We should prove that D,v € L?(€2). By definition
we have

¢

<Duv,p >= — < v, — >

oz Vo € D(Q)

where D(£2) is the space of functions of class C*° in 2, with
a compact support included in 2. It follows that we get for all

b € D(9):

< Dyv <Z>>——/ vidac
Q al’a
0
=— Z / va—gb dx
rerdT 9Pa
0
—- 1 vovtdo [ og " aa
TeT /I T O%a
_Z/qsa—dz— / ol + vk do
TeT Ta T,LET; T#L FT“FL
where ©¢ is the ! component of the outward normal unit

vector to the boundary of a sub-domain ¢ from 7.
Remarking that (due to continuity of v and ¢ over {2 together
with the fact that v1' + vL = 0 on I'r N T, for all adjacent

(P S Hl(T)

sub-domains T" and L from 7) we have

/ Hvr + vl do =0
FTﬂFL

we deduce that

P
D=3 82':1 in

TeT

Yo € D(Q)
T,LET; T;ﬁL

D'(Q).

Since the right-hand side of the preceding equality lies in
[Trer L3(T) = L?(2) and the o direction is arbitrarily
chosen the proof is ended.

Remark 2.6.Recall that I = [a,b]. An immediate
consequence of the preceding Proposition is that the following
function space

LSOQ = {Uh S CO(T) / Up, |Di+%€ PI(DH%)

V0 <i<N, vp(a) =vp(b) =0}
is a subspace of the Sobolev space H} (I).

Proposition 2.13. The space LS® is a finite dimensional
space with dimension equal to (N 4 2). Moreover there exists
a (canonical) basis {®;} Y1 of LS® such that:

D;(z;) =d0;; VO<ij<N+1
where d;; is the Kronecker symbol i.e.
1 if

0 otherwise.

t=7

0ij = (80)

Proof It will be done in two steps.
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1) First step : We should show that the space LS® gets a
finite dimension equal to (N + 2). It is obvious that LS® gets
a finite dimension as it satisfies the following “inequality”:

N
LS® c [[P1(Dis1)
=0

and we have

N
dimension[H P1(Di1)] =2(N +1).
=0

So dimension[LS®] < 2(N + 1). Let us show now that
dimension[LLS®] = N + 2. For that purpose let us introduce
the linear mapping A from LS® to RV *2 as follows:

A: LS® — RNt2

v — (v(xg), v(x1), .., v(zN), V(T NT1))-

We are going to show that A is a bijective linear mapping.
The linearity of A is quite obvious. So we will focus on its
bijective status.

(i) Let us start with showing that A is a surjective mapping.
Given a vector from the space RV*!, with components
(Bo, B1, -y BN, Bn+1) in the canonical basis of RN*1, there
exists a unique affine function g”% defined in [z;, x;11] such
that

, Bi if x=ux;
g = 1 (81)
Bit1 it =21
More precisely we have
i+3 () — g [ F T Titl Ty i e
g (ZIJ) IBZ[LCZ T ]+BZ+1[=T2’+1 _ -Tz] [1'17 1'1,+1]~

Now define a piece-wise affine function ¢ in [a,b] as
follows:

i+ L1
g ‘DH% (r) = g""2(x) (recallthat : Dy 1 = [zi,2441]).

The function g is obviously a continuous function in [a, b]
and therefore it lies in the space LS®. So the surjective status
of A is proven.

(ii) Let us end the proof with showing that A is injective. We
set

Ker[A] = {v, € LS® / A(v,) = Opn+2}.

Since A is linear to show that this mapping is injective it
suffices to show that Ker[A] is reduced to {Opgo}. It is
clear that {O;go} C Ker[A] since A is a linear mapping.
Let us concentrate on showing that Ker[A] C {0pgo}.
Consider an arbitrarily chosen function vy, from Ker[A] such
that Alv,] = Opw~+2. This means that v(zg) = v(z1) =
v(x2) = ... =v(xy) = v(zy41) = 0. So in any sub-interval
Di+% = [x;, T;41] there are two roots of vy, and vy |Di+% isa

polynomial of degree < 1. It implies that vy, | D, 1= 0 for any
ity

0<i¢< N.Sov, =0ina,b].

We have shown that A is a bijective linear mapping from
LS® to RN+2, So dimension[LS®] = N + 2.

2) Second step: The mapping A ensures the existence and
uniqueness of the family of functions {®;}N+t! from LS®
such that

This family is a basis of LS® if and only if it is made up of
linearly independent vectors. We are going to prove the linear
independency of the family {®;}~ 5. For that purpose let us
introduce the family of linear forms {L;} Y ! defined on LS®
by

(Lj,vn) = vn(z;) VO<j<N+1L

where ( ., .) is the duality operator. Consider any family of real
numbers {v; }:4* such that

N+1
=0

For an arbitrarily chosen j in {0, 1,2, ..., N, N +1} we have

N+1 N+1 N+1

0= (L, Z %i®i) = Z Vi{Lj, ®i) = Z Vidi; = ;-
=0 =0 i=0

This is the end of the proof.
Proposition 2.14. The basis {®;} N1 of the space LS®
possesses the following interesting property:

N+1
vp(x) = Z vp(2;) P4 (x) Vo, € LS®.

=0

in [a,b]

Proof Easy exercise.

It follows from the preceding result that:

Proposition 2.15. The family of functions {®;}Y, is a
basis of the space ]LSO@ and satisfies the following remarkable
property:

vn(x) = > wa(w)®i(z) in [a,b] Vo, € LSS,

i=1

Let us introduce an interpolation operator II® from the
space C°(T) to the space LS® as follows:

N+1
v o— 1P = Z v(x;)P;.
i=0
Taking v = ¢ (exact solution to the model problem (7)) we
have, by definition,

12 ()] () = Z p(2:)®i(2).
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Recall that p(x;) is also denoted by ¢;, fori =0, ..., N + 1.

Proposition 2.16. Assume that the exact solution ¢ to the
problem (7) is lying in C2(1), i.e. ¢ is a classical solution to
(7). Then

where C denotes here as always diverse mesh-independent
nonnegative real numbers.

Proof 1) Let us prove (82).

Fix arbitrarily ¢ € {0,1,2,..., N}. Then forall x € DH% =

| o =TI°(¢) [|r2(ry < Ch2 (82) [z, ;1 1] we have, according to Lagrgn%e interpolation th(elory,
and the existence of some real number §;+5, with z; < §;+§ <
| ¢ —1I°(p) |z < Ch. (83)  Ti+1, such that
0 P (6
e, (@) =), | (z) = T[x —z][r — zit1]. (34)
its it .
Therefore | |
maxy | ¢”
| Plo,, o (z) - [HQ(@)]\DHl (z) P < [127,]2[331‘“ — ]t < Alzigr — ]!
with A mesh-independent. Integrating in D, +1 all sides of the previous double inequalities and summing on ¢ € {0,1,2,..., N}
yield
I = T2 () |72y < AR
2) Let us prove now (83).
Fix again arbitrarily a number z in [z;, 2;11]. According to Taylor-Lagrange theorem we have, with z; < 0, < z;41,
1
[p = T2 ()] (2) = [ = T2 ()] () + 30" (0)-[ = 2] Vi <2 < i (85)

On the other hand we have, by application of Taylor-Lagrange theorem to the function [¢ —IT® ()] () over the interval [xz;, 2]

we get, forall ; <z < 2441,

1

! 1 0l
e = T2 (@)](@) = [p = T2 ()] (w:) + e = T2 (D) (@i). [z — @] + 5307 (72) [z — @] (86)
From (84) and (86) we see that one can rewrite (85) in the following form
9 - 1
o~ @) = Z S e a4 [ (0) - S —] Ve <z < )
Since ” lies in CY() it is clear that
[ [p =2 ()] () < Ch* ae. in Dy (88)

Integrating the both sides of the previous inequality in D, 1 and summing over ¢ € {0, 1,2, ..., N} lead to what follows:

Il = 12(@)] llz2() < Ch.

This is the end of the proof.

2.5.2. Approximation of  in ILSO9

The exact solution ¢ to the diffusion problem under consideration (in this part of our work) lies in the Sobolev space H{ (I).
According to Remark 2.6, the space ]LSO@ is a subspace of H}(I). The first step of the proof of Proposition 2.13 shows that
there exists a bijection between R 2 and LS®. Following the same technique one can easily show that there exists a bijection
between R™ and ]LSO@. So the vector (@4, ..., P ) is associated with some function @}, from }LSO@, defined as:

N
Phl) =D :%i(x) veel
i=1

It is reasonable to think that this function is a nice candidate
for a finite volume approximation of the exact solution ¢.

We mean by “nice candidate” a function lying in H¢(I) and
converging faster to ¢ than does @, (see Proposition 2.11).
Let us investigate this allegation. For that purpose let us look
for the estimates of || ¢ — @}, [|2,(r) and || ¢ =@}, [l mp (1) Let
us start with setting that:
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Pr(x) =¢(x) + En(x) in I (89)
We know from Lemma 2.1 that
| En(zs) | < Ch VO<i<N-+1. (90)

Based on this result we make the assumption that there

oip_, (@) = [P (9)])

. D. 1
i+3 it+3

(2) =

exists some « > 1 such that

| En(z) [< Ch Vel 1)

According to Lagrange interpolation theory, for all z; <
i1
xr < x4 there exists some real number §;+2, with ; <

i+3
&x % < xit1, such that:

Thanks to (89) the previous equality can be put in the following form:

i+ L
SD”( ;""2)

Fie) - P()(@) = e

Therefore

| Ph(@) = P (9))(2) P < Clh* + 1] Va; <2 < @i

Integrating the two sides of the previous inequality in D, +1 and summing over i € {0, 1,2, ..., N} lead to what follows:

—k 1 min feY min{2,«
I &5 — (M2 ()] lz2(r) < C h2™in{t2ed = O pmin{2ed

On the other hand we have:

I (0))()

Vo, <z <z

*

Ph(z) =9,

T—Tit1 —
Xy —Ti41 + %Jrl Tit1—T;

b ( i""%)
% [ — x;][x — T441] (92)
—zil[z — xig1] + En(z) Vo, <z <ai 93)
(94)
(95)
(96)

T—T;

We need the assumption consisting in saying that there exist two mesh-independent nonnegative real numbers @, and w, such

that

wgh < hi+% < wgh V0<i<N.

o7

Note that an equivalent version of this assumption has been formulated in Proposition 2.10. It follows from (96) that for all

z; <z < x41 We have

O

h
Thanks to assumptions (91) and (97) it is easily seen that

| [P (@) (@) = [gh](2) P< CR¥™D i T (99)
where o > 1 is mesh-independent and comes from assumption
91).

Let us summarize the main ideas exposed above concerning
the approximation of ¢ in the space }LS?.

Lemma 2.4. Let us assume that (97) holds. Let us also
assume that the model problem (7) possesses a solution ¢ lying
in C2(I) and that the real-valued function &, defined in I as
follows:

@Z = ¢+ 5h

is such that there exist mesh-independent nonnegative numbers

Pit1 — Pit1

[* — zip1] + . [ — ] (98)
it3
C and o, with « € [1, +o0], such that
| En(x) | < C A in 1.
Then we have what follows:
I T2 ()] = B, 2y < CR™MM2E (100)
Under the condition 1 < o < 2, we have that:
I 2 (e)) = @] N2y < ChOH (101

Recall that C' stands
nonnegative numbers.

Proposition 2.17. (Error estimates for finite volume solution
lying in LS)

for diverse mesh-independent
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Let us assume that (97) holds. Let us also assume tllat the
model problem (7) possesses a solution ¢ lying in C?(I) and
that the real-valued function &, defined in I as follows:

@Z:‘PJF&L

is such that there exist mesh-independent nonnegative numbers
Cand o, with1 < a < 2, such that

| En(x) | < Ch” in I

Then we have what follows:

| =25 2y < Ch”. (102)
Moreover, if 1 < a < 2then
o —=%h llma < Ch* L. (103)
Abbreviations
CFV Conventional Finite Volume(s)

RHS Right-Hand Side
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