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Abstract: Let 2R be the finite commutative ring with unity and I, be the S-prime ideal of a ring 93. The set L, forms a partially
ordered set (poset) by the subset relation. Initially, the interplay of the semilattice theoretic properties of a poset with the ring
theoretic properties are studied with suitable examples. The number of maximal chain of a poset is compared with the number
of prime ideals of a ring. It is proved that every maximal element of a poset is the prime ideal of a ring. A ring of prime powers
is shown as a lattice. If the order of the ring is the product of two primes, then the trivial ideal is expressed as the meet of
every pair of a poset. Further, the cardinality of the poset is determined in terms of the divisors of the order of the ring . A new
meet-semilattice called the S-meet semilattice (L, A, C) is defined and the generalized Hasse diagrams of the S-meet semilattice
of a ring of prime powers, product of prime powers are drawn in this paper in order to find the properties of S-meet semilattice.
Finally, the ideals, the prime ideals and the maximal ideals of the S-meet semilattice are described in terms of the down-sets of
S-meet semilattice where the results are listed with an example at the end.
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1. Introduction construction of free meet-semilattice over a poset. Elliott
Evans [10] investigated the B(M) in terms of order theory
The ideals of a commutative ring have been analyzed by  and effects of this on B(M) are characterized. Aiswarya and
many authors and are still being studied. Inspired by its  Afrinayesha [11] expanded the ideal of a lattice to (L, A).
interesting properties, many authors have discovered new  Also they [12] discussed O-distributive meet-semilattice and
ideals, namely: S-prime ideal [1], almost S-prime ideal [2],  they studied the characteristics of ideals and filters of meet-
J-ideals [3], (2, n)-ideals [4] and so on. These are still being  semilattice. A non-empty set K which is ordered is called a
researched by some authors. In the research field, the lattice  meet-semilattice (join-semilattice) [13], if any two elements of
theoretic aspects of algebraic structure have been examined K have a meet(join) in K for all 2,y € K. It is denoted by
long and some authors have continued the lattice theory studies (L, A)[(L, V)]. A lattice consists of a join-semilattice and a
beyond the commutative ring theory. In lattice theory, the  meet-semilattice.
various ideals of a commutative ring are defined [5-8]. Kalamani and Mythily [14] introduced a new finite graph
Later, through its development the researchers delved  called S-prime ideal graph of 98 where an edge connects the
deeper into the subset of a lattice and a semilattice. This  vertices a, b if sa or sb in an ideal I for some sin S, a,b € R
semilattice is said to be a meet-semilattice (join-semilattice)  whenever the the product ab in an ideal where S C R which is
in which each pair of elements of semilattice has a meet disjoint from I of JR. An ideal I of R is S-prime if 3s € S >
(join) A(V). Over the past few years, the research on meet-  for all a,b € 9 with ab € I then sa € or sb € I. Some
semilattice has been carried out by many authors. The category  examples [15] show that what are the I, in a ring. Mythily and

of semilattice by Alfered and Kimura [9] determined injective  Kalamani [15] studied about properties and classifications of
and projective semilattices which is the starting point of the
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S-prime ideals. Also, some new graphs [16, 17] are defined
and studied their algebraic, graph theoretic properties which
are from a finite ring and abelian group.

This work is motivated by previous work on I of fR; it gives
a generalization of S-prime ideals of R of some order. This
research was carried out by taking the collection of I of R
which gives some results based on semilattice. In section 2,
some properties of the (L, A, C) and (L, V, C) are presented
with suitable examples. Section 3 gives generalization of an
S-prime ideal. In section 4, the ideals, the prime ideals and
the maximal ideals of a S-meet semilattice are generalized
by using the down-sets of Ls. In this paper, the ring R is
considered as a finite commutative ring with unity. Let I, and
I;, be the prime and non-prime ideals of R respectively and
the given Hasse diagrams of S-meet semilattice of a ring is
given in the order of pt,pq, ptqr and piqir t,s > 1 where
p#q# randt,s € ZT. Also, a poset which is neither an
S-meet semilattice nor an S-join semilattice is shown.

2. Properties of an S-meet Semilattice

Let L, be the collection of all I, of R. The set L, is a
poset with the usual C relation. The poset L, is called S-
meet semilattice (S-join semilattice) if every pair of elements
of L has a meet (join). It is denoted as (Ls,A)[Ls, V] or
(Ls, A\, C)[Ls, V,C]. Tt is not necessary that every pair of
elements of L¢ has meet and join.

The following example shows that the collection of all the I
of a commutative ring with unity of order p‘q* does not form a
meet-semilattice(join-semilattice).

Example 2.1. Let R = 72 and their S-prime ideals are
<2>,<3>,<6>,<12>,<18 >and < 24 >. The set
Li={<2><3><6><12><18><24>}isa
poset which is not a (Ls, A) or (Ls, V) whose Hasse diagram
is given in Figure 1.

<2> <8 >
< 6>

<12 > <18 >

< 24>

Figure 1. Hasse diagram of a ring of order 72.

In this section, some results based on the S-meet semilattice
and S-join semilattice are discussed. If R is a ring of
order p',plq,ptqr and pi¢®r ,t,s > 1 where p,q,r are
distinct primes and ¢, s € ZT, then the collection L, is a S-
meet semilattice. Figures 2 - 4 give the generalized Hasse
diagram of the S-meet semilattice (Ls, A) of the ring of order

p', ptq, p'qr and p'q'r.

<p> <q>

e,
<p >
(i) (ii)

Figure 2. S-Meet Semilattice of a ring of order (i) p* (ii) p*q.

<p~lg> <ptlr>
<p'q> <plr>
< p"qr >

Figure 3. S-Meet Semilattice of a ring of order pt qr.

<pqr> <pir>

. t—2 t—1
_ T
< ptqi=? t—2 t <p “q >

Figure 4. S-Meet Semilattice of a ring of order ptq*r.

Theorem 2.2. A maximal chain of a poset L has exactly one
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Proof Let R be a finite ring and C' be the maximal chain of
L. Every I is contained in I, and hence every maximal chain
in L has I,,. Let P and () be the two prime ideals of R. The
ideals P and Q) are elements of L. If the maximal chain C of
L has both prime ideals P and (), then they are comparable
by the C relation of Ls. This means that either P is in @) or
Q@ is in P in a ring fR. This is not possible. Thus the maximal
chain has exactly one I,.

Corollary 2.3. The number of maximal chain of L, is greater
than or equal to the number of I, and they are equal only if the
order of the ring %R is p'q.

Theorem 2.4. The ideal P is I, if and only if P is the
maximal element of the poset L.

Proof Let P be the ideal of 2R, Assume that P is I,,. Since
every I, is I, P is an element of L,. Let C' be the maximal
chain with the prime P. If I is an element of C then I = I, by
Theorem 2.2. This means that I C P andhence AP =1V
I in C. Therefore, P is the maximal element of C' and hence
it is the maximal element of L.

Conversely assume that P is the maximal element of L.
Let C be the maximal chain with the maximal element P. If 1
is any element in the chain C, then I A P = I. This implies
that the S-prime ideal I C P. Now, [ = Iz/) which is a subset
of P in fR. It gives that P is I;,. Thus the maximal element P
of Lgis I,.

Corollary 2.5. The ideal I is the trivial ideal of a ring R if
and only if I is the minimal element of L.

Theorem 2.6. If 2R is a local ring, then the set (Ls, V, A) is a
lattice.

Proof Suppose a ring R is local. It has a unique S-prime
ideal of $R. The poset L, has a unique element. Obviously,
(Ls, A, V, Q) is alattice.

Theorem 2.7. If R is a ring of order pq, then I A J is the
minimal element of L for every I,J € L.

Proof Let R be aring of order pq. It has three S-prime ideals
I, I, and the trivial ideal. The ideals I, and I, are prime
ideals generated by p and q respectively. Since the trivial ideal
is contained in both I, and I, the poset (Lg, A) is the meet
semilattice and the trivial ideal is the minimal element of L.
If I'isin L,, then I is I, and I is either I, or trivial ideal of fR.

Let I and J be in L,. Then either both are prime or one is
prime and the other is trivial. If I = I), and J = I, then I A J
is the trivial ideal. If I is I, and J is the trivial ideal, then I A J
is the trivial ideal. Since the trivial ideal of %R is the minimal
element of L, I A J is the minimal element of L for all I and
Jin L.

Theorem 2.8. Let Ly be the proper subset of (Ls, A, C). If
L contains the minimal element of Ly, then (L, A, C) is an
S’-meet semilattice.

Proof Let Ly be the proper subset of L. Every subset of a
poset is a poset and hence (L, C) is a partially ordered set.
Let I and J be any two elements of Ly. Now, I and J are
elements of the L. Since (Ls, A, C) is an S-meet semilattice,
dKy € Ly 5 I NJ = Ky. If K; € Ly, then (LS/, N, g)
is an S’-meet semilattice. If not, let C' be the maximal chain
in L with the element K. Remove the element K; from C,

dKs C KiinLg > I ANJ = K.

If Ko € Ly then (Lg,A,C) is an S’-meet semilattice.
Otherwise, the same process is repeated until I A J is
the minimal element. Since the minimal element is in
Ly, (Lg, A, Q) is an S’-meet semilattice.

Corollary 2.9. The I, need not be a maximal element of S’-
meet semilattice (Ls, A).

3. Generalization of an S-prime Ideal

Theorem 3.1.Let R be a ring of order n. If n =
Pt py2pst...py* where o > 1 and p; are distinct primes,
1 =1,2,3, ..., k then the cardinality of the partially ordered set

k

(Ls,Q)isT(n) — [ cu, where 7(n) is the number of divisors
of n. =

ProofLet I, be the non S-prime ideal of 98 which is of order
n and 7(n) be the number of divisors of n. It is to be noted that
the number of ideals of a ring of order n is same as the number
of divisors of n. Since I are proper ideals of R, | Ly |< 7(n).
Let n = p{'p52ps®..pp* where pi,po,...,p; are different
primes and «;, ¢ = 1,2,3, ...,k are integers greater than or
equalto 1. Let I be anideal of Rand I =< pf1p52p§3...p£k >
where 0 < 3, < ay,i=1,2,3, ..., k. Let S1, 59,53, ..., Sk be
the complements of < p; >, < p2 >,< p3 >,....< P >
respectively. Then Si, 55,3, ..., S, are the multiplicative
closed subsets of R disjoint from I.

Case (i): 5; # 1 for all i

Now, I is I}’,. Assume that s : [ is prime for some s € S;,
1 =1,2,3,...k. Lets : I =< p; >. Now, 1 # 0 and
s = p’f 1_1p52 pg?’...pf’“. The element s becomes an element of
all I, and hence it is a nilpotent element. This means that s is
not an element of S which is a contradiction. Therefore, s : I
is I}, forall s € S;, i =1,2,3,..., k. Thatis, [ = I .

Case (ii): 8; = 1 for some i

Let By = land I =< p1p§2p§3...p£’“ > where 0 < 3; <
o, i =2,3,..,k. Thends € S; 5 s: 1 =< p; >. The
ideal I is I,. The I’ of Rare R, < pi* >, < ph? > < p* >

s < DR >, < PphE > < plipst >, < pltplt >
L PS> < el >y < PPty >

where 0 < 3; < «; and B; # 1. The number of I. is
I1+(ar =14+ (aea—D+(azs—1)+ ...+ (g — 1)+ (a1 —
1)(0&2 — 1) + (Oll — 1)(0[3 — 1) + ...+ (061 — 1)(Oék - 1) +
(a1 = D(az—1)(ag—1) 4+ ...+ (a1 = 1)(ag — 1)...(a — 1).
Simplifying this, the number of I = ayasas...ak.

| Ls |= Number of ideals of 98— Number of I/
k
=7(n)— J] ai-
i=1

Hence the cardinality of the partially ordered set (L, C) is
k
7(n) — [] ai-
i=1
Example 32.Let R = Zigo, n = 180 = 22.32.5 and

7(n) = 18. The 18 ideals are generated by the divisors of 180.
The non S-prime ideals are R, < 4 >, < 9 >, and < 36 >.
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The number of I, is 4 which is the product a; azcxs. There are
14 I; of R and they are < 2 >, < 3 >, < 5 >, < 6 >, <
10>,<12>,<15 >, <18 >,< 20 >,< 30 >, <45 >, <
60 >,< 90 > and < 180 >. Let L, be the collection of I,.
| Ls |= 7(n) — ajagasz = 18 — 4 = 14. The Hasse diagram
foraposet Ly = {<2>,<3><5><6><10>,<
12>,<15>,<18>,<20>,< 30 >,<45 >, <60 >, <
90 >, < 180 >} is shown in Figure 5.

Figure 5. S-Meet Semilattice of a ring of order 180.

4. Ideals of an S-meet Semilattice
(Lg, N)

In this section, the ideals and the down-sets of S-meet
semilttice Ls are defined. The subsequent theorems explain
how the down-sets of L, are related to the ideals, the prime
ideals and the maximal ideals of L,. Denote the maximal
element of L, and that of I as 91;, and €, respectively where
k=1,2,3,...,7 — 1 and the minimal element of Ly as m,.

Definition 4.1. Let L be an ordered set and M be the subset
of a S-meet semilattice. The set M is said to be a down-set if
aisin M ,bisin Ly and b C a then b is in M. It is denoted by
M.

Definition 4.2. A subS-meet semilattice K is an ideal of L,
iff kisin K and a in Ls imply that £ A a is in K.

The subS-meet semilattice {0} and L are the ideals of a
S-meet semilattice (L, A).

Theorem 4.3. Let I be the subset of S-meet semilattice
(Ls, N\). Then I is an ideal of L, iff I is

(i) the down-set of m, if [ is trivial

(ii) the union of ¢ down-sets of L, if I is non-trivial where
t=1,2,3,...,7r—1land |Lg| =r.

Proof Let a1, as, as,... a, be the elements of Ls. Let D; be
the down-sets of a; of Lg, where ¢ = 1,2,3,...,r — 1 and let
a, = m,. Let [ be an ideal of the S-meet semilattice (L, A)
and |Ls| = r.

Case (i) I is trivial.

The ideal I contains only the m,. The meet of every other
element of L, with m,; is m, itself. Hence, I is the down-set
ofm,.ie, I = D,.

Case (ii) I is non-trivial.

The ideal I has a maximal element as it is a sub S-meet

semilattice. Let a; = €&; be unique, where? = 1,2,3,...,7— 1.
Ifa; C ay,i # j, 1,5 =1,2,3,...,7 — 1 then a; € I. By the
definition of down-sets, I = D;,v = 1,2,3,...,r — 1. Let
a; = €;,a; = € wherei # jandi,j = 1,2,3,...,r — 1. If
ar Ca;orar Caj,i#j#k1,5,k=1,2,3,...,7 — 1then
ay € I. By the definition of down-sets, I = D; U Dj,i # j

and 7,7 = 1,2,3,...,7r — 1. The ideal may contain at most
(r — 1) maximal elements. Continuing the above process,
I = U:;llDi where D; is the down-set of a;. Hence for

the non-trivial case if the ideal I contains ¢ maximal elements
where t = 1,2,3,...,r — 1 then [ is the union of £ down-sets
of L.

Definition 4.4. An ideal I of a S-meet semilattice is prime
iffa,b € Lyanda Ab € I imply thataisin J or bisin I.

Theorem 4.5. Let L, be the S-meet semilattice with 97,
where £ > 1 and let I be the subset of (L, A). Then I is
a prime ideal of L, iff I is the union of ¢t down-sets of 9y
wheret =1,2,3,....,k—land k > 1.

Proof Let Dy, be the down-sets of 1. Let I be the prime
ideal of L,. If £ = 1, then I is not a proper ideal. So,
k # 1. Let b be any element of L, such that b # 9t; for
any 7 = 1,2,3,...k and b = &;. Then b = IM; A M; for
i # j. Since I is prime , 9M; or M is in I. Let us assume
that 91; € I. Since b = &, 91; C b. This is a contradiction.
Hence b = 9; for some i. For every ¢, €, = N, for some k.
If I has all M1y, Ny, M3, ..., My, then I is not proper. So, the
ideal I will have less than k elements. Let ¢ be the number of
¢r’swheret = 1,2, 3, ..., k — 1. Then by the proof of the first
part of Theorem 4.3, I is the union of ¢t down-sets D; where
t=1,2,3,....k — 1. So, the prime ideal [ is the union of ¢
down-sets of My,

Conversely, assume that [ is the union of ¢ down-sets of 9,
where i = 1,2,3,....,k — 1. Let & > 1. By Theorem 4.3,
I is an ideal of L,. Lett = 1. Then I = D; where D; is
the down-set of M;,¢ = 1,2,3,..., k. Let a,b € L, such that
a N'b € D;. This implies that either a C 91, or b C ;. By
the definition of down-set, either a € D; or b € D; and hence
D; is a prime ideal. i.e., I = D; is a prime ideal. Lett = 2.
Then I = D; U D; where D; and D; are the down-sets of 9i;
and 91; respectively where ¢ # jand 4,5 = 1,2,3,..., k. Let
a,b € Lysuchthata Ab € D; UD;. ThenaAb € D; or
aANbe Djanda C D orb CM; ora C My ordb C M.
ie, a C M; or M; or b C M or M;. By the definition of
down-sets, a € D; or Djorb € D; or Dj. ie,a € D; UD;
orb € D;UDj. Hence, D; U Dj is a prime ideal of L,. By
continuing in the same way, it can be concluded that if [ is the
union of (k — 1) down-sets of M;,i = 1,2,3, ..., k, then [ is
the prime ideal of L. Thus, if I is the union of ¢ down-sets of
My, then [ is a prime ideal.

Definition 4.6. Anideal I of a S-meet semilattice is maximal
if I # L, and the only ideals containing [ are [ and L.

Theorem 4.7. Let L, be the S-meet semilattice with 2Ty
where £ > 1 and I be the subset of (Ls,A). Then [ is a
maximal ideal of Ly iff it is the union of (k — 1) down-sets of
M0 =1,2,3,..., k.

Proof Let Dy, be the down-sets of My, k =1,2,3,...,7— 1.
Let I be the maximal ideal of L. Every maximal ideal is a
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prime ideal and hence [ is prime. By Theorem 4.5, I is the
union of ¢ down-sets of My, where t = 1,2,3,...,k — 1 and
k > 1. The prime ideal is maximal when ¢ = k — 1. Therefore,
I is the union of (k — 1) down-sets of M;,i = 1,2,3, ..., k.

Conversely, assume that I is the union of (k — 1) down-
sets of ;4 = 1,2,3,...,k. By Theorem 4.3, I is an ideal
of L. The ideal I = Ui:llDi and L, = UleDi. That is
I is the proper ideal of Ls. If a # 9; is in the ideal D;
then D, C D; where D, is the down-set of a in L,. Hence,
Uaer, Do = UF_D; = Ly and I = Ly — My, Every proper
ideal of L is contained in I and there is no proper ideal that
contains I. If I is contained in any ideal I’ of L, then either
I' = Torl' = L, So, I isamaximal ideal of L,. Thus,
the union of (k — 1) down-sets of M;,7 = 1,2,3,....kis a
maximal ideal.

Corollary 4.8. Every prime ideal of S-meet semilattice L is
maximal if the ring is of order p'q, where p and g are distinct
primes and ¢ > 1.

Example 4.9. Let R = Zs and the poset L has the elements
are < 2 >, < 3 >, <5 ><6 >< 10 > < 15 > and
< 30 >. Figure 6 shows a Hasse diagram of the S-meet
semilattice (L, A).

<3 >

<2> <>

<6 > <15 >

<30 >

Figure 6. S-Meet Semilattice of a ring of order 30.

The ideals in terms of down-sets of S-meet semilattice
are listed. I =|< 2 > (Prime), Is =]< 3 > (Prime),
Is =< b5 > (Prime), Iy =|< 6 >, 15 =|< 10 >, I =|<
15 >, 17 =l< 30 >, Ig =l< 2 > U |< 3 > (Prime and
Maximal), Iy =|< 2 > U |< 5 > (Prime and Maximal),
Iip ={< 3 > U |< 5 > (Prime and Maximal), [1; =< 2 >
U< 15> 1 =<3 >Ul< 10> 1153 =l<b>U|<
6 > 114 =l<6>U|<10>6LH;=l<6>U/l<15 >
y 16 =4< 10 > U <15 > 117 =<6 > U < 10 > U |<
15 > g =l<2>Ul<3>Ul<b >,

5. Conclusion

In this paper, the number of S-prime ideals in the poset
is generalized and the concept of S-meet semilattice is
introduced whereas some properties of S-meet semilattice are
studied with suitable examples. Finally, the results on ideals,
prime ideals and maximal ideals of an S-meet semilattice are
described in terms of the down-sets of S-meet semilattice and
they are listed.
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