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Abstract: Our aim in this paper is to investigate the dynamics of a third-order fuzzy difference equation. By using new
iteration method for the more general nonlinear difference equations and inequality skills as well as a comparison theorem for the
fuzzy difference equation, some sufficient conditions which guarantee the existence, unstability and global asymptotic stability
of the equilibriums for the nonlinear fuzzy system are obtained. Moreover, some numerical solutions of the equation describing

the system are given to verify our theoretical results.
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1. Introduction

Nonlinear difference equation is an important mathematical
models which describe the relationship between the real world
phenomenons. It not only enriched the theory of mathematics,
but also solved the practical problem, such as the fields of the
number of population structure analysis, economic, genetic,
biology etc. (see, eg., [1-5] and the references therein). In
recent years, research on discrete systems has become a hot
problem. (see, eg., [6, 7]).

However, the traditional mathematics theories and methods
seem to be inadequate in the face of fuzzy phenomenon. Based
on this background, the fuzzy difference systems are a
powerful tool which can be used to study better some
uncertain phenomenons. In recent decades, the fuzzy
mathematics theory and its applications have achieved fruitful
results. In view of the fact, the fuzzy difference equation
system has attracted more and more interest which further
enriches the research of the difference system.

In 1998, DeVault et al [8] discussed the existence,
boundedness, oscillation behavior of the positive solutions
and the global asymptotic behavior of the equilibrium points
for the nonlinear difference equation.

X
-— n
Xp4 = A+

,n=0,1,..., (1)

Xn-1

Where A,x_;,x, are positive numbers.

Similarly, In 1998, Papaschinopoulos and Schinas [9]
studied the following difference equations.
Xy = A+ Vn s Vsl = A+ T
n—p n—p

,n=0,1,..., ()

Where A,x_p,x_p+1,...,xo,y_q,y_q+1,...,y0 are positive

real numbers p,q are positive integers. There are similar
conclusions that if p=¢=Lx,=y,,n=-10,..., then x,
is both a solution of Eq. (2) and the solution of Eq. (1).

Besides, Zhang et al [10] researched the following
nonlinear fuzzy difference equation.

_a+bx,

= ,n=0,1,2,...,
yro 3)

Xn+1

Where {xn} is a sequence of positive fuzzy number,

a,b,A and the initial values x_j,x, are positive fuzzy
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numbers. The existence and boundedness of the positive
solutions asymptotic behavior of the equilibrium points for the
difference equation are discussed. Moreover, In 2014, Zhang
et al [11] continuously proved similar conclusion for the
follow first-order fuzzy difference equation

_ A+x,
B+x,

Xn+1

,n=0,12,..., 4)

Where {x,,} is a sequence of positive fuzzy numbers,

A,B and the initial value X, are positive fuzzy numbers.

More recently, Wang et al [12] investigate the existence and
uniqueness of the positive solutions and the asymptotic
behavior of the equilibrium points of the following fuzzy
difference equation.

- Axn—lxn—Z
D+Bx, ;+Cx,_4

n=0,12,..., (5

Xn+1

Where {xn} is a sequence of positive fuzzy numbers, the
A,B,C,D and the
X_4,X_3,X_5,X_1,X are positive fuzzy numbers. For closely

parameters initial  conditions
related papers in this research area, see, for example, [13-30]
and the references therein.

Motivated by the discussions above, the purpose of this
paper is to discuss the existence and uniqueness of the positive
solutions and the asymptotic behavior of the equilibrium
points for the following third-order fuzzy difference equation.

Axn—Z

=" n=0,1,2,...,
B +an—2xn—1xn (6)

Xp+1

Where {xn} is a sequence of positive fuzzy numbers, the

parameters A4,B,C and the initial conditions x_,,x_;,X,
are positive fuzzy numbers.

This paper is arranged as follows: in Section 2, some
definitions and preliminary results are given. The main results
and related proofs are obtained in Section 3. Finally, some
numerical examples are used to illustrate our theoretical
results.

2. Preliminaries and Notations

For the convenience of readers, some definitions and
preliminary results related to the theoretical proof of this paper
are given, see [31-35].

Definition 2.1 Foraset B we denote by B the closure of
B . We say that a function 4: R - [0,1] is a fuzzy number if

the follow conclusions are true:
(i) A 1is normal, i.e., there exists xR

A(x) =1,
(i) A is a fuzzy convex set, i.c.,
At +(1=1)xy) 2 min{ A(x, ), A(x,)}, 0t 0[0,1],x,,x, OR;

(i) A is upper semicontinuous on R ;

such that
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(iv) The support  of A, ie.,
A= m ={x OR: A(x) > O} is compact.

where the @ —cuts of A are closed intervals, define as
[4], ={xOR: A(x)za} ifsupp 4

[ (0,0) then fuzzy number A4 is obviously positive.

supp

Definition 2.2 Let 4,B be fuzzy numbers which satisfy
(4ly =[44>4.4).[Bly =[B14:B, 4], al(0,1], the follow
metric is denoted

D(A,B) =sup max{ |A,,a —B,,a|,

Ar,a/ - Br,a |} >

Where sup is taken for all @ [1(0,1]. Then (R,,D) is a
complete metric space. For the convenience of application in

the future, we define 00R oas

6( ) I,x=0,
X)=
0,x 0.

Thus, [0], =[0,0],0<a <1.
Definition 2.3 Persistence (resp. boundedness) of fuzzy
numbers is defined, if there exist positive real number

M (resp.N), such that the following conclusions are true
sup p x,, O[M,](resp.sup p x,, U (0,1]),n=1,2,..., where
{xn} is a sequence of positive fuzzy numbers.

Further, {xn} is bounded and persistent if there exist

positive real numbers M,N, such that
suppx, UM,N],n=12,.....

Lemma 2.1 Let 1.,/ , be some intervals of real numbers

and let f:I"xn™t LT, g I < LI, be

continuously differential functions. Then for every set of
initial conditions

(e, y )OI X1, (= —k,—k+1,...,0,j ==I,—[+1,...,0), the
following system of difference equations

=0,1,2,...

xn :f(xnixn—a--'sxn— syniyn—a-“’yn— )a
{ +1 1 k 1 1 n , (7)

yn+l :g(xnaxn—la-“axn—kaynayn—lr--syn—l)s

+00,+00

Has a unique solution{(xl- 2V )}

i=—k,j=—1"
Definition 2.4 A point ()_c,)_/)ljlxxly is called an
it x=f(x,x,...,x,

that s,

equilibrium point of system (7)
ViVseesd)s V=8, X, X, Y, Vs V),
(x,,¥,)=(x,y) for n=0 is the solution of difference
system (7), or equivalently, (x,y) is a fixed point of the
vector map (f,g).

Definition 2.5 Suppose that (x, ) be an equilibrium point of
the system (7), then we have
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(1) (x,y) is called locally stable if for every (x,y) there
exists 0>0 such that for any
(%, y) 0L %1, (i = ~k,...,0,j =—1,...,0)

conditions
with

zsz_k|xi —f| <0, ij_l|yi —}| <0, we have |xn —)_c| <E,

|yn —)7|<£ for any n >0.

initial

(i) (x,¥)is called attractor if lim x, =X, lim y, =, for

n-o n-—oo

any initial conditions
(i=-k,~k+1,...,0,j=-1,-[+1,...,0).

(ii) (x,y) is called asymptotically stable if it is stable, and

(x, )OI %1,

(x,y) is also attractor.

(iv) (x,¥) is called unstable if it is not locally stable.

Definition 2.6 Let (X,) be an equilibrium point of the
vector map F = (f,X,,..csX,_4s&> Vy»r-+s Yy )» Where f and
& are continuously differential functions at (x,») The
linearized system of (7) about the equilibrium point (X, ) is
X, =F(X,)=F, X, where F; is the Jacobian matrix
of the x,) and

system @) about

— T

X, = (XX s Vyoevos Vet -
Definition 2.7 let 2> 4, S, be four nonnegative integers such
that ptq=n,s+i=m, gplitting 2 X,)
X :([x]p’[x]q) and y = (ylyyz zym) intO y = ([y]s![y]t)a

where [x], denotes a vector with O -components of X . We

X=(x,%;... into

say that the function f = (X[, X5 ..., X,, Y|, V3 - -, V) POSSESSES
a mixed monotone property in subsets /y X/} of R" x ™ if
S =([x] -[x],:[V]-[¥];) is monotone non-decreasing in each
component of ([x],,[¥];) , and is monotone non-increasing in
each component of ([x],.[¥],) for (x,»)01I} xI' . In
particular, if ¢ =0,£=0, then it is said to be monotone
non-decreasing in Iy X7} .

Lemma 2.2 Assume that X, =F(X,),n=0,1,..., is a

system of difference equations and X is the equilibrium
point of this system, i.e. F(X)=X. Then we have.

Axn—Z

(1) If all eigenvalues of the Jacobian matrix J, about X

lie inside the open unit disk |/]|<1, then X is locally

asymptotically stable.
(ii) If one of eigenvalues of the Jacobian J; matrix about

X has norm greater than one, then X is unstable.

3. Main Results

The following lemmas are applied to study the existence
and uniqueness of the positive solutions of equations (6).

Lemma 3.1 [36] Let f be a continuous function from
R*xR*"xR" L R* and A4,B,C be fuzzy
numbers, then

[/ (4, B,O)a = f([4]a:[Bla»[Cla), a D(0,1].

into R

ullR, write

Lemma 32 [37] Let
[ulg =[u g1, o],@T(0,1]. Then 4, and u., can be
regarded as functions on (0,1] which satisfy

(1) 414 is nondecreasing and left continuous,

(ii) 4, is nonincreasing and left continuous,

(i) U Sty -

Conversely for any functions a(@)and b(a) defined on
(0,1] which satisfy the above (i)-(iii), there exists a unique
ullR, such that u(a)=[a(a),b(a)] forany a](0,1].

Theorem 3.1 Consider equation (6), where 4,B,C are
positive fuzzy numbers. Then for any positive fuzzy numbers
X_,X_1,Xy, there exist a unique positive solution X, of Eq.

(6).

Proof. Suppose that there exists a sequence of fuzzy
numbers {x,} satisfying Eq. (6) with initial conditions
X_p,X_;, Xy . Consider the a —cuts,a1(0,1],

[A]a = [Al,aaAr,a]a[B]a = [B],aaBr,a]a (8)
[C]a = [C],aaCr,a]a[xn ]a = [Ln,aaRn,g]an = _25_17'

The following results are true from (6), (8) and Lemma 3.1

[xn+1 ]n = [Ln+1,0/’ Rn+1,n] = |:

B+ an—an—lxn

} _ [4x,, |,

a ) I:B + an—2xn—1xn an

[Al,a > Ar,a ] [Ln—2,£¥ > Rn—Z,a]

[Bl,a ’ Br,a] + [Cl,a ’ Cr,a ][Ln—z,a ’ Rn—z,a ][Ln—l,a ’ Rn—l,a][Ln,a ’ Rn,a]

[4) oL

4 aRy2a]

n=2,a°“r,a

[Bl,a + Cl,aLn—Z,aLn—l,aLn,ﬂ > Br,a + Cr,ﬂRn—Z,aRn—l,aRn,a]
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- Al,aLn—2,a Ar,aRn—Z,a
Br,a' + Cr,aRn—Z,aRn—l,aRn,a Bl,a + Cl,aLn—2,aLn—l,aLn,a
Hence, for a L1(0,1],n =2, 1, -+, according to the above Conversely, it is proved that the positive solution {x,} of

result, it follows that the equation (6) is determined by [L, 4,R, ], aU(0,1]is

Lo = A olyra ’ true, Where (L, 4, R, ;) is the solution of the system (9) with
T Bt CaR, 5o R o R ©) initial conditions (Lj’a,R j’a), j=-2,-1,0, and {x,}
Rouia = — CArfRn_ZZ ; satisfy the following conditions.
La La*tn-2,atn-1,a%na [xn]g — [Ln,aaRn,aJsa 0(0,1],n==2,=1,---. (10)
Then, for any initial conditions
(Lj’w Rj’a), j=-2,-1,0,a0(0,1], it is obvious from For any a,,a, U(0,1], a; <@,, according to Lemma 3.2,

. . . the following conclusions can be obtained,
Lemma 2.1 that exists a unique solution (L, ,,R, ;) of the 8

systems (9).

0< Ay <A, <A, S4,.,.0<B,<B, <B, <B

r,a, — “r,ap° r,a, — Tr,a;° (1 1)
0<C4=Cg sCg sCg,0<L;, SL;; SR, SR, ,,j=-2,-10.
Where A,B,C, X; (j=-2,-1,0) are positive fuzzy
_ Ay g Ly—
numbers. Lisron =
Next, the following conclusions is proved to be true by B a +Cr,01 Ri2.a0, 810 Rra,
mathematical induction.
< < < _ Al,ar2 Lk—z,a2 =7
0< Ln,al = Ln,02 = Rn,02 = Rn,al =12, (12) - Br,a2 + Cr’a2 Rk—Z,nz Rk—1,02 Rk’a2 k+l,a;
From (11), the conclusions (12) are true for n=-2,-1,0.
Ar,02 Rk—Z,az _
Suppose that (12) are true forn<k, kU{l,2,--3}, then from < =Riia
. B/a +ClaLk—20Lk—laLka o
(9)-(12), it follows that for n =k +1. 2 e e hoem
< Ar,ﬂl Rk—Z,ﬂl =R
= — Metlay -
Hence (12) are true Bl,al + Cl,arl Lk—z,arl Lk—l,arl Lk,al :
Thus, from (9), it holds that
A L A R
Ll‘,a - l,a=-2,a 9R1,a - r,at -2,a ,O’D(O,l]. (13)
B, g +CqRH oR 4Ry o B o+ Cioly gl qlyy
Moreover, in view of 4, B,C, x;,(j = =2, =1, 0) are positive the above result is true, that is
fuzzy ~ numbers,  then A4 4.4, 4.8, 4.8, 4B 4:Cas OaronLnas Ryg1 0 (0,0),n =12, (14)
CoarlogRog Loy g, R 4Ly g, Ry 4 are left continuous
from Lemma 3.2. So, it is obvious that L, 5, R, 4 are also left Thus, we just prove that Ugry[Ly,qa0Ryq] is bounded.
continuous from (13). Finally, it is obtained by mathematical ~ Let 7 =1, there exists constants M;,N; >0,i =1,2,3 such
induction that Ln,a,Rn,a,n =1,2,---, are left continuous. that for all a'[1(0,1]
Now, we prove that the support of x, , ie., supp
X, = Ugnony[Lua»> Rl 18 compact. It is easy to verify that
[Al,aaAr,a] D [MlaNl]a[Bl,aaBr,g] D [MzaNz]a (15)
[Cl,aacr,a] D [M37N3]5 [Lj,aaRj,a] D [M],N]],] = _29 _19 Oa

Where 4,B,C,x ; (j=-2,-1,0) are positive fuzzy numbers. It follows from (13) and (15) that
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(L qRiq]U [

Moreover, one has

UaD(O,l][Ll‘,aRl,a] [ {

So, from (16), Ugp1j[L g5 Ri o] is compact. Therefore, it

is evident that Ugq0y[L,4R,q] 1is compact by

mathematical induction method.
Therefore from Lemma 3.2, relation (12), (14), and

L, 4R, o are left continuous, it means that [L, ,,R, ;]

determines a sequence of positive fuzzy numbers {x,} such
that Eq. (6) holds.
Furthermore, it is proved that {x,} is the solution of

equation (6) with initial conditions x_,,x_;,X,. Since for all
a(0,1]

[xn+1 ]a = [Ln+1,a’Rn+1,a]

- Al,nLn—Z,a Ar,aRn—Z,a
Br,n + Cr,an—Z,an—l,an,a Bl,a +Cl,aLn—2,nL L

n—l,a~n,a

— |: Axn—Z :|
B+ an—zxn—lxn a
It is obvious that {x,} is the solution of Eq. (6) with initial

conditions X_,X_;,X-

) z —
s4p+l T
f + dZn—ZZn—IZn

Yn+l =

Where the parameters a,b,c,d, e, f and initial conditions
Y_o,¥-1>Y9-Z2-3-2-1,2, are positive real constants. Obviously,

the systems (18) have a unique solution (y,,z,) from

Lemma 2.1.
Now, the primary purpose is to prove that the solution

N0<y <
Ho=y, 7

et Vn-2Vn-1Vn

a
(7)"+l Vopon =3k +1,

Ey*y n=3k+2, (i) 0<y, <

MM NN ad(0,1].
N, + N;sN,N_ Ny My +M;M_M_ M, | ’
MM N
1= 2 , N ,ad(0,1]. (16)
N, + NsN_,N_ Ny M, +M;M_M_M,

Assume that there exists another solution {x:} of Eq. (6)

with initial conditions x_,,x_;,X,, then

I:x::|a :[Ln,aaRn,g],a'D(O,]]’n:()’ L 17)

It follows from (10) and (17) that
[x,], =[% [.a0©1n=-2,-1,-,

From which it holds x, = x:,a’ do,1],n=-2,-1,---, and
then the proof is completed.

Next, the primary goal is to investigate the asymptotic
behavior of the equilibrium point of Eq. (6). From the above

proof process, x, is the unique positive solution of Eq. (6)

with the initial values x_,,x_;,X,, thus, it holds that
[x, ], =[Loa-Rug |- @ 0(0,11,n=0,1,---.

Hence, it is obvious that (L, ;,R, ;) satisfies the systems

(9). To conveniently study the asymptotic behavior of Eq. (6),
according to the systems (9), the corresponding linearized
form of the system is constructed as follows

bZn—Z

n=0,1,--, (18)

(¥,,z,) of the system (18) is bounded.
Theorem 3.2 let (y,,z,) be positive solution of system
(18), then for all &£ =0,

(2)"+1 Z,n=3k+l,
e

(é)k“z_l,n=3k+2, (19)
e

(2)"”20,,1 =3k +3.
e

a
(7)k+1yo,n =3k+3,

Proof. Using the induction method to prove (19). This assertion is true for k& =0. Suppose that (19) is true for k& =m, then it
follows that for £k =m+1
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a

Yn I

Y3m+yr2 S

f

And

b b

The proof is completed.
Furthermore, it is easy to know that the systems (18) has
two equilibrium points

b_e)l/S’(a_f

X, =(3,7) =(0,0), X, =003 = g ).

For the two equilibrium points, the following results are
shown clearly.

Theorem 3.3 For the equilibrium point )_(1 =(0,0) of Eq.

— ayy—2
F(yn—2 5Zp=25Zp-152p ) -
f+dzn—22n—lzn
Thus, one has

a

2 f+dZn—22n—IZn !

> Z_2

_b b_b
0 T F30me2 S Vameyn-a T Vi S~ 1)
¢ e e e

:G(Zn—2’yn—25yn—15yn) =

Boundedness and Asymptotic Behaviour of the Solutions for a Third - Order Fuzzy Difference Equation

a

a a.m _
Vam1)+1 S f V3m+n-2 = 7J’3m+l <=0y ,n=3(m+ D+,

fr

a a_a.n, _
Vameyri—2 = 7 Vamez S— =) My n=3m+1)+2,

fr

a _a a _a o, B
Y3(m+1)+3 S7y3(m+1>+2—2 = — Vi3 S— =) ygn =3(m+1)+3,

f

fr

b_b
Z3(m)+l S ;y3(m+1)—2 = ;y3m+l = B mz)mﬂ Vo,n=3(m+1)+1,

m+l

V_,n=3(m+1)+2,

b b b_b
Z3(m+1)43 S Va2 = PRETEE < " m;)’"“ Yo,n =3(m+1)+3.

(18), it holds that

(i) If a<f,b<e, then the equilibrium point )_(1 of the
system (18) is locally asymptotically stable,

(i) If a>f or b >e, then the equilibrium point X, 1 of the
system (18) is unstable.

Proof. (i) Let F:(R) - R",G:(R") = R" be
multivariate function defined by

bZn—Z

—_— e
et CVn-2YVn-1Vn

adyn—ZZn—IZn

(f + dZn—ZZn—lZn )2 ’

adyn—2zn—2zn adyn—2zn—2zn—1
o (f +dz,-92,12,) o (f +dz,32,12,)° ’ 20)
= b G - bczn—Zyn—lyn
I S U s (e+VpozVuar V)
G bczn—2yn—2yn — _ bczn—2yn—2yn—1
yn*l - 2° y,, - P
(e+cyn—2yn—1yn) (e+cyn—2yn—1yn)
Moreover, the linearized system of Eq. (18) about the - _
equilibrium point X is given by _ - 0 0 % 00 0
n
G =D, 1) Vo1 10 0 00 0
Where ¢n=J’n—2 ,D1=O 0 0O 2
z
" 00 0 0 0 —
Zp—1 €
2,5 | 0 0
i 01 0]

The characteristic equation of the matrix D, is shown as
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follows exists at least one root A of the characteristic equation
f(A) =0 such that |A|>1. Therefore, if a>f or b>e,

3 3
) = (a—f/\e)(b—eA ):0’

then the equilibrium point X,  ofthe systems (18) is unstable.

4 The proof is completed.
Then roots of this characteristic equation are given by Theorem 3.4 If a>f,b>e , the equilibrium point
= b-e a- .
N b X, = ((T)m,(Tf)m) is unstable.
/11,2,3 =R 2M56 R -
! ¢ Proof. Let

Since all eigenvalues of the Jacobian matrix D about the 4= (b —6)1/3731 - (a ;f)m’Az - (b 26)2/3532 - (a ;’f)l/S’
From (20), the linearized system of Eq. (18) about the

equilibrium point X, is provided by

equilibrium point )_(1 lie in open unit disk |A [, <1, for all
k=1,2,---,6. Hence from Lemma 2.2 the equilibrium point

X | 1s locally asymptotically stable.

(ii) Now, it is easy to see that if @>f or b>e, then there P =Ds9,. (22)
Where
- 0 0 1 448 -Lan -Lap
Yn a a
Yoy 0 0 0 0 0
_ 0 0 0 0 0
b, = yZ C| D= c c c
Zp-1
. 0 0 0 1 0 0
0 0 0 0 0 |

The characteristic equation of Eq. (22) is given by

(A* + A +1)*(abA* =2abA + ab — 4, 4,B,B,cd) _ 0

= 23
J) ") (23)

>

then roots of this characteristic equation are shown as follows  characteristic equation (23) such that |A[>1. Therefore, If

BRENC S ENGY a>f,b>e then the equilibrium point X, of the system
Ay == > A = _Ta (18) is unstable. The proof is completed.
Lemma 3.3 [12] Let /,,/, be some intervals of real
s [ABBd _, [(=eXa=)) [12] Let L4,
3 ab ab ’ numbers and assume that f:Iy"x/ L7 and
A =1- 44,8 Bycd =1- (b—e)a-f) g:]ff'lxli+1 - 1, be continuously differential functions
6 - - - - .
ab ab satisfying mixed monotone property. If there exists

Now, it is sufficient to prove that one of these roots has
absolute value greater than one. It is obvious that if

a>f,b>e, then there exists at least one root A of the

my Smin{x—ks'"aXOsy—]s""yO} s max{x—k,“',xo,y—z,'",)/o} SMO;
ny < min{x—ka'"sXOsy—[a"'syo} s max{x—k""aXOsy—]s"'syO} s No;

Such that

my < f([my],.[M],.[n0]5.[No 1) < fF([Mo],.[mg],.INo ]s.[m0],) < M,
ny < g([myl,, .[Molg [0, [Nol, ) < g([My ], .[mg], [Ny 5[], ) < Ny
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Then there exist (m,M)D[mO,MO]2 and (n,N) D[no,No]2 satisfying

Boundedness and Asymptotic Behaviour of the Solutions for a Third - Order Fuzzy Difference Equation

M = f(IM1,.[m,. [N [n),)m = £ (Im], [M],.[n],,[N]),
N = g([M],,.lm], [N], .[n],).n = g([m],

Moreover, if m=M,n=N, then the equations (7) has a
unique equilibrium point (x,y)O[m,,M,]%[n,,N,] and

every solution of (7) converges to (X,).

LM, [l INT,).

defined by

()

f(yn7yn—1’yn—25znﬂzn—l7zn—2) = >
f+dZn—ZZn—lZn

Theorem 3.5 If a =b<e=f,c=d, then the equilibrium az,_, (25)
) > _ . g(yn’yn—l’yn—29zn’zn—l’zn—2):—'
point X; =(0,0) of the system (18) is global attractor. fHdv, 2Y,1V,
Proof. In view of a=b<e= f,c=d, the system (19) is Set
changed to
au au
- ayn—z f = ,g = * s (26)
Ynn frdz, 52,2, S +dvws f+dV*W s
(24)
az,_
Zyy S =01, Then
S Ay, 2y,
Let (f,g):(0,0)’ x(0,00)° — (0,0)x(0,00) be a function
a aduws
fu = >0, L= —
S +dvws (f +dvws)
fo=- aduvs __ aduvw
Y (fravws)?: T (f +dvws)?
_ a _ adu w's
gu*_ ***>’gv*__ ***2 9
f+dvws (ftdvws)
_ adu™v's" _ adu vV'w'
8= 5 <087
(f+dvws) (f+dvws)

Which implies that f and g have a mixed monotone  asymptotically stable.

property.
Let My =Ny =max{y_,V_;,YyZ22:2-1Zp}>

Jla=f)/d <ny =my <0, then

Finally, the stability of the trivial solution of the fuzzy
difference equation (6) will be discussed. Firstly, the
following definition is introduced.

Definition 3.1[17] The trivial solution x =0 of Eq. (6) is
said to be stable, if given & >0, there exists a O(€) >0 with
D(xl-,(A)) <9J,i=-2,-1,0, implies D(xn,f)) <g for any
n>0, such that for any x; UDs,i=-2,-10, the solution
x,0D,,n>0; attractive if there is a J>0 such that

g < —210 < aM°3 < My, ny < —0 < alo T <N,
f+dNy  f+dn f+dMy  f+dmg
Obviously, since m; =n;,M; =N,,i=0,1,---. then from
the system (18) and Lemma 3.3, there exist A
m,M O[my,M,],n=m,N =M such that D(x;,0)<9,i =-2,-1,0, one has
am an aM aN

m= 3= M= 7N = 3’
f+dN f+aMm f+dn f+dm

Then M =m,N =n.

Hence, it is proved that the equilibrium point (0, 0) of the

system (18) is global attractor from Lemma 3.3. The proof is
completed.

Moreover, from Definition 2.5 it follows that )_(1 is

lim D(x,,0) = 0;
(ii1) asymptotically stable if (i) and (ii) hold simultaneously.
Theorem 3.6 If the parameters 4, B,C are positive real

numbers and A < B, then the trivial solution x =0 of Eq. (6)
is asymptotically stable with respect to D when the initial
conditions are  positive fuzzy  numbers with
[x,1, O(0,+),i =-2,-1,0,a 0(0,1].
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Proof. The result follows from Theorem 3.3 and Theorem
3.5.

4. Numerical Simulation

In this section a numerical example is given in order to
support our theoretical results. The example represents the
asymptotically behavior of solutions for the fuzzy difference

4
Y2 =01,2,.,

Xn+1

= 2
B+an—2xn—1xn ( 8)

where A,B,C are positive trivial fuzzy numbers. By
Theorem 3.6, let

[4], =[4,A4]=0.01,
[Bl, =[B,B]=4,[C], =[C,C]=2,a0(0,1].

In addition, from Theorem 3.6, we denoted the initial

system (6). conditions x_,,x_;,x, Wwith [x;], O(0,+),i=-2,-1,0,
Example 4.1 Consider the following fuzzy difference 9 0(0,1] Such that
equation
%x—E,SSxS& lx_l l<x<5 %x—%,ZSxSZ
%)=y xg(0)=94" 47 77T Tx,(0)= | 29)
-——x+—,8<x<13, -x+6,55x<6, -——x+—,7<x<10.
5 5 3 3
In view of (29),

[x,1, =[5+3a,13-5a,[x_,], =[4+4a, 6-al,[x_,], =[2+5a,10-3a].

Moreover, from Eq. (28), a coupled system of difference
equation with parameter a is obtained

L 00,
e 4+ 2Rn—2,aRn—l,aRn,a ’
0.01R, , . )
n+1a= - ,al:l((),l],n=0,l,---.
' 4+ 2Ln—2,a’Ln—1,aLn,a

It is easy to prove the conditions of Theorem 3.6 is satisfied.

So from Theorem 3.6 the trivial solution x =0 of Eq. (6) is

asymptotically stable with respect to D as n — o (see
Figureures 1-6).

0.035
— - a=0 y
0.03L| — — a=0.25 ,
— — a=05 /) 4
a=0.75 s </ .
0.025+ a=1 // S 7
; P v .
0.02f ///// x/
5 s
['4 v -
0.015} S /7
S
/ / .
0.01F s
T /.
0.005} -
2 ~
Y’
0 1 1 1 L 1 L 1 L 1
0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016 0.018 0.02
L(n)

Figure 1. The dynamics of system (30).

0.035

i * L)
003f | - RrRM)| |

0.025+

002 |

n)&R(n)

= o015 |
0.011 \

0.005+

S S R R S S S S R S S R
F— ==k =k
10 15 20 25
n

0 "5
Figure 2. The solution of system (30) when a =0.

0.03

0.025} —

0.015} |

L(n)&R(n)

0.01F |

0.005 |

IR AR
*—k

T 20 25

ek ke
bbb ———
5 10 15

n

Figure 3. The solution of system (30) when a =0.25.
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0.03

+*  L(n)

J — - RM
0.025F | ]

002} | | 1

0.015F | | i

L(n)&R(n)

0.01F * 1

0.005 - 1

25

Figure 4. The solution of system (30) when a =0.5.

0.025

+*  L(n)
I — —RM)
0.02 4

o015 .

L(n)&R(n

0.01F | g

0.005 B

0 kg ek h ke ke ke 4
0 5 10 15 20 25
n

*

Figure 5. The solution of system (30) when a =0.75.

0.02 *
f

0ot8l | * L) |
' — ~ R
0.016F | .

0.014F B
0.0121 | |

0.01- ! b

L(n)&R(n)

0.008 - B

0.006 - | B

0.004 - B

0.002 - | b

0 et

0 5 10 45 20 25

Figure 6. The solution of system (30) when a =1.

5. Conclusion

The main purpose of this paper is to deal with the dynamics
behavior for a class of nonlinear third-order fuzzy difference
equations. Firstly, the existence and uniqueness of positive
fuzzy solutions is proved. Secondly, It is obtained that the
nonzero equilibrium points of the corresponding ordinary

Boundedness and Asymptotic Behaviour of the Solutions for a Third - Order Fuzzy Difference Equation

difference equations is unstable by using linearization method.
Finally, It is find that the zero trivial solution of the fuzzy
equation is stable when the parameters 4, B,C are positive
real numbers, 4 < B and the initial conditions are any positive
fuzzy numbers. In particular, an example is given to show the
effectiveness of the obtained results. In addition, the sufficient
conditions obtained in this paper are very simple, which
provide flexibility for the application and analysis of nonlinear
fuzzy difference equation. For further work, it is our next
research target to study the higher order fuzzy difference
equations using new iteration method, inequality skills and
comparison theorem.
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