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Abstract: In presented paper, we study eigenvalue intervals for fractional boundary value problems with nonlinear boundary
conditions. In this case, for the existence of at least one positive solution of the boundary value problem the new sufficient
conditions are established. By means of example, the main results is illustrated. Finally, given comparsion obtained results with

others.
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1. Introduction

Fractional differential equations have attracted great
attention of mathematicians. It is caused both by the intensive
development of the theory of fractional calculus itself and by
the applications, see [1-4]. Recently, many scholars used
techniques of nonlinear analysis (fixed-point theorems,
Leray—Schauder theory, Adomian decomposition method, etc.)
to deal with the existence of positive solutions of nonlinear
boundary value problems of fractional differential equation,
see [5-12].

Xu et al. [13] considered the existence of positive solutions
for the following problem

Dy (u() = f(u()=0,0<t<1,
u(0)=u(l) =u'(0) =u'(1) =0,

. a - .
where 3 < a < 4 is a real number, D is the Riemann—

Liouville fractional derivative. By using the properties of the
Green function, they gave some multiple positive solutions for
singular and nonsingular boundary value problems, and also
they gave uniqueness of solution for singular problem by
means of Leray—Schauder nonlinear alternative, Guo—
Krasnosel’skii fixed point theorem on cones and a mixed
monotone method.

Zhao et al. [14] studied the existence of positive solutions
for the nonlinear fractional differential equation boundary
value problem

DA (u(t) = Af (1) =0,0<r<1,
u(0)+u'(0)=0, u()+u'(1)=0,

where 1 < o <2 is a real number, Dé{ is the Caputo fractional
deriva-tive, 1 > 0 and f : [0, +o0) — [0, +0) is continuous. By
the properties of the Green function and Guo—Krasnosel’skii
fixed point theorem on cones, the eigenvalue intervals of the
nonlinear fractional differential equation boundary value
problem are considered, some sufficient conditions for the
nonexistence and existence of at least one or two positive
solutions for the boundary value problem are established.

Sun et al. [15] studied the existence of positive solutions for
the nonlinear fractional differential equation boundary value
problem

Dy (@) =Af(u@®)=0,0<¢<1,
u(0) =u(1) =u'(0) =u'(1) =0,

where 3 < a < 4 is a real number, Dj.is the Riemann—
Liouville fractional derivative, 4 > 0 and f; (0, +o0) — (0, +00)
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is continuous. By the properties of the Green function and
Guo—Krasnosel’skii fixed point theorem on cones, the
eigenvalue intervals of the nonlinear fractional differential
equation boundary value problem are considered, some suff
cient conditions for the nonexistence and existence of at least
one or two positive solutions for the boundary value problem
are established.

There also results on fractional boundary value problem
with integral boundary conditions, such as Vong [16] studied
positive solutions of the nonlocal boundary value problem for
a class of singular fractional differential equations with an
integral boundary condition,

D& () + f(Lu() =0, 0<t<1

W' (0)=--=u""(0)=0,u(l) = jolu(s)du(s)

where n > 2, a € (n —1, n) and y is a function of boundary
variation. By the method of upper and lower solutions
together with the Schauder fixed point theorem, the existence
results for the boundary value problem are obtained.

Feng et al. [18] considered the existence of at least one
positive solution of the fractional differential equation

D (u(t) + f(u(t)=0,0<r<1,

u(0)=0, u(l)=H,(@u)) + _[E H, (u(s))ds ,

where £[J (0, 1) is some measurable set, 1 < o <2 is a real
number, Dg+is the Riemann—Liouville fractional derivative,

u(l) = H(@u)) + IE Hy(u(s))ds represents a nonlinear

nonlocal boundary condition. By imposing some relatively
mild structural conditions on f, H;, H, and ¢, some sufficient
conditions for the existence of at least one positive solution for
the boundary value problem are established.

Motivated by the above works, we discuss the existence of
at least one positive solution of the boundary value problem

Dy () + A f(t))=0,0 <t <1, )

u(0) =0, u(l) =H1(€du))+IEH2(u(S))dS 2)

where E [0 (0, 1) is some measurable set, 1 < a <2 is a real
number, Dé{ is the Riemann—Liouville fractional derivative,

A is a positive parameter and f: (0, +o0) — (0, +o0) is
continuous, ¢ in (2) is a linear functional having the form

W) = jol w(t))dor) . 3)

The rest of this paper is organized as follows. In section 2,
we review some necessary preliminaries and new properties
for Green’s function. In section 3, we present the main results
of this paper; also we give an illustrative example to support
our new results.

2. Preliminaries

In this section, we give some lemmas to facilitate analysis
of problem (1) and (2). And the background materials from
fractional calculus theory can be found in [17].

Lemma 1 (following in [18]) Letu, A e C [0, 1]and 1 <a <
2. The unique solution of problem

D(‘){ @) +h@)=0,0<¢<1, 4)
u(©0)=0,u() = Hy(@w) + [ Hy(s)ds  (5)
is

u(t) ="' [H, (@u)) + jEHz (u(s))ds]+ J‘;G(t,s)h(s)ds,

Where
a-1,4 _ ~a-1 _ ., _ ~a-1
7 (1-s) (t—s) L 0<s<r<l,
G(t,s) @ ©)
,8) =
tﬂ—l (1 _ s)ﬂ—l
_ 0<t<s<l.
ra)

Here G (¢, s) is called the Green function of boundary value
problem (4) and (5).

The following properties of the Green function different
from [10] play important roles in this paper.

Lemma 2 The function G (z, s) defined by (6) satisfies the
following conditions:

()G (t,5)>0,fort,s€(0,1);

(2) There exists a positive constant y € (0, y (t, s)) satisfies

(a@-1)y<t®" such that
(@-Dy®1-5)" <T(a)G(t,s) <97 (1-5)77",
where £, s € (0, 1) and y (¢, s) = min{s (1 — £), ¢t (1 — s5)}.
Proof. By the expression of G (¢, s), it is clear that G (¢, 5) >
0and T ()G (¢, s) <t ' (1 —s) ' fort,s € (0, 1).

When s <1, we have

L(@)G(t, s) =7 1 -5)" " = (1 —5)""

tts o,
=(a-1) x7 2 dx

t=s
2(@-1) 772(1-5)2s(1-1)
2(@-1) " 21-5)"s(1-1)
On the other hand, when s > ¢, we have

T()G(t, s) =17 (1- )"

=ts o,
=(a—1)f X 2dx
0
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2(a-1) "72(1-5)"2t(1-5)
2(@-D) " 1-59)""t1-5).

Lety (¢, s) =min{( «(1 — 5)), s (1 — )}, then we can find a

-1

constant y € (0, y (¢, s)) satisfies (@ — 1)y <t  such that
I (a)G (¢, s) > (a— Dyt ' (1 — ) "". The proof is complete.
Ifwesetg ()=t ", k(s)=(1 —s) ", then

(o = Dyg (Dk (s) <T ()G (1, 5) <q (Dk (s).

Lemma 3 (following in [19]) Let X be a Banach space, and
let POX beaconeinX. Assume Q], ) are open subsets
of Xwith0 e Q1 € Q1 €Q),and let S: P — P be a completely
continuous operator such that, either

(AD ISwll <lw ll, w € PN oQy, ISwl Zlwll, w € PN
0Q,, or

(A2) ISwll 2w ll,w € PN OQy, ISwl <llwl,w € PN
0Q,.

Then S has a fixed point in P ((5_22 \Q, ) )

For convenience, we give some assumptions which will be
used in the next section.

(C): Hy: [0, +o0] — [0, +oo] and Hy: [0, +o0) — [
real-valued, continuous functions.

(Cy): Foru € C]0, 1], there exists a constant M;

satisfies |¢{u)| <M, ||u|| .

(C;): For each given ¢ > 0, there are M, >0 and a
constant M, such that |H; (x) — M,x| < eM,x, whenever x >
M

(Cy4): There exists a function F: [0, +00) — [0, +o0) satisfying
F (x) < M;x, for some M; >0, having the property that for each
&> 0 given, there exists M, > 0 such that |H, (x) — F (x)| <
eF (x), whenever x > M.

0, +o) be

€ [0, 1]

£

3. Main Results

In this section, we will establish the existence of positive
solution for boundary value problem (1) and (2) by fixed point
theorem in [19]. As an application, an example is given to
illustrate the main results.

Lemma4. Let Banach space £ = C [0, 1] be endowed with

the norm ||u|| = sup |u (¢)|. Define the cone P € Eby P= {u €E:

u@®=>y(a—1)ul, t [0, 1] and the operator 4, :P - E
by

(Ayu)(t) = ' Hy @) + [ Hy@)ds1+ [ G, rwds (7)

Then, 4, :P - P.
Proof. By lemma 2.4 (see[19]), if u € P, we have

1
[(Ayu)(0)| = sup|e® ™' [H, (@) + .L: H, (u(s))ds] + /1_[0 G(t,5) f (u)ds

S ) + )1+ 2 [ gi(s) s

On the other hand,

1
(o) = (Hy @)+ | Hyw(s)ds1+A[ GGt (s
Ala-Dy !

r@ o AOK(s)f (w)ds

U H (@) + [ Hy (u(s)ds) + S22

> ya-D|(4u)).

Thus, A/]P*)P

Lemma 5 The operator 4, in lemma 4 is completely
continuous.

The proof of this lemma is similar to lemma 3.1 in [18], we
omit it.

For convenience, we denote

L @-D*y !

My = T OB g, = ) s
llmsupf( u) fw zlimsupfiLl)-
uHO u — 00

Theoreml Assume (C;) — (C,) hold, if there exists s
/0(0,1) such that

g f(@=1)?y (1 -M M, - M;m(E)) > F, , then for each

1-M M, —Myn(E)] ®

D[ !
q() fiuMs’ FoMy,

the boundary value problem (1) and (2) has at least one
positive solution. Here we impose (g(/)f., M 5)_1 = 0, if
foo =+ and (FyM,)™ =, if F, =0.
Proof. Let A be in (8), we can find a very small ¢ satisfy
1 <1—M1M2 - M;m(E)

<A<
«D(fo - )M, From, - O

By the definition of £y =0, there exists #; > 0 such that

Ju S(Fy+8u,0<u<r.

(10)
So, if u € P with Ju] = 71, then by (9) and (10), we have

[0l s g + [ H uisyds) + )j q(Ok(s) f (u)ds +
<[, (@) = M (gl + M (@) + [ [H )= Flaofast+ [ |Faaods

1 ¢l
@ IO k(s)(F, +&)rds

< MLegu) + MM, |ul| + (1+ &) Mym(E) |u]| + A(Fy + €)M, |u]
< (MM, (1+&)+(1+)Mym(E) + A(Fy + )M ) |ul < |u] -

Hence, if we choose Q, ={u UE: ||u|| <r},then
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|43u] < |u], « D PNOQ . (11)

From the definition of Jeo ,wecan find 7 >0 such that

fu2(fo—Ou, for uzr.

(12)

So, if u € P with||u| =7, =max {25, 5}, then by (9) and
(12), we have

[cA0]2 (A2 A 600.5) £ ts)ds

Aqa-ny !

2 QT jo k(s) f (u(s))ds
Agya=n*y* !

N %ﬂ))l’z jo k(s)(foo =€) ds

- AgM (e -l 2]
Thus, if we set Q, ={u OE :|u <r}, then

|4y 2]u], «OPNOQ,. (13)

Now, from (11), (13) and Lemma 4, we guarantee that 4,
has a fix point »0PN((Q,\Q,) with  <[u|<r , and
clearly u is a positive solution of (1) and (2). The proof is
complete.

Now, we will present an example to illustrate the main

result.
1
Example Let f(u) =u®, H,(x) =xe" +x " H,(x)=3u+u?>

Au) = %, consider the boundary value problem

3
DZ (u(®)+Au* =0> 0<¢<] (14)

_u 1
w(©0)=0,u(l)="2e3 +ﬁ+fl | Gu+u?ds .
3 3 [E,g]

(15)

1
Itis easy to see Fy =0, f,, =+, m (E):E and

4() fo (@ =1 y* (1= MM, = M3m(E)) > Fy

Thus, by Theorem 1, the boundary value problem (14) and
(15) has a positive solution for each A [1(0, +) .

4. Conclusion

In this work by means of preliminaries lemmal, 2, 3, 4, 5
proves the Theoreml, which is established the existence of
positive solution for boundary value problem (1), (2) with

fixed point theorem in [19]. This is a new sufficient conditions
for the existence of at least one positive solution for the
boundary value problem of (1), (2). which in case of A =1,
for boundary value problem (1), (2) incuding the result of
[18].

References

[1] K. S. Miller, B. Ross, An Introduction to the Fractional
Calculus and Fractional Differential Equation, John Wiley,
New York, 1993.

[2] K. B. Oldham, J. Spanier, The Fractional Calculus, Academic
Press, New York, 1974.

[3] L Podlubny, Fractional Differential Equations, Academic Press,
New York / Lindo n /Toronto, 1999.

[4] S. G. Samko, A. A. Kilbas, O. I. Marichev, Fractional Integral
and Derivative. Theory and Applications, Gordon and Breach,
Switzerland, 1993.

[S] D. Delbosco, L. Rodino, Existence and uniqueness for a
nonlinear fractional differential equation, J. Math. Anal. Appl.
204 (1996) 609-625.

[6] Y. Zhao, S. Sun, Z. Han, Q. Li, Positive solutions to boundary
value problems of nonlinear fractional differential equations,
Abs. Appl. Anal. 2011 (2011) Article ID 390543, 1-16.

[7]1 Jiang, W. Eigenvalue interval for multi-point boundary value
problems of fractional differential equations. Appl. Math.
Comput. 219 (2013)4570-4575.

[8] Anguraj, A, Karthikeyan, P, Rivero, M, Truyjillo, JJ, On new
existence results for fractional integro-differential equations
with impulsive and integral conditions. Comput. Math. Appl.
66 (2014), 2587-2594.

[9] D. Jiang, C. Yuan, The positive properties of the Green
function for Dirichlet type boundary value problems of
nonlinear fractional differential equations and its application,
Nonlinear Anal. TMA 72 (2010) 710-719.

[10] Z.Bai, H. Lii, Positive solutions for boundary value problem of
nonlinear fractional differential equation, J. Math. Anal. Appl.
311 (2005) 495-505.

[11] S. Zhang, Positive solutions for boundary value problems of
nonlinear fractional differential equations, Electron. J. Differ.
Equ. 36 (2006) 1-12.

[12] Y. Zhao, S. Sun, Z. Han, Q. Li, The existence of multiple
positive solutions for boundary value problems of nonlinear
fractional differential equations, Commun. Nonlinear Sci.
Numer. Simul. 16 (2011) 2086-2097.

[13] X. Xu, D. Jiang, C. Yuan, Multiple positive solutions for the
boundary value problem of a nonlinear fractional differential
equation, Nonlinear Anal. 71 (2009) 4676—4688.

[14] Y. Zhao, S. Sun, Z. Han, M. Zhang, Positive solutions for
boundary value problems of nonlinear fractional differential
equations, Appl. Math. Comput. 217 (2011) 6950-6958.

[15] S. Sun, Y. Zhao, Z. Han, J. liu, Eigenvalue problem for a class
of nonlinear fractional differential equations, Ann. Funct. Anal.
4 (2013) 25C39.



International Journal of Theoretical and Applied Mathematics 2017; 3(1): 49-53 53

[16] Vong, S, Positive solutions of singular fractional differential W. Feng, S. Sun, X. Li, M. Xu, Positive solutions to fractional
equations with integral boundary conditions. Math. Comput. boundary value problems with nonlinear boundary conditions.
Model. 57 (2013) 1053-1059. Boundary Value Problems 2014: 225, doi:

10.1186/s13661-014-0225-0.
[17] A. A. Kilbas, H. H. Srivastava, J. J. Trujillo, Theory and

Applications of Fractional Differential Equations, Elsevier [18] M. A. Krasnoselskii, Positive solution of operator equation,
Science B. V., Amsterdam, 2006. Noordhoff Groningen, 1964.



