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Abstract: This paper presents an exact solution of a fully developed natural convection flow in a vertical concentric annulus
in the presence of transverse magnetic field and heat absorption. The non-dimensional form of the equation governing the flow
is first obtained and then the unified analytical solutions for the temperature field, velocity field, and skin-frictions as well as
rate of heat transfer are obtained for both isothermal and constant heat flux case on the outer surface of the inner cylinder. The
effect of various identified governing parameters on the flow was illustrated with the aid of line graphs. It is found that the
magnitude of maximum fluid velocity is greater in the case of isothermal heating compared with the constant heat flux case
when the gap between the cylinders is less or equal to radius of the inner cylinder. More also, the various values of the non-
dimensional heat absorption parameter (H) and the corresponding values of annular gap where these fields are almost the same

are presented in table 1.
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1. Introduction

Interest in buoyancy-driven flows and the related heat
transfer has been on increase over the past few decades
because of the importance of these flows in many different
areas (such as cooling of electronic equipment, pollution,
materials processing, energy systems and safety in thermal
processes). The subject has been extensively discussed by a
number of books, for example, Kakac et al. [1], Bejan and
Kraus [2] and Turner [3]. The study of heat generation or
absorption in working fluid is important in problems dealing
with chemical reactions and those concerned with fluid
dispersion. Effect of heat absorption may vary the
temperature profiles and this, in turn, can affect the rate of
deposition of particles in nuclear reactors and electronic
chips, this singular fact has aroused the interest of several
researchers. Although exact modeling of internal heat
generation or absorption is quite difficult, some simple
mathematical models can be used to express its general
behaviour for most physical situations. Heat generation or
absorption can be assumed to be constant this can be found in
the work of Inman [4], it was taken to be space-dependent in
the work of Chambre [5], several works have also shown that

it can be expressed as a function of temperature Modejski [6]
and Toor [7]. The use of magnetic field that influences heat
generation/absorption process in electrically conducting fluid
flows has many engineering applications. For example, many
metallurgical processes which involve cooling of continuous
strips, which are drawn through a quiescent fluid. It is a
known fact that in a physical application such as crystal
growing the heat generation or absorption effect in the fluid
is greatly dependent on temperature. Vajravelu and Nayfeh
[8] shows this dependence by a linear relationship. Miyatake
and Fujii [9] have discussed the free convection flow
between vertical plates - one plate isothermally heated and
other thermally insulated. Natural convection flow between
vertical parallel plates- one plate with a uniform heat flux and
the other thermally insulated have been investigated by
Tanaka et al. [10]. Jha and Ajibade [11] have studied the
unsteady free convective Couette flow of heat
generating/absorbing fluid. They have also examined the
effect of periodic heat input in fluid flowing in a vertical
porous plate [12]. Das et al. [13] studied the radiation effects
on free convection MHD Couette flow started exponentially
with variable wall temperature in presence of heat
generation. The effect of radiation on transient natural
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convection flow between two vertical walls have been
described by Mandal et al. [14]. Das et al. [15] have studied
the radiation effects on unsteady MHD free convective
Couette flow of heat generating/absorbing fluid. Chamkha
[16] made an analysis of mixed convection in a square cavity
in the presence of the magnetic field and internal heat
generation or absorption, he obtained that the magnetic field
largely affected the behaviour and the heat transfer
characteristics within the cavity. Singh et al. [17] have
investigated the effect of mixed kind of thermal boundary
conditions on the free convection flow of an electrically
conducting fluid in annulus under the influence of a radial
magnetic field. Kalita [18] has obtained an exact solution of
an unsteady free convection MHD flow and heat transfer
between two heated vertical plates with heat source. In a
related work Singh and Singh [19] studied the effect of
induced magnetic field on natural convection in vertical
concentric annulus and concluded that the magnitude of
maximum value of the fluid velocity as well as induced
magnetic field is greater in the case of isothermal condition
compared with the constant heat flux case when the gap
between the cylinders is less or equal to 1.70 times the radius
of inner cylinder, while reverse trend occurs when the gap
between the cylinders is greater than 1.71 times the radius of
inner cylinder. Other related article is the work of Kumar
[20]. The aim of the present paper is to perform a study of
MHD natural convection flow in a vertical concentric
annulus with heat absorption. The unified solutions for the
temperature, velocity, skin friction and mass flow rate in
non-dimensional form with mixed kind thermal boundary
condition have been obtained.

2. Mathematical Analysis

We have considered here, steady laminar fully developed
natural convective flow of an electrically conducting fluid in
the vertical concentric annulus of infinite length. The z'-axis
is taken along the axis of the cylinder in the vertically
upward direction opposite the gravitational force. In the
present physical situation, the inner cylinder is heated or
cooled either isothermally or at a constant heat flux. While
the inner surface of the outer cylinder is kept at T. Since the
flow is fully developed the flow depends only on radial co-
ordinate r’. A schematic diagram of the problem is shown in
Figure 1. Thus under the usual Boussinesq approximation,

the basic governing equation for the model under
consideration in dimensional form are given by;
da?u’ 1 au’ Bo 11/ ,
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The boundary conditions suggested by the physics of the
problem are:
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Figure 1. Flow configuration and coordinates system.

The dimensional quantities in the momentum equation,
energy equation including the boundary condition (3) above
are defined in the nomenclature

Introducing the following non-dimensional quantities:

R =r_',/1 — o= aZQo, 0= (T’_To)’ )
a a k AT k
U= U_’ U = 9B(Ty —To)az MZ — a'BOZa2 (4)
an 0 v > pv
!
Where AT =T,, — T, or Q according as inner cylinder is
T

maintained at constant temperature T,, or constant heat
flux q', respectively.

Using equation (4), the non-dimensional expression for
momentum and energy equation are

d?U | 1dU

aw T i) ~MU=-6 )
d%0  1de 240

While the boundary conditions in dimensionless form are
given as:

U=0%=_10rg=1atR=1 )
dR
U=00=0atR=2 (8)

The isothermal and heat flux boundary condition as given
in equation (7) can be represented by a single equation as

e
aﬁ+ﬁ0—yatR—1 9)

In which the suitable values of a, § and y represent the
isothermal or isoflux condition at the outer surface of the
inner cylinder as the case maybe.

The solution of equation (5) and (6) subject to the
boundary conditions (8) and (9) are;

C119(RH)+C2Ko(RH)]
(H2-M?]

U = C3lo(RM) + C,Ko(RM) — . (10)
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0 = C,1,(RH) + C,K,(RH) (11)

Where C;, C,, C3, C, are defined in the appendix

Using equation (10), the skin-friction at the surface of the
cylinders are:

du H[Cy14 (H)—=Co Ky (H)]
=R Re1 = M(C311(M) - C4K1(M)) - W (12)
au H[C111(AH)—C2 Ky (AH)]
o=l = M(CL K, (AM) — C31L,(AM)) + =22 P (13)
Also, the mass flow rate in of fluid through the annular region is
y! C C C1 {13 (AH)—11 (H)}=C2 {AK1 (AH) K4 (H)}
Q = 2m [} RUAR =2 [21, AM) — 1, (M)] = 2 [2K, (AM) — K, ()] — 2O Ca A D) (14)

Using equation (11), the rate of heat transfer at both
surfaces are respectively given by

Nu, = —% Rt = H(CzKl(H) - Clll(H)) (15)
Ny = -2 -, = H(GKQ@H) - G L@m)  (16)

3. Results and Analysis

In other to have a good knowledge of the effects of the
governing parameters on the fluid temperature profiles,
velocity profiles, skin-friction and rate of heat transfer at both
surfaces as well as mass flow rate in the annular gap, we
have employed a mathematical tool- MATLAB to generate
the numerical values and line graph of the temperature (6),
velocity (U), skin-friction (z;) at the outer surface of the
inner cylinder, skin-friction (z;) at the inner surface of the
outer cylinder, Nusselt number (Nu,) at the outer surface of
the inner cylinder, Nusselt number (Nu,) at the inner surface
of the outer cylinder and mass flow rate (Q) for some
carefully selected flow parameters so as to comment on their
effects on the flow formation.

Figure 2 points out the temperature profiles across the
annular gap for different values of the dimensionless heat
absorption parameter (H) for both isothermal and isoflux
heating. We can see that the fluid temperature decreases with
increase in H, it is also observed to decrease towards the
inner surface of the outer cylinder. In addition, fluid
temperature due to isothermal heating is observed to be
higher than the heat flux case.

The velocity for isothermal and constant heat flux are
shown in Figures 3 — 6. It can be seen from Figure 3 that
velocity decreases with increase in heat absorption parameter
(H), but seen to be inversely proportional to the radii ratio in
both cases, higher magnitude of velocity is also observed to
have occurred in the isothermal case. Figures 4, 5 and 6 show
variation of velocity profiles for different values of Hartmann
number (M). We observed in these Figures that increase in
Hartmann number decreases the fluid velocity however, it is
clear from Figures 4 and 5 that the magnitude of maximum
value of the velocity profile is higher in the case of
isothermal condition than the case of constant heat flux when
the radius of outer cylinder is less than 3.5 (1 < 3.5) while
reverse phenomena occur when A > 3.5. Again, it is also
clear from Figure 6 that the velocity profiles for A = 3.5 are

approximately the same for both cases of thermal conditions
imposed on the inner cylinder. Other corresponding values of
A and H where velocity profiles are approximatively the same
for both isothermal and constant heat flux are presented in
table 1.

Figures 7 to 10, present the skin friction (7, ) at the outer
surface of the inner cylinder and the skin friction (z; ) at the
inner surface of the outer cylinder for different controlling
parameters. In Figures 7 and 8. We obtained that both 7; and
T; decreases with increase in Hartmann number (M) the
Figures also show that the skin friction at both surfaces is
inversely proportional to the heat absorption parameter (H)
with skin friction due to isothermal heating higher than the
heat flux case at both surfaces. The variation of skin friction
for different values of A4 at the outer surface of the inner
cylinder and at the inner surface of the outer cylinder is
respectively presented by Figures 9 and 10. Figure 9 shows
that skin friction (7, ) increases with increase in A, while
Figure 10 shows that skin friction (7;) decreases with
increase in A. The mass flow rate through the annular gap is
presented in Figures 11 to 14. As expected, the Hartmann
number always tend to reduce the mass flow rate (See
Figures 11 and 12) generally, the mass flow rate (Q) is clearly
seen to decrease for H < 1.5 but increase for values of
H > 1.5 when radii ratio 4 = 2.

Figures 13 and 14 present variation of mass flow rate for
different values of radii ratio (1). It is observed in Figure 13
that mass flow rate increase with increase in radii ratio (1)
the reserve is however seen for large value of heat absorption
parameter (H) (See Figure 14).

Figures 15 and 16 depict the rate of heat transfer for
different values of (1) and (H). In Figure 15, it is obvious
that heat transfer at the outer surface of the inner cylinder
when the cylinder is isothermally heated decreases with
increase in A but increases with increase in H but maintained
a constant value for the heat flux case at the outer surface of
the inner cylinder. The rate of heat transfer is observed to
decrease with increase in A and the heat absorption parameter
(H). (See Figure 16)

4. Conclusion

A theoretical study of the effect of Hartmann number and
heat absorption parameter, on a steady MHD natural
convection flow in vertical concentric annulus with heat
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absorption with the outer surface of the inner cylinder the same for both cases of thermal conditions imposed
subjected to a mixed kind boundary condition (isothermal on the inner cylinder. Other corresponding values of 4
and isoflux). We found that Hartmann number (M), heat and H where velocity profiles are approximatively the
absorption parameter (H), as well as annular gap, play a same are prqsepted m table 1. )
major role in determining the nature of fluid flow. The main ¢) The skin friction is seen to generally decrease with
conclusions of the present research are; increase in the heat absorption parameter (H) while the
a) The magnitude of maximum value of the velocity mass flow rate (Q) is clearly seen to decrease foruvalu§s
profile is higher in the case of isothermal condition than of H < 1.5 but increases for H > 1.5 when radii ratio
the constant heat flux when the radius of outer cylinder (1=2). )
is less than 3.5 (A < 3.5) while reverse phenomena d) Increase in the annular gap (4) enhances rate of heat
occur when (1 > 3.5). transfer at the outer surface of the inner cylinder the
b) The velocity profiles for (A = 3.5) are approximately reverse is seen at the inner surface of the outer cylinder.
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Figure 2. Temperature profiles for different values of H (Isothermal and Isoflux case).
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Figure 3. Distribution of velocity components versus R for different values of H when A =1.8 and 2 (M=2).
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0.25 T
——e— )\ = 3.5 (Isothermal)
—+— )\ = 3.5 (Isoflux)
0.2 -
~ 0.15 B
2
2
‘©
o
[}
> 01F -
M=0.4,0.8, 12, 1.6
0.05 B

(03 4 I
1 1.5 2 2.5 3 3.5
R

Figure 6. Distribution of velocity components versus R for different values of M when (H = 0.5,4 = 3.5).



International Journal of Fluid Mechanics & Thermal Sciences 2017; 3(5): 52-61

0.32 T T
—e— Isothermal
0.3 —+— Isoflux N

0.26% b

= 0.22f .
0.2 { .

0.187 =

0.16 - =

0141 ~
M=14,18,22 26 |

0.12 I I I I I I I
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

H

Figure 7. Skin friction at the outer surface of the inner cylinder versus H for different values of M (A = 2).
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Figure 8. Skin friction at the inner surface of the outer cylinder versus H for different values of M (1 = 2).
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Figure 10. Skin friction at the inner surface of the outer cylinder versus H for different values of A (M = 2).
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Figure 16. Distribution of rate of heat transfer at the inner surface of the outer cylinder for different values of H and A.

Table 1. Showing the corresponding values of H and A for which the fluid velocity for isothermal heating and constant heat flux.

H A Annular gap

0.01 2.7184 (Singh and Singh) 1.7184 (Singh and Singh)
0.04 2.7209 1.7209

0.08 2.7288 1.7288

0.10 2.7348 1.7348

0.20 2.7880 1.7880

0.30 2.8917 1.8917

0.40 3.0837 2.0837

0.50 3.5004 2.5004

0.59 5.7178 4.7178

Table 2. Table of convergence of the present work in comparison with the work of Singh and Singh for different values of H.

Nu, Nu,
Isothermal Isoflux Isothermal Isoflux
Singh and Present . . Singh and Present . . Present
H Singh work Singh and Singh Present work Singh work Singh and Singh work
2.00 -1.4427 -2.5337 -1.000 -1.0000 -0.7213 -0.3962 -0.5000 -0.1564
1.60 -1.4427 -2.1907 -1.000 -1.0000 -0.7213 -0.4845 -0.5000 -0.2212
1.20 -1.4427 -1.8898 -1.000 -1.0000 -0.7213 -0.5725 -0.5000 -0.3029
0.80 -1.4427 -1.6512 -1.000 -1.0000 -0.7213 -0.6493 -0.5000 -0.3932
0.40 -1.4427 -1.4965 -1.000 -1.0000 -0.7213 -0.7023 -0.5000 -0.4693
0.20 -1.4427 -1.4562 -1.000 -1.0000 -0.7213 -0.7165 -0.5000 -0.4920
0.08 -1.4427 -1.4449 -1.000 -1.0000 -0.7213 -0.7206 -0.5000 -0.4987
0.04 -1.4427 -1.4432 -1.000 -1.0000 -0.7213 -0.7212 -0.5000 -0.4997
0.02 -1.4427 -1.4428 -1.000 -1.0000 -0.7213 -0.7213 -0.5000 -0.4999
0.01 -1.4427 -1.4427 -1.000 -1.0000 -0.7213 -0.7213 -0.5000 -0.5000
Appendix
C = —YKo(AH)
L=
Ly(AH)[BKy(H) — aHK, (H)] — Ko (AH) [BKo(H) — aH K, (H)]
C. = y1o(AH)
) =
Iy(AH)[BKo(H) — aHK (H)] — Ko(AH)[BKy(H) — aHK; (H)]
c Ko(AM) [y Ko (AH) Iy (H) — y1o(AH) Ky (H)]
3

B Iy(AH)[BKy(H) — aHK, (H)] — Ko (AH)[BK,(H) — aHK; (H)]



International Journal of Fluid Mechanics & Thermal Sciences 2017; 3(5): 52-61 61

Iy(AM) [yly(AH)K,(H) — yKo(AH) Iy (H)]

Ca

Nomenclature

ﬁ\

QR

D 5

;u«ogboeguwm

dimensional radial coordinate
axial velocity

dimensionless axial velocity
dimensionless radial coordinate
reference temperature

constant temperature
dimensionless temperature
radius of the inner cylinder
radius of the outer cylinder
constant magnetic flux density
dimensional heatgeneration/absorption coefficient
gravitational acceleration
Hartmann number
dimensionless volume flow rate
Prandtl number

specific heat at constant pressure

Greek Letters

™M TV Q A

fluid kinematic viscosity
skin-friction

electrical conductivity of the fluid
density

thermal conductivity of the fluid
radii ratio(b/a)

coefficient of thermal expansion
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