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Abstract: In the present study, the coupled thermoelastic analysis was carried out for determining the temperature, radial
displacement, and radial and circumferential stress distributions of a classical cylinder, and later a reactor pressure vessel
exposed to an inner moderator pressure and thermal loads. For the solution, a critical region is analyzed to imitate the effect
of the outlet nozzles of the reactor pressure vessel. In order to certify our computational code, the temperature, radial
displacement, radial stress, and circumferential stress distributions were also calculated using finite element (FE) method. It
was concluded that the analytical results were in good agreement with the computational ones for the classic cylinder. The
effect of thermomechanical loads on the temperature, displacement, and stress distributions was discussed in detail. This
presented analysis proposes satisfactory results to design reactor pressure vessels.
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1. Introduction

Reactor pressure vessels often have a combination of
high temperatures together with high pressures, sometimes
in cases of highly radioactive materials. The pressure
vessels have to be designed carefully in order to deal with
the operating pressure and temperature. The reactor
pressure vessel provides hot reactor coolant fluid to each
steam generator through a section of piping called the hot
legs. This hot reactor coolant fluid exits the reactor pressure
vessel shell via the hot legs or outlet nozzles. Thick-walled
cylindrical pressure vessels have a wide spectrum of
applications in various industries, likewise high pressure
reactor in extreme conditions, due to their high corrosion
resistance and high safety performance.

Zhang et al. [1] derived an analytical solution for
determining the stress distribution of a multilayered
composite pressure vessel subjected to an internal fluid
pressure and a thermal load. The stress distribution of the
pressure vessel was computed using FE method. Ali, Ghosh,
and Alam [2] investigated the effect of autofrettage process
in strain hardened thick-walled pressure vessels
theoretically by FE modeling. Wang and Ding [3] obtained
the thermoelastic dynamic solution of a multilayered
orthotropic hollow cylinder in the state of axisymmetric
plane strain. Atefi and Mahmoudi [4] offered an analytical

solution for obtaining thermal stresses in a pipe caused by
periodic time varying of temperature of medium fluid.
Jabbari, Sohrabpour, and Eslami [5] developed a general
analysis of one-dimensional steady-state thermal stresses in
a hollow thick cylinder made of functionally graded
material. Shao, Wang, and Ang [6] carried out
thermomechanical analysis of functionally graded hollow
cylinder subjected to axisymmetric mechanical and
transient thermal loads. Nevertheless, none of these studies
took the effect of the four outlet nozzles of a reactor vessel
into consideration. In fact, the outlet nozzles are in direct
fluid contact with cylindrical wall of the cylindrical reactor
vessel. In this manner, it is essential to examine the effect
of outlet nozzles in designing reactor pressure vessels.

It is hard to approximate convection and radiation effects
in vessel wall solids of complicated shape as coupled
thermomechanical analyses are needed in areas of high
strain gradients. The uncoupled thermoelasticity behavior
of a thick-walled cylinder of finite length with internal
sources of radiation whose temperature was changing
linearly was studied by Lamba and Khobragade [7]. The
stresses and the temperature distribution for uncoupled
thermoelasticity —problem with radiative boundary
conditions were obtained. Bessel functions of infinite series
can be used in order to obtain the solutions. Generalized
closed-form solutions are obtained by Tutuncu and Ozturk
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[8] for spherical and cylindrical pressure vessels with
changing elastic properties obeying a power law through
the vessel wall thickness which resulted in Euler-Cauchy
equations. The transient behavior of a quasi-static coupled
thermoelastic case for annular cylinders was also studied
under different boundary conditions by Ghosn and
Sabbaghian [9], Hung, Chen, and Lee [10], and Lee, Chen,
and Hung [11]. Additionally, Santos, Soares, Soares, and
Reddy [12] developed a semi-analytical axisymmetric finite
element model using the three-dimensional linear elasticity
theory. The heat conduction and the thermoelastic
equations for a functionally graded axisymmetric cylinder
subjected to thermal loading are solved by Reddy and Chin
[13]. Nevertheless, many researches were only carried on
by means of theoretical techniques just as finite difference
method or Laplace transform. Results without any proof are
almost unpersuasive. As a result, efforts for studies must be
devoted to determine the steady-state stress distribution of a
classical cylinder or nuclear reactor pressure vessel under a
uniform thermomechanical load. Later, the developed code,
the commercial FE software and whenever available
analytical solution should be used for validation.

In spite of the fact that the thermoelasticity theory has
been broadly put into use to solve engineering problems in
the field of pressure vessels, there is no open literature on
the determination of thermomechanical stresses of a
nuclear reactor pressure vessel dealing with the effect of its
outlet nozzles. In the present study, the focus is to
determine the steady-state temperature, radial displacement,
and stress distributions of a nuclear reactor pressure vessel
under a uniform thermomechanical load. An internal
pressure is introduced to imitate the influence of the
coolant fluid of the reactor pressure vessel. To certify the
solution from our computational code, a finite element
model of a reactor pressure vessel cross-section is also
established. The influence of outlet nozzles and thermal
loads on the temperature, displacement, and stress
distributions is considered in detail. In this manner, the
introduced numerical solution supplies a satisfactory result
in order to design nuclear reactor pressure vessels.

2. Governing Equations
2.1. Linearized Field Equations for Elastic Materials

The developed finite element equations are based upon
displacement finite element methods so it requires starting
from strains and displacements. Hence involving the
constitutive relationship, the stresses and forces are being
calculated. For this reason, the nonlinear strain tensor will
be written based upon Green’s strain tensor using the
Lagrangian description as follows [14]:
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The research is restricted to small strain problems so the
nonlinear equation will be reduced to linear equation as
Cauchy’s infinitesimal strain tensor:
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The coefficient of thermal expansion may be defined as
the amount of strain induced by some change in
temperature in a solid in stress-free state. Then, the
constitutive law (Duhamel Neumann law) can be expressed
as,

g, = Cijkl (Ey —a,AT) 3)

ij
Then, the equation for linear momentum balance of
linear elastostatics may be given as,

9o, *0b =0
‘ = 4
The field equations for isotropic, linear elastic solids
may be reduced by eliminating the strain and stress from
the governing equations. Then, they can be solved directly
for displacement. Therefore, the equation for linear
momentum balance can be expressed as,
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The internal forces in terms of displacement components
are governed in the following vectorial form:
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2.2. Thermal Equations

Expression for the conservation of energy in a solid
medium for transfer of heat is governed in vector form by
Reddy [15] as:
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where & is the heat conductivity, T(X, y, z) is the scalar
temperature field, Q is the rate of internal heat generation

per unit volume, o is the mass density, € is the specific
heat per unit mass at constant volume and § is the heat
flux vector. The first equation is the general three-
dimensional heat conduction equation and the second
equation is the general statement of the conduction rate
equation (Fourier’s law).

Conservation of thermal and mechanical energy in an
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isotropic homogeneous solid for fully coupling of the
thermal and elasticity processes is governed by the
following differential equation:

o°’T  90°T 0T 0 .
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where £ is the volume strain, and the coupled
thermoelastic deformation is dependent on time. The first
term on the right side of the equation accounts for the
mechanical energy of the coupled thermoelastic process.
This term corresponding to mechanical energy is neglected
for the uncoupled thermoelastic process in (7). A small
change in temperature compared to the ambient absolute
temperature is assumed in this case.

For the convective boundary, if a region in the boundary
must be in touch with the fluid which has a temperature of
T, outside the thermal boundary layer. The normal

component of the heat flux vector can be given as:

oT
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where /4 is the convection heat transfer coefficient.

For the radiative boundary, a body which has a
temperature of 7, subjected to a heat source at temperature
T. may transfer heat from or to outside, by thermal
radiation.
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where & is the emissivity and O, is the Stefan-

Boltzmann constant and it’s numerical value is
5.676x10°W /m*’K™ . The boundary condition can be
given as:

oT
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A body can possess multimode heat transfer conditions.
The boundary condition for both convective and radiative
conditions can be written as:
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(13)

The thermal analysis is conducted by imposing constant
surface temperatures at the edge surfaces. There is no
variation of temperature is assumed to occur in the models.

2.3. Analytical Solution of Thick Pressurized Cylinder
under Thermal Loads

Three principal stresses are generated by internal
pressure: a hoop stress O, , a radial stress O, , and a
longitudinal stress O, . The latter is due to the thrust of
pressure on the heads of the cylinder. The values of the

stresses O, and O, are not constant through the cylinder
wall, whereas O, is in fact constant [16]. In this manner,
we analyzed a two-dimensional cross-section of the hollow
cylinder.

A usual thick-walled cylinder of internal and external
radii of 7, and 7, , respectively, and internal and external
pressures of p, and p , respectively. Equations for the
radial and circumferential stresses in a thick-walled
cylinder were introduced by Lamé. In generalized form,
radial and circumferential stress components are [17]:
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For the next computations, only an inner pressure is
assumed on the thick-walled cylinder, which means that
p, =0. Likewise, the above equations can be developed
for an entirely external pressure or a pressure gradient over
the whole cylinder.

For a purely internal pressure ( p, = p ), (14) reduce to:
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Physical conditions that include radiation together with
conduction and convection heat transfer modes are quite
common. Physical examples contain automobile radiators,
heat transfer in the reactor vessel of nuclear power plants
and in the incinerator of boilers. The general energy
equations are evolved into more complicated ones when
they consist of both temperature gradient coming from
convection heat transfer mode and temperature derivatives
coming from conduction heat transfer mode. For that
reason, there is not any classical method of solution, but
numerical techniques. When the outer wall of the thick-

walled cylinder is exposed to a uniform temperature T, , the
inner wall is held in contact with the coolant fluid, and
exposed to radiation by a radiation source within its inner
walls, the magnitude of its temperature at the inner wall is
given by:

logﬁ

T =T, +(T,~T)—
log

(16)
To
v
where 7, denotes the inner radius, and 7, is the outer radius

of the cylinder [18].

For the elastic domain the stresses, strains, and
displacements resulting from a combination of pressure and
thermal loads may be found by simple superposition. For
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the plane strain case, the radial stress is a combination of
the equations for pressure and thermal cases [19].
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3. Numerical Solution and Finite
Element Validation

3.1. Finite Element Modeling of a Thick-Walled Cylinder

To certify the solutions from our computational code, a
thermomechanical finite element modeling of a typical
thick-walled cylinder was built. Due to the axisymmetry
characteristic of the thick-walled cylinder and its boundary
conditions, a one-fourth of the geometrical model (Fig. 1)
was built with the 8-noded thermal elements PLANE77
with the element behavior of plane strain and the 8-noded
plane elements PLANE183 with the element behavior of
plane strain by means of the finite element software
ANSYS. Zero-displacement in x-direction is applied for the
x=0 line of the geometrical model and zero-displacement in
y-direction is applied for the y=0 line of the geometrical
model. The numbers of elements and nodes were 480 and
1529, respectively.

The inside radius of the typical thick-walled cylinder was
0.1 m, whereas its outside radius is 0.2 m. The internal
flowing fluid pressure was 15.7 MPa, and there is not any
applied pressure externally. The outer temperature was
232.7 °C, the inner fluid temperature was 325 °C, and the
temperature from the radiation source which is subjected
internally to the cylinder was 1573 K.

3.2. Finite Element Modeling of a Reactor Pressure
Vessel

A thermomechanical finite element modeling of the
cross-section of the nozzle region of a reactor pressure
vessel was built in order to certify the solutions from our
computational code. Due to the axisymmetry characteristic
of the nozzle region cross-section and its boundary
conditions, a one-fourth of the geometrical model (Fig. 2)
was built with the 8-noded thermal elements PLANE77
with the element behavior of plane strain and the 8-noded
plane elements PLANE183 with the element behavior of
plane strain by means of the finite element software
ANSYS like in the first case. Again, zero-displacement in
x-direction is applied for the x=0 line of the geometrical
model and zero-displacement in y-direction is applied for
the y=0 line of the geometrical model. The numbers of
elements and nodes were 336 and 1185, respectively. A
cross-section at A-A (Fig. 3) of the pressure vessel is shown
in Fig. 4.

ELEMENTS

Figure 1. Finite element mesh for the cylinder consisting of 8-noded
quadrilateral elements.

1
ELEMENTS .

Figure 2. Finite element mesh for the nozzle region cross-section
consisting of 8-noded quadrilateral elements.

The inside radius of the nozzle region cross-section was
2.116 m, whereas its outside radius is 2.3135 m. Applied
structural and thermal boundary conditions was the same as
the ones in the first case. The internal flowing fluid
pressure was 15.7 MPa, and there is not any applied
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pressure externally. The outer temperature was 232.7 °C,
the inner fluid temperature was 325 °C, and the temperature
from the radiation source which is subjected internally to
the cylinder was 1573 K.

Figure 4. Position of the four nozzles [21].

Some of the parameters of reactor pressure vessel are as
follows:

e Inner diameter of the cylindrical shell is 4232 mm.

e Wall thickness of cylindrical shell is 197.5 mm.

The thermomechanical parameters of each case are listed
in Table 1. The thermomechanical properties for the case of
reactor vessel were adopted from reference [20].

The thermal-stress analysis was carried out using the
coupled-field method [22] in order to compute the coupled
thermomechanical stresses of the nuclear reactor pressure

vessel. The basic solution procedure for the coupled-field
method was carried out as:

. The thermal problem was defined, and the
temperature boundary conditions were inputted.

. The thermal problem is solved and then the
temperature distribution is calculated.

. PREP7 is returned and the database is modified.
The element types were switched from the thermal
element PLANE77 to its corresponding mechanical
element PLANEI183.

. Additional material properties and structural
boundary conditions were specified. The pressure
due to internally flowing fluid was imposed on the
internal surface of the finite element model of the
reactor pressure vessel.

. The temperatures were read from the thermal
results file, and the thermal stresses were obtained.

e The structural problem is solved, and the stresses
(0o, , 0,) were determined.

Table 1. Material properties

Cases Thick-walled cylinder Reactor pressure vessel
Young’s 11 1
Modulus (Pa) 2.09x10 2.0577275%10
Poisson’s Ratio 0.3 0.3
Density
(kg.m™) 7900 7850
Heat
Conductivity 48 48
(W /m°C)
Thermal
Expansion = =
Coefficient 1110 12x10
(1/K)

3.3. Results and Discussion

The temperature, radial displacement, radial stress, and
circumferential stress that are determined from our
computational code and the finite element method are
shown in Fig. 5, Fig. 6, Fig. 7, and Fig. 8, respectively. In
these diagrams, the parallelogram symbol designates the
results from our computational code along the cross-section,
and the square symbol designates the results from the finite
element method along the cross-section. According to the
diagrams, it can be detected that the solution from our
computational code agrees closely with the finite element
result at the cross-section. Due to the complicatedness in
the shape of the pressure vessel cross-section, solely
solutions from our computational code and finite element
method of temperature, displacement, radial stress, and
circumferential stresses were shown in this study.

Poworoznek [19] developed an analytical solution for
linear elastic hollow cylinder subjected to a uniform
pressure on its inside surfaces by taking thermal load also
into consideration. In this particular study, the algorithm
was applied in order to calculate the radial stresses. The
result from Poworoznek’s solution is depicted for
comparison.
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Fig. 6 shows the comparison of the radial displacements
from the two solutions. It can be seen that the results depict
a close agreement with Poworoznek’s study when both the
pressure and thermal load is applied.
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Figure 5. Temperature distributions through the radius of thick-walled
cylinder.
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Figure 6. Variation of radial displacement of cylinder with radial distance
in different methods.
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Figure 7. Steady-state radial stresses across the radius of a hollow
cylinder subjected to pressure and heating on both internal and outer
surface.
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Figure 8. Steady-state hoop stress distributions across the radius of a
hollow cylinder subjected to constant heating and pressure.

The geometry of the model included the accurate design
of the one inlet nozzle. Although the model is detailed, it
also has some simplifications. The four inlet nozzles are not
symmetrically located around the reactor core. It is totally
included in the provided geometry also. The number of
primary circuit loops is 4. The main operational primary
pressure parameter at the core outlet is 15.7 MPa.

Figure 9. Steady-state radial stress distribution through the nozzle region
subjected to constant heating and pressure.
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Figure 10. Radial stresses through the radial distance by ANSYS and our
code.

Figure 11. Distribution of hoop stresses through the vessel cross-section
by ANSYS and our code.

The reactor pressure vessel has hot leg effects, and in this
manner there are changes in the radial stress and
circumferential stress distributions at each of the edges of
the hot leg. In the internal surface, there is a compressive



66 Begiim Kanlikama ef al: Coupled Thermoelastic Analysis of Thick-Walled Pressurized Cylinders

stress state (Fig. 9 and Fig. 11). The radial stress in the
inner wall is under compression with a value of
approximately 17 MPa (Fig. 10), which is smaller than that
of the circumferential stress of nearly 600 MPa (Fig. 12 and
Fig. 13). This is an evidence of the importance of the
circumferential stress in the reactor vessel case.
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Figure 12. Comparison of hoop stresses through the radial distance by
ANSYS and our code.
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Figure 13. Hoop stresses through x=0 edge of the plane strain model.

Figure 14. Temperatures through the plane strain model of the vessel
cross-section.

Fig. 15 shows the temperatures of each node at the y=0
line of the finite element model. Since no plastic
deformations were assumed along the pressure vessel, there
will be no change in material properties such as thermal

expansion coefficient. It can be detected that the
temperatures are continuous due to unique material
properties along the pressure vessel. Temperature of the hot
leg cross-section perpendicular to the flow is greater than
the nodal temperature of the thick-walled cylinder. This
indicates that temperature plays an important role in
determining the radial displacement, radial stress, and
circumferential stress. Additionally, it can be also detected
from Fig. 14 that temperature has a decreasing trend when
the radial distance is going outwards, which agrees with
(16).
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Figure 15. Comparison of temperature distributions through y=0 surface
of the model.

Figure 16. Radial displacement distributions through the finite elements
model for plane strain.
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Figure 17. Radial displacement distributions through the thickness of the
model.
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Figure 18. Radial displacement distributions at x=0 surface of the model
by ANSYS and our computational code.

Fig. 16, Fig. 17, and Fig. 18 depict the effect of both
pressure and thermal loads on the radial displacement
stresses in the cylindrical body of the reactor pressure
vessel.
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Figure 19. Radial displacements through the inlet nozzle region of the
plane strain model.
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Figure 20. Radial stress distributions through the nozzle flow cross-
section of the model by ANSYS and code.
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Figure 21. Hoop stresses through the nozzle flow cross-section of the
plane strain model by ANSY'S and our code.

Also, Fig. 19, Fig. 20, and Fig. 21 demonstrate that the
hot leg has an important effect on the radial displacement,
radial stress, and circumferential stress distributions.

In order to show the effect of the outlet nozzles on the
radial displacement, radial stress, and circumferential stress,
corresponding figures along the wall thickness should be
compared for reactor pressure vessel and thick-walled
cylinder, which means with outlet nozzles and without
outlet nozzles. It can be seen that the fluctuations in
displacement and stress can be importantly underestimated
if the influence of outlet nozzles is neglected.

The coolant fluid pressures were constant with an
internal pressure of 15.7 MPa. There is no applied pressure
externally to the reactor pressure vessel. Under the
conductive, convective, radiative thermal loads, the lower
the working temperature, the lower is the magnitude of the
stress at the inner and outer surfaces.

4. Conclusions

In this study, we attempted to investigate the problem for
the mechanical and thermal stresses in a hollow cylinder
and an inlet nozzle region of a nuclear reactor pressure
vessel due to the two-dimensional steady-state loads. Two
potential problems were proposed in order to depict the
significant ability of our computational thermoelasticity
code for solving the problems of complicated geometries
with mechanical and thermal boundary conditions.

Results obtained by our proposed computational
thermoelasticity code are in close agreement with the ones
obtained by finite element software ANSYS.
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