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Abstract: In this article, we will present the results of the stability analysis of the equilibrium point of the mathematical
model of the regulatory of the interrelated activity of the hepatocyte and hepatitis B viruses. The analysis of this model used
the conditions of the Hayes criterion. In this study, the general condition of the Hayes criterion is obtained. If the general
condition of the Hayes criterion is satisfied, then the equilibrium point is stable. If the general condition of the Hayes criterion
is not fulfilled, then the equilibrium point is not stable, and hence thiscan describe modes "limit cycle", "chaos" and "black
hole" mathematical models of the interrelated activity of the liver cell and hepatitis B viruses. The results of the computational
experiment on the quantitative analysis of the regulatory of liver cell and HBV are presented.
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. replication, HBV produces enormous viral loads in the blood

1. Introduction [41]° P

Therefore, it is necessary to study the functioning of

hepatitis B in liver cell using methods of mathematical and
computer modeling.

Hepatitis B is a viral infection that affects the liver.
According to WHO estimates, 240 million people are
chronically infected with the hepatitis B virus (HBV) [1].
Currently, this virus remains the third most common after
diseases like cardiovascular system and oncological
pathologies [2].

Approximately 19.4% of deaths in recent years have been
caused by infections, and this is gradually increasing. The
most deadly virus on the earth was various strains of the
hepatitis virus, which kills more than 1.3 million people
every year. The mortality from hepatitis increased by about
22% compared with HIV, tuberculosis and malaria. One of
the reasons for this is that people do not even know that they
have a virus. According to researchers, only 5% of developed
and developing countries are aware of their diagnosis and
treatment in medical institutions [3].

Hepatitis B virus (HBV) is one of the smallest enveloped
DNA viruses that causes acute and chronic infections. HBV
is able to evade the immune system of the host and persist
lifelong within infected hepatocytes. During active

2. Materials and Methods

Mathematical modeling and model analysis of the
dynamics of the hepatitis B virus are very important for the
study of regulatory mechanisms and the dynamic behavior of
the process of viral infection. Many scientific papers have
proposed mathematical models describing the dynamics of
viral hepatitis B in the liver cell. In these studies,
mathematical modeling plays an important role in
understanding and quantifying the biological mechanisms
that control the dynamics of the hepatitis B virus.

Abu O. and Onalo S. E. considered a mathematical model
of the dynamics of transmission of the hepatitis B virus,
which includes vaccination and treatment as control
parameters. With the use of values of model parameters, the
properties of the disease-free and the endemic equilibrium
were numerically studied [5].
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Moneim I. A. and Khalil H. A. studied the global behavior
of HBV spread using the SEIR model with a constant
vaccination rate. Infectivity during the incubation period is
considered as the second mode of transmission [6].

These mathematical models describe the dynamics of the
hepatitis B virus in the liver cell, at the cellular level. In
accordance with the biological regularity of these processes,
the development of an infectious disease occurs in the
relationship between the genomes of the hepatitis B virus and
liver cell. In the modeling of the regulatory of liver cell and
hepatitis B virus, functional-differential equations were used.
Equations are built on the basis of firmly established
biological facts and regularities.

A mathematical model for the functioning of the
regulatory of the hepatocyte (liver cell) and HBV at the
molecular-genetic level has been developed by B. N. Hidirov
[7, 8], and can be presented in the following form [9-12]:
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where X (f), Y(f) — the values characterizing the activity of
the molecular genetic systems of the liver cell and hepatitis B
viruses, respectively; &, &, a, b, ¢, d — parameters a
regulatory of the model of the hepatocyte and HBV; & (?),
@,(t) — continuous functions on [to; ty +1]; ty — the
beginning of research; All parameters are positive.

This model describes the dynamics of the interrelated
activity of liver cell and hepatitis B viruses at the molecular-
genetic level. The system of functional-differential equations
(1) is a nonlinear system and is a closed system. Therefore,
we qualitatively investigate the equilibrium position of the
(1).

To analyze the stability of the equilibrium position of (1),
it is necessary to look at the equilibrium position of (1)
around the equilibrium position [13]. By introducing small
variable changes

X(@#) =Xy +x(0);
Y() =Yy + ()

X(t=1)=X, +x(t-1);
Y(=1) =Y, +y(t-1),

and we have the following
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With the implementation of the simplification (2), we get
the following equation:
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This (3) is a linearized equation for small around
equilibrium positions (1).

Let us find the characteristic equations for the linearized
(3). To obtain the characteristic equations, we introduce the
above expression on (4):
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we obtain (5) and (6).

First, for the analysis of (5), using the conditions of the
Hayes criterion [14], it is necessary to arrive at the

transcendental equation (A +a)e’ +b=0:
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For the (7) we apply the condition of the Hayes criterion:
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Where ¢ - root of the equation & = —?tg{ for ?7’30,
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Figure 1. Fulfillment of the third condition of the Hayes criterion.

T
& - - —,
1 '3 5
2 1
a g 2

1
Dueto & — isg— =0. Herewith
1

132)&§ -0,¢& >,

a & &

T 2 1 1
By simplifying | — X, —2 . < P we get
a 1 1

1
XO <15a .

Reducing the conditions of Hayes criteria

L>—1'

1
XO < IEa

To analyze the condition of the Hayes criterion, we have

the following general conditions:
%a<XO <1%a. (®)

We continue the analysis of (6) using the conditions of
Hayes' criterion, as in (5), and it is necessary to arrive at the

transcendental equation (A + a)e/' +b=0.
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Figure 2. Fulfillment of the third condition of the Hayes criterion.
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Thus, we give the condition of the Hayes criterion:
1
2.1) —>-L
&

2
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0

To analyze the condition of the Hayes criterion, we have
the following general conditions:
2
<20 <p
0

(10)

Requlatory of the activity of Virus

Thus, if the fulfillment of the general conditions of the
Hayes criterion (8) and (10) is then stable to the equilibrium
position (1). Otherwise, it is not stable. This describes that
you can observe the following regimes of functioning of the
regulatory of the interrelated activity of the molecular genetic
systems of hepatocyte and HBV: Poincare type limit cycles,
chaos and "black hole" effects.

To carry out computational experiments, we created a
computer model on the basis of equations (1) using the
Runge-Kutta method [15, 16]. The following expressions are
used to perform the calculation [17]:

(X (1) + 0 X (14 )

X(t_l): " ' "
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The values of X(¢—1) and Y(¢—1) in the mathematical

model of the regulatory of the hepatocyte and HBV at the
molecular-genetic level can be calculated using expressions
(11) and (12).

3. Results

Computational experiments on the quantitative analysis of
the regulatory of the hepatocyte and HBV show the presence
following regime:

molecular-genetic systems of
liver cells and hepalilis B viruses
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1
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The function of the genetic system of the liver cell

The function of the genetic system of hepatitis B viruses

Figure 3. The regime of dominant functioning of the regulatory of hepatocyte and hepatitis B viruses.
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Figure 3 shows the dominant functioning of the genetic system of the hepatocyte with the following values of the parameters
(£=02,&=005a=4,b6=19, c=3.16, d =0.8 and X, =3.9, ¥, =8), thus the activation of only the molecular genetic

system of the hepatocyte with loss of HBV activity is described. The new virus will stop growing in the liver cell and the liver
will be healthy.

Regulatory of the activity of Virus
molecular-genetic systems of
liver cells and hepatitis B viruses

Resource availability parameters
a=7 =35 -
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Figure 4. The regime of the limit cycle of regulatory of hepatocyte and hepatitis B viruses.

Figure 4 shows the limit cycle of the functioning of the genetic system of the hepatocyte with the following values of the
parameters (& =02, £ =0.05, a=7, b=3.5, c=2.6, d=0.22 and X, =2, ¥, =6). This describes the activation of the
molecular genetic system of hepatocyte and HBV, as well as the onset of an infectious disease in the liver.
Regulatory of the activity of Virus
molecular-genetic systems of

liver cells and hepatitis B viruses

Resource availability parameters
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Mutual repression level parameters
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Figure 5. The regime of the chaos regulatory of hepatocyte and hepatitis B viruses.
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Figure 5 shows the regime of the chaos regulatory of molecular genetic systems of liver cell and hepatitis B viruses with the
following values of parameters (& =0.2, £ =0.04, =79, b=42, ¢=25, d =025 and X, =3.9, ¥, =6). The results
in the figure show that the irregular functioning of the molecular genetic systems of the liver cell and HBV, and this describes

the active infectious disease of viral hepatitis B in the liver.

Virus

Regulatory of the activity of
molecular-genetic systems of
liver cells and hepatitis B viruses

Resource availability parameters
a=102 b=106
Mutual repression level parameters

c=416 d=15.758

Parameters of the regulatory

Cell
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Initial state 0
| #n
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Dynamics of the regulatory of the interrelated activity of the hepatocyte and hepatitis B viruses
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The function of the genetic system of the liver cell
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Figure 6. The regime of the Black hole'tegulatory of hepatocyte and hepatitis B viruses.

In figure 6 shows the regime of the "black hole" regulatory
of molecular genetic systems of liver cell and hepatitis B
viruses with the following values of parameters (& =0.2,
£ =004, a=102, b=10.6, c=4.16, d=5.758 and
Xy =39, ¥ =6). The obtained results in the figure show

that the functioning of the molecular genetic systems of the
liver cell and HBV tends to zero and destroys the body.

4. Conclusions

Thus, the developed mathematical and computer models
for the study of the functioning of the hepatocyte and HBV
regulatory mechanisms allow one to assess the state of the
interrelated activity of the molecular genetic systems of the
liver cell and hepatitis B viruses; Establish the molecular
genetic basis of pathogenesis; To assess and predict the
occurrence of characteristic stages of the course of the
disease with viral hepatitis B.

Computational experiments can be performed using the
computer model developed. Based on the results of
computational experiments, it is possible to develop a
parametric portrait of the functioning of regulatory
mechanisms of the interrelated activity of hepatocyte and
hepatitis B viruses.

The parametric portrait includes all the regimes of the
regulatory of liver cell and hepatitis B viruses. The
parametric portrait allows analyzing the regimes of the
interrelated activity of liver cell and hepatitis B viruses at the
molecular genetic level.
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