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Abstract: This paper presents a direct approach for numerical solution of special second order delay differential equations
(DDEs) directly without reduction to systems of low orders. The methods were generated using collocation approach via a
combination of power series and exponential function. The approximate basis functions are interpolated at the first two grid
points and collocated at both grid and off-grid points. The developed schemes and its derivatives were combined to form block
methods to simultaneously solve second order Delay Differential Equations (DDEs) directly without the rigor of developing
separate predictors. The required methods were obtained for step lengths of five with generalized number of hybrid points (3k).
The basic properties of the methods were examined, the methods were found to have high order of accuracy of 21, low error
constant, gives large interval of absolute stability, zero stable, consistence and convergent. The developed methods were
applied to solve some special second order Delay Differential Equations. The methods also solve an engineering problem
namely Matheiu’s equation in order to test for the efficiency and accuracy of the new methods. The results obtained were
compared with existing methods in the literature. The results obtained showed better performance than some existing methods.
The stability domain of the method is showed in figure 1 whereas the efficiency curve of the application problem for linear and
nonlinear is presented in figure 2.

Keywords: Block Method, Special Second Order Delay Differential Equations, Five-step, Off-grid Points, Power Series,
Exponential Function

system of first order differential equation [1, 4, 6]. The
reduction of (1) to a system of first order equations leads to
serious computational burden as well as wastage of computer
and human efforts. However, these setbacks have been taken
cared by some researchers [4, 18]. It has been reported in
literature that the direct method of solving the above equation
is more efficient in terms of speed and accuracy than the
method of reduction to a system of first order ODES [5-13].
Several scholars developed numerical methods ranging
from Adomian Decomposition method, Runge kutta method,
and Predictor-corrector method [2-20]. However, their results
are not good enough. The implementation of numerical
method in predictor-corrector approach, however, has some
setbacks which include lengthy computational time due to
more function evaluations needed per step and computational
burden which may affect the accuracy of the method in terms

1. Introduction

In this paper, we considered the method of approximate
solution of the special second order delay differential
equations the form:

Y'(@O=fye-10), ) =a, y'(t) =B, 1214, >0 (1)

where @ is the initial function and 7 is the delay term. Most
of the methods for solving special second order ODEs can be
adopted for solving special second order delay differential
equation. There are two different ways to calculate the delay
term in the developed method [5, 6].

Equation (1) is of importance to researchers because of its
extensive relevance in engineering, Sciences, biological
sciences, optimal control theory and other real life problem.

The conventional method of solving (1) is to reduce it to a
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of error [4]. In overcoming the setbacks mentioned above, a
five-step with several off-grid points method without
predictor were considered, the first two grid points were
interpolated for solving special second order DDEs. The
numerical results generated were better than the previous
method in the literature. Therefore, in this study a five-step
block method with fifteen off-step points for solving (1) in
order to improve the accuracy of the existing methods is
proposed.

2. Derivation of Five-step Method with
Fifteen off Step Points

This work considers an approximate solution that
combines power series and exponential function of the form;
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Solving (4) for a;'s, j:()(%)k using Gaussian elimination
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; a’x
— J
HOEDICEE DY i @)
J=0 J=0
The second derivatives of (2) is given as,
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The approach discussed in the study of Familua A. B. et al.
[6] is adopted by partitioning the five-step length (x,,x,,s)
into fifteen sub-steps. Solving the matrix (2), with the Aid of
Mathematica or Maple for the unknowns.
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method, to obtained values for the parameters:

ag,ay ,a,,0d5,d4,05,d¢,d7,..dy, and simplifying the resultant functions, to obtain a continuous scheme of the general form:
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_ X T X1 :
Where t—T, and setting x, =0, x,,, =h, x,., =2h, x,,3 =3h, x,,4 =4h, x,.5=5h

n n

The coefficients of a,(r) and ,(¢) are:

ay (1) =(2=1) v a2 (1) = (-1+2) y,2
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Evaluating (5) at # =1and other non-interpolating points to obtain the discrete schemes.
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Evaluate the first derivative of (5) at t=0 (1/4) 5 and combine with equations (6-24) in order to simultaneously solve second
order DDEs.

3. Basic Properties of the Block Methods
3.1. Order and Error Constant of the Block Method

Let the linear Operator defined on the method be ¢[y(x); 4], where
Aly(x);h] =AY, - Z 2 W, £(5,) +bF (), (25)

Expanding the form ¥, and F(y,,)in Taylor Series and comparing coefficients of h, we obtained

ALy (x);h] = Coy(x) + Cihy () * ... C,h? yP (x) + C i h? T yP  (x) + €,y kP72 pP*2 () + .. (26)

Theorem 1: The linear operator and the associated block method are said to be of order p if
Cy=C =..C,=C,,; =0,C,,, #0 C,,, is called the error constant. It implies that the local truncation error is given by

Tn+k = p+2hp+2yp+2(x)+0(hp+3) (27)

Expanding the block method (25) in Taylor Series expansion and comparing the coefficients of h, the order of the block is of
order [21,21,21,21,21,21,21,21,21,21,21,21,21,21,21,21,21,21,21,21,21]" with error constant

2.17x1077,5.44x107"7 ,8.63X107"7,1.18X107'¢,1.50.X107'°,
1.82X107'% 2.14X107'%,2.46 X107'%,2.78 X107'%,3.10X107'°,
C.., =|9.71x107,3.74X107'°,1.26 X107%,4.38X107'¢,4.70.X107'¢,

p+2
5.02X107'%,5.34X107'°,5.66.X107'%,5.99.X107'°,6.21.X107¢,
0
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3.2. Consistenc
Y 3.3. Stability Domain of the Block Methods

Here, the developed method has been examined and found
to have order p greater than one and it is also convergence
Awoyemi and Kayode [1], Familua et al [6]. Hence, the
method satisfies the necessary and sufficient conditions for
consistency of a numerical method

Using the approach in Ibijola et al. [18], the region of
absolute stability of the five—step fifteen off step points block
method is shown below:

X 10'7 Region of Absolute Stability of Five Step 15-Off step points
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Figure 1. The Stability domain of Five-step fifteen off-step points.

4. Implementation of Numerical Examples

The developed methods were adopted on some delay differential equation of special second order to assess the accuracy and
efficiency of the methods.
Problem1: Consider the linear delay equation

y'(x)= y(x—ﬂ), xE[O,IT],

y(x) =sin(x), y'(x)=—e ", -m<x<0

Exact solution: y(x) =sin(x)

Source: San et al. [10]
Problem2: Consider the linear delay equation

y"(x) = —%y(x)+%y(x—ﬂ), x£[0,7T],

y(x) =1-sin(x), y'(x) =—e*, - m<x<0

Exact solution: y(x) =1-sin(x)
Source: Familua et al. [6]

Problem 3: Application to Matheiu’s Equation, in this section we apply our developed method to solve a well-known
equation in engineering, the Matheiu’s equation, which defined as follows:
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y"(6)+ (O +acost)y(t) +cy (t) = by(t = T) (28)

Source: Morisson and Rand [9]

which is a nonlinear delay differential equation. where 9,
a, b, c and T are parameters. § is the frequency squared of
the simple harmonic oscillator, and a is the amplitude of the
parametric resonance, and b is the amplitude of delay which
c is the amplitude of the cubic nonlinearity and T is the time
delay. Equation (28) is a model for high speed milling, a

kind of parametrically interrupted cutting as opposed to the
self-interrupted cutting arising in an unstable turning
process.

According to Morisson and Rand [9], various special cases
of (28) have been studied, depending on which parameters is
zero. when d=a=b=1 and c=0 we obtained the following
Linear Matheiu’s equation:

y"(t) =(A+cost)y(t) = y(t —T); tE[0,10], y(¢) =sin(z), y'(¢) =cos(t), ¢t <0 29)

where T=t=h/10 is the delay term, the exact solution does not exist.
when d=a=b=c=1 we obtained the following Nonlinear Matheiu’s equation:

y'(1) = (14 cost)y(t) + y* (1) = y(t = T); y(¢) =sin(1), y'(1) = cos(t), £ <0 (30)

where T=1=h/10 is the delay term, the exact solution does not exist. Both the linear and nonlinear Matheiu’s equations are
solved using the developed method and the results are presented in Table 3.

Table 1. Comparison of the new method with the study of Familua A. B. et al. [6] for Problem 1 using h=0.1.

X y-exact y-computed Error in new method Error in the study [6]

0.1 0.900166583353171790 0.900166583353171680 1.11022302e-016 3.33066907¢-16

0.2 0.801330669204938780 0.801330669204938340 3.33066907¢-016 1.11022302¢-16

0.3 0.704479793338660400 0.704479793338660290 1.11022302e-016 2.22044605¢-16

0.4 0.610581657691349420 0.610581657691349760 5.55111512¢-016 0.00000000e+00

0.5 0.520574461395796990 0.520574461395797440 6.66133815¢-016 3.33066907¢-16

0.6 0.435357526604964520 0.435357526604965070 7.77156117e-016 2.77555756e-16

0.7 0.355782312762308870 0.355782312762309480 9.43689571e-016 2.22044605¢-16

0.8 0.282643909100477210 0.282643909100477760 8.88178420e-016 2.22044605¢e-16

0.9 0.216673090372516470 0.216673090372517200 1.05471187e-016 3.60822483e-16

1.0 0.158529015192103380 0.158529015192103970 8.04911693e-016 3.33066907e-16

Table 2. Comparison of the new method with the study of Familua A. B. et al. [6] for Problem 2 using h=0.1.

X y-exact y-computed Error in new method Error in the study [6]

0.1 0.099833416646828155 0.099833416646828183 2.77555756e-017 0.00000000e+00

0.2 0.198669330795061220 0.198669330795061130 8.32667268¢-017 0.00000000e+00

0.3 0.295520206661339600 0.295520206661339440 1.66533454¢-016 0.00000000e+00

0.4 0.389418342308650520 0.389418342308650300 1.66533454¢-016 1.11022302e-16

0.5 0.479425538604203010 0.479425538604202560 3.88578059¢-016 1.11022302e-16

0.6 0.564642473395035480 0.564642473395035040 3.33066907e-016 0.00000000e+00

0.7 0.644217687237691130 0.644217687237690910 2.22044605e-016 1.11022302¢-16

0.8 0.717356090899522790 0.717356090899523010 1.11022302e-016 0.00000000e+00

0.9 0.783326909627483530 0.783326909627483750 2.22044605¢-016 0.00000000e+00

1.0 0.841470984807896620 0.841470984807896500 1.11022302e-016 0.00000000e+00
Table 3. Showing comparison of efficiency of computed results of application problem for Linear and Non linear using h=0.1.

T y-computed (Linear problem) Time y-computed (Nonlinear problem) Time

0.1 0.110457480638154760 0.0147 0.237017408334463720 0.0071

0.2 0.212079025783384970 0.0162 0.485358968753846210 0.0079

0.3 0.303638151151402300 0.0176 0.734221665717452070 0.0087

0.4 0.385231777057725430 0.0190 0.984274632632406220 0.0094

0.5 0.458305347148437510 0.0247 1.247690581618721200 0.0102

0.6 0.681323968356713270 0.0259 1.997606110018203700 0.0115

0.7 0.909629165272295200 0.0266 2.804809205657486700 0.0122

0.8 1.129282602498707000 0.0273 3.618927969308167300 0.0129

0.9 1.340951441727805200 0.0280 4.442196732569305700 0.0184

1.0 1.559903778423402200 0.0287 5.329383181271261100 0.0191
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Comparison of Computed Linear and Non Linear Matheiu's Eqgation for 5-Step with 15 Off step method

6,

== Linear Computed Solution
=== Non Linear Computed Solution

Compued Solution
w
T

O |

0 0.2 0.4

X-values

0.6

0.8 1

Figure 2. The efficiency curve for linear and nonlinear in Problem 3 with h=0.1.

5. Discussion of Results and Conclusion

In this paper, we have derived a new numerical method of
order 21 capable of solving special second order DDEs. The
method is based on the combination of power series and
exponential function; we constructed the method and
implemented it such that it can solve special second order
DDE:s directly. We also examined the basic properties of the
method. Numerical results illustrate that the new method is
more efficient and converge faster when compared with other
methods in the literature. This can be seen in Table 1 — Table
2. We presented the numerical results of problem 3, which is
the application problem; the linear and non linear results
were compared together in table 3. Figure 1 and figure 2
show the region of absolute stability of the method and the
efficiency curve of problem 3 respectively. In conclusion it
can be said that, the new method can efficiently solve the
special second-order DDEs in terms of accuracy and number
of function evaluations.
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