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Abstract: In this paper, we prove a unique common fixed point theorem for four self-mappings in cone metric spaces by using
the continuity and commuting mappings. Our result extends,improvesthe results of [M. Abbas and G. Jungck, Common fixed
point results for non commuting mappings without continuity in cone metric spaces, J. Math. Anal. Appl. 341(2008) 416-420].
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1. Introduction and Preliminaries

In 2007, Huang and Zhang [7] introduced the concept of a
cone metric space, and they replacing the set of real numbers
by an ordered Banach space and proved some fixed point
theorems for mappings satisfying the different contractive
conditions with using the normality condition in cone metric
spaces. Subsequently many authors were inspired with these
results and they (see, e.g., [2-4, 6, 8, 9, 10]) extended,
improved and generalized the fixed point theorems of Huang
and Zhang [7]. In 2008, Abbas and Jungck [1] obtained some
fixed point theorems in cone metric spaces. In this paper, we
proved a unique common fixed point theorem for four self-
mappings in cone metric spaces using the continuity and
commuting mappings. This result extends, improves and
generalizes the results of Abbas and Jungck [1].

The following definitions and properties are in [7].

Definition 1.1 [7]. Let B be a real Banach space and P be a
subset of B. The set P is called a cone if and only if:

(a). P is closed, non—emptyand P # {0};

(b). a, bER, a,b= 0, x, yEP implies ax+by€P;

(c). x€P and -x€P implies x = 0.

Definition 1.2 [7]. Let P be a cone in a Banach space B,
define partial ordering <’ with respect to P by x < y if and
only if y-x€P. We shall write x<y to indicate x<y but x #
ywhile x<<y will stand for y-x€int P, where int P denotes the
interior of the set P. This cone P is called an order cone.

Definition 1.3 [7]. Let B be a Banach space and P[] B be
an order cone. The order cone P is called normal if there
exists M>0 such that for all x, yEB,

0 <x <y implies [|x[|<M]y|.

The least positive number M satisfying the above
inequality is called the normal constant of P.

Definition 1.4 [7]. Let X be a nonempty set of Banach
space B. Suppose that the map d: X X X— B satisfies:

(a). 0 <d(x, y) for all x, y€X and d(x,y) = 0 if and only if

X=Y;

(b). d(x, y) = d(y, x) for all x, yeX;

(¢). d(x, y) £d(x, z)*+d(z, y) for all x, y, zEX.

Then d is called a cone metric on X and (X, d) is called a
cone metric space.

It is clear that the concept of a cone metric space is more
general than that of a metric space.

Example 1.5 [7]. Let B =R* P = {(x, y)LIB such that : x,
y >0}cR? X =R and d: X x X—B such that d(x, y) = ( | X -
y|, (x|x - y|), where a > 0 is a constant. Then (X, d) is a
cone metric space.

Definition 1.6 [7]. Let (X, d) be a cone metric space. We
say that {x,} is

(1) a Cauchy sequence if for every ¢ in B with ¢>>0, there
is a natural number N such that for all

n7 m>N5 d(Xna Xm)<<c;

(il) a convergent sequence if for any ¢>>0, there is a
natural number N such thatfor all n>N, d(x,, x) <<c, for some
fixed x in X. We denote this x, _, x (asn — ©).

Lemma 1.7 [7]. Let (X, d) be a cone metric space. Let
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{x,} be a sequence in X. Then {x,} is a Cauchy sequence if
and only if d(x,, X;,) - 0 as n, m - oo,

In 2008 Abbas and Jungck [1] proved the following
Theorem without continuity.

Theorem 1.8. (Theorem 2.1 of [1]) Let (X, d) be a
complete cone metric space and P be normal cone with
normal constant K. Suppose mappings f,g: X—X satisfy

d(fx, fy) <kd(gx, gy)

for all x, yOOX, where k€[0,1) is a constant. If the range of g
contains the range of f g(X) is complete subspace of X, then
and g have a unique coincidence point in X. Moreover, if f
and g weakly compatible, f and g have a unique common
fixed point.

We have extended and generalized the above Theorem for
four self-mappings using the continuity and commuting
mappings.

2. Main Result

In this section, we prove a unique common fixed point
theorem for four self-mappings in cone metric spaces by
using the continuity and commuting mappings.

The following theorem is extended and generalized the
Theorem 2.1 of [1].

Theorem 2.1. Let (X, d) be a complete cone metric space.
And P be normal cone with normal constant M. Suppose that
the four self-mappings S and I, T and J are commuting
mappings satisfying the following

d(Sx, Ty) < Ad(Ix, Jy) )

for all x, yOX,where 0<A<I. If S(X) O J(X) and T(X) O I(X)
and if I and J are continuous, then all S, T, I and J have a
unique common fixed point.

Proof: Let xo[1X be arbitrary. Since S(X) J(X), let x;00X
be such that Jx; = Sx,, also, as Tx;0I(X), letx,[1X be such
that Ix, = Tx;. In general, x,,.,0X is chosen such that

X001 = Sxppandx,,4, 10X is chosen such that

IxXop0=TXone1;n=0, 1, 2, 3, ... we denote

Y2n=IXont1 = SXou,
YZn+1:IX2n+2 = Tx2n+1a n= Oa la 29 39

We shall show that {y,} is a Cauchy sequence. For this we
have

d(Y2nYon+1) = d(SXan, TXon41y < )\d(IXZmJXZnH) =Ad(Yan-1, Yan)
d(YonsY2n-1) = d(SXan, TXon.1y S)\d(IXZnaJXZH—I) = Ad(Y20-1, Y2n2),
that is, forn > 2
d(¥n» Yn-1) SAA(Yn-15 Yn2)
Hence, for n > 2 it follows that
d(¥nYn1) < - A (i, Yor

By the triangle inequality, for n>m we have

d(Yna Ym) < d(YmYn-l) +...F d(merla Ym)a
<A™+ ANy, Vo)
< A"1-Ad(y1, Yo)-

By (Definition 1.3) we have
Nd(Yn,ym)l < MA™/1-N) (Ild(y1,¥0)11)) (as m - c0)

By the Lemma 1.7, then {y,} is a Cauchy sequence in X.

Let zOX be such that lim,,_¢ Sxp, = limy,, e [Xoneq =
lim, o TXgpp1 = liMy 00 [Xop 10 = Z.

Since, I is continuous and S and I commute, it follows that

lim,, e 12X9042= 1Z,lim, o SIxy, =lim,, e 1SX,, =1z
From (1), it follows that
d(SIxzn, TXoper) < A(F Xan, IXons1)-
Letting n — oo, we get that
d(Iz, z) < Ad(Iz, 2).

That is, as 0 <A< 1 it follows that Iz = z.
Similarly, since J is continuous and T and J commute, it
follows that

lim,,00)? Xpp1= JZNiMy, 00 TJ Xopi1=limy, o) T X900 1= JZ.
From (1), it follows that
d(Sxan, TIX2p+1) < Ad(Ixay, i Xon+1)-
Letting n — oo, we get that
d(z, Jz) < Ad(z, Jz),

that is again it follows that z =Tz.
From (1) we have [z =z.

d(Sz Txon+1) SAA(Z, TXant1).

Letting n - oo, we get that

d(Sz, z) = 0. That is, Sz = z.

Again (1) we have d(Sz, Tz) =0, that is Sz=Tz.

Thus, we proved that Sz=Tz=Iz=Jz=2z.

Let wbe another common fixed point in X of S, T, I and J,
then

d(z, w) = d(Sz, Tw) <Ad(z, w).

Since 0<A<I, it follows that d(z,w) = 0.That is z = w.

Therefore, z is a unique common fixed point of S, T, I and J.

This completes the proof.

Remark 2.2. If we choose S=T=fand I =J = g and
without continuity, non-commuting mappings in the above
Theorem 2.1, then we get the Theorem 2.1 of [1].

3.Conclusion

In this paper, the author extended, improved and
generalized the Theorem 2.1 of [M. Abbas and G. Jungck,
Common fixed point results for non commuting mappings
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without continuity in cone metric spaces, J. Math. Anal.
Appl. 341(2008) 416-420] [1], for four self-mappings with
using the continuity, and commuting mappings. In the
Theorem 2.1 of [1] the authors Abbas and Jungck [1] have
proved fixed point theorem for two self-mappings without
using the continuity.
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