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Abstract: In this article, we establish recurrence relations among single moments and among product moments of general
progressively Type-II right censored order statistics and characterization for linear failure rate distribution using recurrence
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results are specialized to the progressively Type-II right censored order statistics.
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1. Introduction

In failure data analysis, it is common that some individuals
cannot be observed for the full time to failure. the
progressive Type-II right censored is a useful and more
general scheme in which a specific fraction of individuals at
risk may be removed from the study at each of several
ordered failure times. Progressively censored samples have
been considered, among others, by Balakrishnan et al. [6] and
Davis and Feldstein [8]. Bain [5] derived analysis for the
Linear Failure-Rate life-testing distribution. Aggarwala and
Balakrishnan [3] derived recurrence relations for single and
product moments of progressive Type-II right censored order
statistics from exponential, Pareto and power function
distributions and their truncated forms. Abd El-Aty and
Marwa Mohie El-Din [1] derived recurrence relations for
single and double moments of GOS from the inverted linear
exponential distribution and any continuous function.
Mokhlis et al. [13] derived recurrence relations for moments
of GOS from Marshall-Olkin-Extended burr XII distribution.
Mohie El-Din, and Kotb [12] derived recurrence relations for
single and product moments of generalized order statistics for

modified burr XII-Geometric distribution and
characterization. Mohie El-Din et al. [11] derived Statistical
Inference and Characterizations from Independent and
Identical Exponential-Bernoulli Mixture Distribution. Athar
et al. [4] discussed some new moments of progressively
Type-II right censored order statistics from Lindley
distribution. Saran and Pushkarna [9] derived moments of
progressive Type-II right censored order statistics from a
general class of doubly truncated continuous distributions.
Abd El-Hamid et al. [2] derived inference and optimal design
based on step-partially accelerated life tests for the
generalized Pareto distribution under progressive Type-I
censoring.

This scheme of censoring was generalized by Balakrishnan
and Sandhu [7] as follows: at time X, = 0, n units are placed
on test; the first r failure times, Xj, ..., X;-, are not observed;
at time X; + 0, where X; is the i*" ordered failure time
(i=r+1,..,m—1),R; units are removed from the test
randomly, so prior to the (i + 1)t" failure there are n; =
n- i—Z;'-:r +1 Rj units on test; finally, at the time of the

mt" failure, X,,, the experiment is terminated, i.c., the
remaining R,, units are removed from the test. The R;’s, m
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and r are prespecified integers which must satisfy the
conditions: 0<r<m<n0<R, <n_,fori=r+
1,...m—1withn,.=n—randR,, =n,_, — 1.

The joint probability density function of the general
progressively Type-II right censored order statistics failure
times X‘r+1:m:,n'Xr+2:m:,n' 'Xm:m:,na is given by

er+1:m:,nr---er:m:,n (Xr+1, e Xm) =

m
A [F G, O | | G001 = PG, 0017
i=r+1
X1 < Xpyp <00 <Xy (D
where,
| m—-1 i
n! ]
Amm-1) = =) Hnj M =Nn—1— Z R;,
’ ' j=r j=r+1

i=r+1,..,m-—1.

In this paper, we shall introduce recurrence relations
among single and product moments of general progressively
Type-1I right censored order statistics. Characterization for
linear failure rate distribution using recurrence relations of

Rrs1Rr2,-Rm)® _ g

q:mn

single and product moments of general progressively Type-II

right censored order statistics.
Let X(Rr+1rRr+2'---'Rm) <X(Rr+1'Rr+2 ----- Rm) < &

r+l:m:mn r+2:m:mn
X,(,ﬁﬁ,;}f”z """ Rm) be the m ordered observed failure times in a
sample of size (n — r) under general progressively Type-II
right censored order statistics from the linear failure rate
distribution with probability density function (pdf) is given
by

9x2
fx,0)=[a+0x]le™™ 2,0,a>0,x=0 (2)

The corresponding cumulative distribution function (cdf)
is given by

Ox2

F(x,0)=1—e %2 3)

It may be noted that from (2) and (3) the relation between
pdf and cdf is given by,

f@) = [a+6x][1—F(x)] “)

For any continuous distribution, we shall denote the i
single moment of the general progressively Type-II right
censored order statistics in view of Eq. (1) as

[X (Rr+1.Rr 42, Rm)] ¢

q:m:n

= Ao [[ ] x4 F Geyy )T F oL = Fxp )10
0<Xy41<--<xM <0

fOi2)[1 = F(xi)]%2 L f () [1 = F () )fmd g o dx, (5)

and the i*" and j*" product moments as

(Rr+1.Rr 42,0 Rm)(l']) =E [X(Rr+1rRr+2u-uRm)l X(Rr+1‘Rr+2 ----- Rm)]] —
g:mmn

Hg,smn

smmn

Aty f f f *x [F Gy D)) f Gty DIL = F o)1
0<xXp41<<xm<0

f(xr+2)[1 - F(xr+2)]Rr+2 ---f(xm)[l - F(xm)]Rmdx‘r+1 "-dxm (6)

2. Recurrence Relations for Single and
Product Moments

In this section we introduce the recurrence relation for
single and product moments of general progressively Type-II
right censored order statistics from linear failure rate

(i+2)

+

(Rq+1) qgm-1n

distribution.

In the next theorem we introduce the recurrence relation
for single moment of general progressively Type-II right
censored order statistics.

Theorem 2.1

Forr+2<g<m-1m<nandi =0, then

(Rr41 Rpm)® _ a(l + 2) (Rr+1,...,Rm)(i+1)

.....

= m#q:m:n

m#q:m:n

@2 a(i+2) (Ryp1Rq_2/(Rg1+Rq+1)Rqs1,mn Rm)(i+1)]

H(i + 1) 'uq—l:m—lzn

. (i+1)
a(i+2) (Rr+1-+Rq-1,(Rg+Rq+1+1).Rq+2,-Rm)
0(i+1) “qm-1m

()
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Proof
From Eq. (4) and Eq. (5), we get

(R4t Rm)®
llq:;:rll "= Anmen || - Il(xq—lﬁxq+1) [F (2 )]" X
0<Xp41<<Xg-1<Xg41< <Xy <0

f i) [1 = F(xppq)]Rret "'f(xq—l)[l - F(xq—1)]Rq_1f(xq+1)[1 - F(qu)]Rqﬂ - X
f(xm) [1 - F(xm)]Rmdxr+1dxr+2 dxq—ldxq+1 dxm (8)
where
— (Xa+1 i Rg+1
5 (xg-1,%g41) = fxq_l xg (@ +0xq) [1 = F(xg)] dxgq ©)
Now, integrating by parts gives

L (-1, %q41) =

axé:a[1—F<xq+1)1’*"+f—axéta[1—F<xq-1)1’*q“ N exfffl[1—F(xq+1>1’*q+f—exétﬁ[l—mq-o]’*“l 4+ F) s i Y[g
i+1 i+2 i+1 xg-1 4 a
R 0(Rq+1) rx i R

F(xg)] " dxg + #fx:_il x4 f(xq)[1 = F(xg)] dx, (10)
Substituting Eq. (10) in Eq. (8) and simplifying, yields Eq. Theorem (2.1) will be valid for the progressively Type-II
7). right censored order statistics as a special case from the
@) igh d ord isti ial fi h
This completes the proof. general progressively Type-II right censored order statistics

Special case whenr = 0,

Ry Ry)¥2) (i+2) Ry, Ry) D a(i+2) (Ryy.os Ry) (D)

.....

qm:n = m”q:m:n - mﬂq:m:n
(n—Ry—+—Ryy—q+1) (RypRq2/(Rq1+Rq+DRgs1Rim) T2 (i +2) 'u(Ri ..... Rq—2/(Rq1+Rq+1),Rqs 1 Rm) T
(Rq + 1) g—-1m-1:n H(i —+ 1) qg—-1m-1n
B (n—Ry—-—Ry—q) [ (RuRg—1,(Rg+Rqs1+DRgramRm) T2 (i +2) #(Rl,...,Rq_l,(Rq+Rq+1+1),Rq+2 ..... Rn) Y
(R + 1) gm-1ln 0@ + 1) am-1in
q

In the next two theorems, we introduce recurrence  distribution.

relations for product moments of general progressively Type- Theorem 2.2
IT right censored order statistics from linear failure rate Forr+1<g<s<m-1m<nandi,j=0,then
(Ry41,sR) 2D (i+2) R4 1R D _ a(i +2) (R4 1r0eR) L)
Hg.smm G(Rq n 1) Hg,smm G(i i 1) Hg,s:mm
" (n —Ryyy——Rg1—q+ 1) (Rrt1ses Rq_z,(Rq_1+Rq+1),Rq+1,...,Rm)(i+2'j)
(Rq + 1) q-1s—-1m-1mn

a(i+2) (Rr+1,...,Rq_2,(Rq_1+Rq+1),Rq+1,...,Rm)(i+1'j)

Q(i + 1) ”q—l,s—l:m—l:n
(i+2,)) (i+1,j)

(Rq+1) q,s—1m-1n 6(i+1) " qs—1m-1n (11)

Proof
From Eq. (6), we get

(Rr+1v---va)(i'j) _ j r
Hg,smm = Amm-1) Xs Il(xq—lﬁxq+1)[F(xr+1)]
0<Xp41 < <Xg-1<Xg41< <X <0

X f(xr+1) [1 - F(xr+1)]Rr+1 ---f(xq—l)[l - F(xq—l)]Rq_lf(xq+1)[1 - F(xq+1)]Rq+1 e X
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f )1 = Fxp)*mdx,ydx, gy o dxg_1dxgeq - dxp, (12)

Substituting by Eq. (10) in Eq. (12) and simplifying, yields Theorem (2.2) will be valid for the progressively Type-II

Eq. (11). right censored order statistics as a special case from the

This completes the proof. general progressively Type-II right censored order statistics
Special case whenr = 0,

(Rq,-R )(l+2]) (l + 2) (Rl R )(lj) (X(l + 2) (Rl JR )(l+1])

.....

#q,s:mn m q,ssm:m 0(l+1) Hg,simm
(=R = =Ry1 = @+ 1)[ (Ry.Rg-2.(Rg-1+Rg+DRga1r) 2" @ +2) (R Rq-2(Rg-1+Rq+ D Raa1im) 7
(Rq + 1) q-1,5-1m—-1n 9(l + 1) q-1s5-1m—-1n
_ (n—Ry——Ry—q) (RupRg-1.(Rg+Rqe1+1) RgszRm) TP @A+ 2) (Ry,..Rq_1,(Rg+Rqs1+1)RgszrRm) T
(Rq + 1) ”q,s—l:m—l:n Q(i + 1) ”q,s—l:m—l:n

Theorem 2.3
Forr+1<g<s<m-1m<nandij=0,then

(Ry 41, R) BI+2) G+2) (Rrt1,ee Rm)(i‘j) a(+2) (R4 1r0eR) BIFD)

.....

Hg.ssmm - m”q,s:m:n 0(] + 1) a7 L Hgsmn
(mM—Ryyy——Rg 1 —5s+1) (Rr+1,...,Rs_2,(Rs_1+RS+1),Rs+1,...,Rm)(i'j+2) a(j +2) (Ry41,-rRs—2,(Rs—1+Rs+1),Rs4 1,0 Ry) BT D)
(R + 1) qs—l:m—l:n 0(] + 1) I’lq,s—l:m—l:n

_—("‘Rr“_”'_RS_S)[ (Rr41-sRo-1(Rs+Rs 41+ D RoszrRir) W2 | @(j+2) | (Ryy1,eRs-1.(Rs+Rs41+1) Rot2,0es Rm)(i'jﬂ)] (13)
(Rg+1) q,ssm—1:n 0(j+1) q,sm—-1:n

Proof
From Eq. (4) and Eq. (6), we get

(Ry41,--Ry) )
Hasmn = Amm-1) xq Iy (51, X541 [F (101"
0<Xp41<<Xg-1<X541< <Xy <00

X fOtrs)[1 = FOorp)IFr+t o f (- [1 = F Q- )12 f (54 [1 = F Gy )] 541 L X
FG) 1 = F(p)1fm doyy1dxyyp o dxs_1dXg4q o dpy (14)
where
L (%1, Xs41) = [ x] (@ + 0x) [1 = F(xo)]R* dag (15)
Now, integrating by parts we obtain

L (Xg_1,Xs41) =

{axiii[1—F<xs+1)]Rs“_—ax”i[1 Flxs-p)]Rs 1 +9x£'1i[1—F(xs+1>]Rs+1_ 0x) 3 1-F (g pIRsH 4 GRS s el e N1
j+1 j+2 j+1 Xs—1
6(Rs+1) i
Fx)odxs + == [ ] f(x)[1 - F(xsn'*sdxs} (16)
Substituting by Eq. (16) in Eq. (14) and simplifying, Theorem (2.2) will be valid for the progressively Type-II
yields Eq. (13). right censored order statistics as a special case from the
This completes the proof. general progressively Type-II right censored order statistics
Special case whenr = 0,
(R Rm)(lj+2) (] + 2) (R1 Rm)(l]) a(] + 2) (Rl Rm)(l]+1)
Hg,smm m q,sm:n 9(]+1) Hg,smn
MRy == Rsys =S+ D[ RyRsg(Ro1+Re+DRs41,Rn) 2 €U+ 2) (R (Rey +Rs+ 1) Res . Rp) BIHD

(R, + 1D Has-tm-1n 0G + D Hastm-tn
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(n—Ry— =Ry —5)
B (Rs + 1)

q,ssm—-1:n

3. Characterization for Single and
Product Moments

In this section, we introduce the characterization of the
linear failure rate distribution using the relation between pdf
and cdf and using recurrence relation for single and product
moments of general progressively Type-II right censored
order statistics from linear failure rate distribution.

In the next theorem, we introduce the characterization of
the linear failure rate distribution using relation between pdf
and cdf.

Theorem 3.1

Let X be a continuous random variable with pdf f(+), cdf
F(-) and survival function [1 — F(-)]. Then X has linear
failure rate distribution iff

f)=la+6x][1-Fx)].x=0 17
Proof
Necessity:
From Eq. (2) and Eq. (3) we can easily obtain Eq. (17).
Sufficiency:

Suppose that X is a continuous random variable with pdf
f() and cdf F(-). Suppose, also, that equation Eq. (17) is
true. Then we have:

(R1,-sRs—1,(Rs+Rs.41+1),Rg42,..Rm) LI +2)

0(]- + 1) 'uq,s:m—lzn

On integrating, we get
0
—In|1-FX)| = ax +Ex2 +C,

where C is an arbitrary constant.

Now, since [1 — F(0)] =1, then putting x = 0 in this
equation, we get C = 0.

Therefore,

6
—In|1 = F(x)| = ax +§x2,

Hence,

_ —ax-Ox2
Fix)y=1-¢ z*

That is the distribution function of linear failure rate
distribution.

This completes the proof.

In the next theorem, we introduce the characterization of
the linear failure rate distribution using recurrence relation
for single moment of general progressively Type-II right
censored order statistics has introduced in the following
theorems.

Theorem 3.2

Let Xoipn S Xoi2m S<... < X,., be the order stasistics of a
random sample of size (n — r). Then X has linear failure rate

—d[1-F0)] _ (@ + 6x]dx distribution iff, forr + 2<g<m-1m <nandi >0,
1—-F(x)
R4 1, Ri) 2 — (i+2) 'u(Rr+1'---'Rm)(i) _ a(i+2) 'u(Rr+1 ----- Rp) (D)
qgmm H(Rq + 1) qgmm 0(l + 1) qgmm
+ (n —Ryyg——Rqg1—q+ 1) (Ryt1,0 Rq_z,(Rq_1+Rq+1),Rq+1,...,Rm)(i+2) a(i+2) 'u(RH_l ..... Rq-2.Rq—1+Rq+1).Rqs 1, Rp) Y
(Rq + 1) q—-1m-1mn H(i + 1) q—-1m-1n
_ (n=Rr+1—-~Rq=a) | (Rr+1,--Rq-1,(Rq+Rq+1+1)Rq+2, Rm)(Hz) a(i+2) (Rri1,-Rq-1,(Rg+Rq+1+1).Rq42,- Rm)(i+1) 13
(Rq+1) gm-1n 0(i+1) "am-1n ( )
Proof Sufficiency:
Necessity: Assuming that equation (18) holds, then we have:

Theorem 2.1 proved the necessary part of this theorem.

.....

gm:mn (l 4 2) qgmm (l + 1) gmm
(i+2) (i+1)
+(Tl —R —w._R — CI) 6 M(RTH'---'Rq—l'(Rq"'RqH+1)'Rq+2 ----- Rm) ! a M(Rr+1u-uRq—1r(Rq+Rq+1+1)qu+2 ----- Rm) '
r+1 q (i + 2) qgm-1n (i + 1) qgm-1n
(i+2) (i+1)
0  (Rry1-Rq—2,(Rq—1+Rq+1),Rqs1,.Rm) a  (Rry1,--Rq—2.(Rq—1+Rq+1),..Rm)

—(Tl - Rr+1 -t Rq—l —q+ 1) [(i+2) 'uq—l:m—lzn

From Eq. (4) and Eq. (5), we get

(i+1) 7 q-1m-1n

] (19)



134 M. M. Mohie El-Din ef al.: Characterization of the Linear Failure Rate Distribution by
General Progressively Type-II Right Censored Order Statistics

Rrg1,Rr) D _
:uq:;l:n " - A(n,m—l) T 13 (xq—lt xq+1)[F(xr+1)]r X
0<Xp41 < <Xg—1<Xg41< <Xy <00

f(x‘r+1)[1 - F(x‘r+1)]Rr+1 ---f(xq—l)[l - F(xq—l)]Rq_lf(xq+1)[1 - F(xq+1)]Rq+1 o X

fOem)[1 = FQep)1fmdx, g o dxg_1dXgyq . dxp, (20)
where
. R
I3 (xq-1,%g+1) = ;qu+11 g f (xg)[1 = F(xq)] g 2D
Integrating by parts, we obtain
- R +1 Rg+1 +1 : Rg+1
I (g1 %) = o X1 = Flrau)]™ 4 gl = Fleg)™ + 0 [0 [1 - Fg) ™ g (22)
Substituting in Eq. (20), we get
(i+1) i+1
llt(;iﬁﬁ """ T = R 3 14am-1 ﬂf [F ey )] X
q 0<Xp41 < <Xg—1<Xg41< <Xy <00
17 Rg-1 [T, Rq+1
a1 = FQtr D1+t f (1) [1 = F (1) xg[1 = F(xg)] dxg

Xq-1
fxge)[1— F(qurl)]Rq+1 e fOe)[1 = F () ]fmdixy g g 1dXgq o dXy

A
(nm 1)
R +1 ff J- q I[F(xr+1)]
0<Xp41 < <Xg-1<Xg4+1 < <X <0

[t [1 = F(xpyp)]fre "'f(xq—l)[l - F(xq—1)]1+qu+Rq_1f(xq+1)[1 - F(xq+1)]Rqul

X o f ) [1 = F () 1Rmdixy g o dig_qdxgyq o dxp,

A

(nm-1)

=y | XA TF G X
0<Xp41 < <Xg-1<Xq+1 < <X <0

f )1 = F(xppq)]Rret "'f(xq—l)[l - F(xq—1)]Rq_1f(xq+1)[1 - F(xq+1)]
X o f ) [1 = F ) 1Rmdity g o dg_qdxgyq o dxp,

1+Rg+Rg+1

i+1
A(nm DD 4 1 R 1 ff f [F(xr+1)]
+ 0<xp41<<Xg-1<Xg41< <X, <0

FOtp )= POyt o f g )1 = P [ xa[1 = Fxg )™ g

Xq-1

fxgea)[1— F(xq+1)]Rq+1 o f )1 = F () 1®mdx, i o dxg_1dXgyq o diy, +

— — e — — (i+1)
(n Ry R, CI) (Rr4+1,-Rg—1.(Rq+Rq41+1).Rq+2,..Rm)
Rq +1 'uq:m—l:n
(i+1)
_ (n_Rr+1_"‘_Rq—1_q+1) (Rr+1r---Rq—2.(Rq—1+Rq+1).Rq+1.---.Rm) (23)
Rg+1 q—-1m-1n

and
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Ryt1rms Ry (i+2) i+2
G = Amn g | [F G X
q 0<Xp41 < <Xg-1<Xg41< <Xy <00
R Rg—1 [F9*Y 4 Rg+1
FGa [ = FGya )l o f(xgon)[1 = F(xg-1)] f x1[1 = F )] dx, x

Xq-1

fxge)[1— F(qurl)]Rq+1 e fOe)[1 = F(ep)]fmdixy g o dig_1dXgq o dXy

— —_— — — (i+2)
(n Ryi1 Rq q) (Rr+1r---Rq—1‘(Rq+Rq+1+1)‘Rq+2u-uRm)
Rq +1 qgm-1mn
(i+2)
_ (n—Rr41—-Rq_1-q+1) (Rri1-Rg-2,(Rq-1+Rq+1).Rq+1,-.Rm) (24)
Rg+1 qg—1m-1mn

T (Rr41,0Ryn) 1) (Ryg 1Ry D) )
Now by substituting for fig.m'n and Ug.mn from Eq. (23) and Eq. (24) in Eq. (19), we get

(Ryt1,emn R )(i) .
Iy | | K IF () (2 + 02,) X
0<Xy41<--<xp <0

F s DI = F @y DI (g1 [1 = Fqon)] 7 [1 = F(xg)]" " x

R
f(qe)[1 = F(qun)| ™ o fGtm)[1 = FGtm)]Fmdxyyy .. i, (25)
We get
A [[ f PGl [f(r) ~ (o 0x)[1 = )]
Xr41 <" <X¥m<®
R Rg—
[1 = F ()™ f G DL = F Oy D10 f (g0 )[1 = F(q0)] 7 %
R
fGeqe)[1 = F(xqu)] ™" o f Gem)[1 = F () ¥ mdx, g Ay = O
Using Muntz-Szasz theorem, (See, Hwang and Lin [10]), In the next two theorems, we introduce the characterize the
we get linear failure rate distribution using recurrence relation for
product moment of general progressively Type-II right
f(xq) = (a +6x)[1 = F(x,)] censored order statistics.
. Theorem 3.3
Using Theorem 3.1, we get Let Xoipn S Xoiom S... < X,., be the order stasistics of a
P F random sample of size (n — r). Then X has linear failure rate
Fx)=1-e 2 distribution  iff, for r+l1<g<s<m-—-1m<

That is the distribution function of linear failure rate nandi,j 20,

distribution.
This completes the proof.

e i) @20 D) ey ECH D)y, R 41
q.smmn H(Rq n 1) q.smmn 0(i + 1) Hasmn
+ (n — Ry — - — Rq—l —q+ 1) #(Rr+1 ----- Rq—zV(Rq—l+Rq+1)qu+1.---.Rm)(i+2'j)
(Rq + 1) q-1,s—-1:m-1:n

1 (i+1,))
a(l+2) (Rys1,Rg-2.(Rg-1+Rq+1).Rqs1,mRm) "

0(1' + 1) Mq—l,s—l:m—l:n

(i+2,)) (i+1,))

_(n—Rr+1—---—Rq—q) (Rr+1,-+Rq-1,(Rg+Rq+1+1).Rq+2,-.Rm) a(i+2) (Rrs1,-Rq-1,(Rg+Rq+1+1).Rq42,--Rm) 2
(Rq+1) q,s—1m-1:n 0(i+1) "as-1m-1n ( )
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Proof
Necessity:

Theorem 2.2 proved the necessary part of this theorem
Sufficiency:

Assuming that equation (26) holds, then we have:

Rrs1rRp) &) _ Q(Rq + 1)

q,sm:mn -

.....

(Ry41,sRi) %) (X(R + 1) Ry 10R) 1D
(i+2) Hasmn G(+1) Hgsmm

+( —R.., —w.—R — ) 6 (Rr41,2Rq-1.(Rg+Rq+1+1).Rg 42, Rm)(HZJ)
n r+1 q (i+2) q,s—1:m—-1:n

(i+1.))
a (Rr+1,-+Rq-1,(Rg+Rq+1+1),Rq+2,--Rm)
(i + 1) q,s—1:m-1:n

(i+2,))
] (Rr+1 Rg—2,(Rq—1+Rq+1),Rqg41,-Rm)
_(n_RT+1_m_R —q+ ) (i+2) Hg—1,5-1:m-1n +

(i+1) " q-1s-1m-1:n

27

(i+1,))
a  (Rrs1--Rq-2.(Rq—1+Rq+1).Rq+1,--Rm) ]
where

(Rr41,-

(i+1,))
q,s:m:mn m) A(nm 1) ff J- [F(xr+1)]
0<Xp41 < <Xg-1<Xg+1 < <X <0
i Rg—
13(xq—1,xq+1)xsjf(xr+1)[1 — F(xp41)]fr+ "'f(xq—l)[l - F(xq—l)] 7 x

fxger)[1— F(qurl)]Rq+1 o FOIL = F () ]fmdoxy g o dxg_1dXg4q o dXpy

(28)
Substituting by Eq. (22) in Eq. (28), we get

Rra R D _ i+1
q,sr;:n;n " (nm- 1)R +1 Xs [F(xr+1)]
0<Xpr41<<Xg-1<Xg4+1< <X, <0

FO ) = FQy )1 o f () [1 = F(gr)]" f i1 - F(g)]* " dx, X

Xg-1
fxge)[1— F(qurl)]Rq+1 e fOe)[1 = F () ]fmdoxy g o dig_1dXgq o dXy
L Amm-n f f f i1,
xqt1x [F (xr41)]" X
R +1 0<xp41<<Xg-1<Xg41< <X, <0 =17 r
FCra D1 = FGra)IRr (o) [1 = FQqon)] 7 (g )[1 = Fogan)] ™ x

o f ) [1 = F () ®mdx, g oo dxq_qdXgyq . dXy,

A
(nm 1)
R 1 ff f xtll-:—llxsj [F(xr+1)]r X
+ 0<xp41 < <Xg-1<Xg41< <X, <00

FCraD[1 = Gy )IRr (o) [1 = F(qon)] ™7 f Gegua)[1 = Frgen)] 04 x
o f ) [1 = F () ®mdx, g o dxq_qdX gy o dXy,

i+1 .
~Aam g7 xUF Gy X
q + 0<Xp41 < <Xg-1<Xg41< <X <0
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Xq+
Rg—q [71

F i) = F QDI L f(og-q)[1 = Fxg-1)] ' xt[1- F(xq)]Rquxq X

Xq-1

fxgea)[1— F(xq+1)]Rq+1 o f ) [1 = F () 1*mdx,iq o dxg_qdXgyq . diy, +

(M=Rppy == Rgo1 =G+ 1) (RyysRg2(Rg1+Rq+1)Rae 1) 7

_ (n—Ry41—-Rq=q)  (Rr+1,-.Rq-1.(Rq+Rq+1+1).Rq+2,.Rm) 29
Rg+1 q,5s—1m—-1n ( )

and

(Ryp1,nRyyy) E+2:1) i+2 .
.uq,sr::nl:n " = R.+1 A(n,m—l) T x; [F(xr+1)]r X
q 0<Xp41<<Xg-1<Xg4+1< <X, <00

G = F Q) . f = F )M dxg £ (xrg-n)[1 - Frg-1)]

Xg-1
R
Flxgen)[1 = F(xgen)] ™" e f o)1 = F () 1fmdo, 4 oo ditg_1dXgyy - dxpy
4 (n=Ryyy = =Ry —q+1) ((Rrea Rq-2.(Rg-1+Rq+1),Rg s 1, Rm) 7
Rq +1 q-1,s-1:m—-1:n

(42)
_ (n=Rrs1=+=Rg=@)  (Rr41.Rg-1.(Rg+Rqe1+D.Rgs2,.Rm) 30
Rg+1 q,5s—1m—-1n ( )

Now by substituting for  (30)in Eq. (27), we get

(Rr41,ee0 Rm)(H—l'j) (Rr+1u-uRm)(i+2

y)l
Hg,s:mn and Hgs:imm ’ from Eq. (29) and Eq.

(Ry41, s Ryy) @) P
Ut = Ay met) fff xtx[F (xp )17 (a + 0x,)
0<Xpq1<<xym<0

F a1 = F @y DIR1 o f(xg-1)[1 = Fqon)] 7 [1 = F(xg)]" " x

F(xr)[L = F(xge)]™ " o f Qo)L = F(e)]Fmdity gy .o Ay (31)

Then
Atnm-1) ff . f0< e XLl [F (s )] [f(xq) — (a+0x,)[1- F(xq)]] X

[1 = F ()] f Gorid[1 = F Gty IR o f(go1)[1 = F(xq-1)] " %

()L = F(xge)]™ " o f Qo) [1 = F () ]Fm Ay oty = 0

Using Muntz-Szasz theorem, (See, Hwang and Lin [10]), That is the distribution function of linear failure rate
we get distribution.
This completes the proof.
Flxa) = (@ + 0x)[1 = F(x,)] Theorem 3.4
Let X, £ X5, S... £X,., be the order stasistics of a
random sample of size (n — r). Then X has linear failure rate
0x2 distribution iff, for r+l1<g<s<m-1mc<
Fx)=1-e*"2 nandi,j >0,

Using Theorem 3.1, we get

Rron )@ G4 D ey EUH2) ) R 40
r,s:mmn H(Rs‘l‘ 1) q,s:m:n 9(j+ 1) q,s:m:n
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(n—Rypy = —Rey —s+1) (Rm..--.Rs-z,(Rs-l+Rs+1),Rs+1..--.Rm)“'f+2) AU +2)  ReggrRomai(Rso1 +Rs+ D Ry tmaln) W41
(R + 1) qs—l:m—l:n 0(]- + 1) q,s—1:m-1:n
_ (n—Ryy1——Rs—S) [ (Rr41,-oRs—1,(Rs+Rs41+1),Rs42,sRm) P2 | @(j+2)  (Rpy1,9Rs—1,(Rs+Rs41+1),Rs42, Rm)(i‘j+1)] (32)
(Rg+1) q,ssm—1:n 0(j+1) q,sm—-1:n
Proof
Necessity:
Theorem 2.3 proved the necessary part of this theorem.
Sufficiency:
Assuming that equation (32) holds, then we have:
Res1rRr) D _ H(R + 1) (Rr+1 Ry EI+2) (X(R + 1) (Rr+1 Ry I+
Hg,smm = (]+2) Hgsmm (]+1) Hg,smm
(ij+2) a (ij+1)
+(Tl — Ry —- S) (] — 2) l(IRSr+11mR51;(Rs+Rs+1+1)rRs+z'---'Rm) 4 (] — 1) ”‘(IR;+11 mRiﬁ(RS+RS+1+1) Rst2,-mRm)H ]
0 (Rr4+1,-+Rs—2,(Rs—1+Rs+1),Rs41, ..., Rp) (&J+2)
_ _ o _ (+2) q—1,s—-1:m—-1:n
(= Rp4q Rea—s+1) @ (Rr41,-oRs—2,(Rs—1+Rs+1), Ry 1,0, Ryn) LI+ 33)
(G+1) q,s—1:m—-1:n
From Eq. (4) and Eq. (6), we get
Ryy1,em Ry) & +1) i
#((g,sr::nl:n m = A(n,m—l) ff ' f [F(xr+1)]rx}1 X
0<Xp1 < <X5_1<Xg41 <" <A <00
Iy (g1, X5 1) f O )1 = F Ot )1+ f (-1 [1 = F (g1 )] %571 X
f s D[ = FQrop)]®s o f ()1 = F Qo) fmdoxy g o dxg_qdXgyq oo dity, (34)
where
L (o1, %s41) = [ T F(e)[L = F ()]s dxs (35)
Integrating by parts, we have obtain
-1 . x}+1
+ 1
L (xg_1, Xs41) = R, + 1xsj+1[ — F(xsy)]®* + 1 j_ R, [1 = F(xg_q)]%s*?
PP - R, (36)
Now by substituting in Eq. (34), we get
(Ry41remn R )(i,j+1) ] + 1
#q,sr:;;ll:n " A(nm DS 11 R, +1 [F(xr+1)] X
0<Xp4q<<X5—_1<Xg41<" <xm<oo
Xs+1
f Ol = FOo )1 f (e[ — F(x-p)] R f x3[1 = F ()] *Rsdxs x
Xs—1

f(xs+1) [1 - F(xs+1)]RSJr1 ---f(xm)[l - F(xm)]Rmdxr+1 dxs—ldxs+1 dxm

A .
“mm-1) +1_i
R +1 ff J- x!_lx};q[F(xr+1)]r X
0<Xp 1< <Xg—1<X541 <" <Ay <0

f(xr+1)[1 - F(xr+1)]Rr+1 ---f(xs—l)[l - F(xs—l)]1+RS+Rs_1f(xs+1)[1 - F(xs+1)]Rs+1 . X
f e[l = Fep)]fmdxyq o dxs_1dXgyq o dxy,
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A
“mm-1) +1
R + 1 ff f ~!-;.13‘:q[F(xr+1)] X
0<Xpg1 < <X5_1<Kg41 <" <A <00

fOqe)[1 = F(xp41)]Rrt e fl-)[1 = F(xs—1)]Rs_1f(xs+1)[1 — F(xgyq)|"HRs Rt | x
f e[l = Fxp)]fmdxyq o dxs_1dXgyq o dy

+1
=t [ [F ()] %
R +1 0<Xpp1 < <X5-1<X541 < <Ay <0

F QDL = F Gy IR o f (o[ = Fx;_p)]Fs- f " i1 - PR dx

s—1
f(xs+1)[1 - F(xs+1)]Rs+1 f(xm)[l - F(xm)]Rmdxr+1 dxs—ldxs+1 dxm +

(M—Ryy1—— Ry —s+1) (Ry41,-+Rs—2,(Rs—1+Rs+1),Rs 41, Ry) G-I +D)
Rs+ 1 q,s—1:m-1:n

_ (=Ryi1—=Rs—S) (Ry41,-+Rs—1,(Rs+Rs+1+1),Rs42,- Ryy) G+ (37)
Rs+1 q,s—1:m-1:n

and

(Rys1)es Ryy) (6J+2) j+2 )
Hasmm = Amm-1) il xg [F (xp41)]" X
S 0<Xpp1<<Xg5—1<X541 < <Ay <0

FOa)[1 = FGtra )P o f ()L = F(_p)] % f ML - R ()R dx

Xs—1
f(xs+1) [1 - F(xs+1)]RS+1 f(xm)[l - F(xm)]Rmdxr+1 dxs—ldxs+1 dxm

(Tl _ Rr+1 - Rs 1S5+ 1) (Rr4+1,-+Rs—2/(Rs—1+Rs+1),Rs41,..., R (&J+2)
Rs + 1 q,s—1:m-1:n

_ (=Rry1—=Rs—S) (Ry41,+Rs—1,(Rs+Rs+1+1),Rs42, Rpy) (+2) (38)
Rg+1 q,s—1:m-1n

(i,j+1) (ij+2)
Now by substituting for uéﬁﬁ,};’,{’Rm) g and ug};ﬁ;;‘,;"Rm) " from Eq. (37) and Eq. (38) in Eq. (33), we get

Rytt s Ry ) (1) P
e PR f f f * [P Gy )T (@ + 6x)
0<xppq1<- <Xy <00

)1 = F Q)R+t f (o) [1 = F(xgo)]Rs71[1 = F (o) [RsHt x
fxse)[1— F(xs+1)]RS+1 e f )1 — F(xm)]Rmdxr+1 - (39
We get

Amm-1) -U...ka e x}']xsj [F(x, )] [f(xq) — (a+0x,)[1 - F(xq)]] X

[1 = FQe)Isf Gera)[1 = F Q)]+t f (o) [1 = F )]s f X
(s = F sy o fO0n)[1 = F (o) *mdoty g oo dity, = 0

Using Muntz-Szasz theorem, (See, Hwang and Lin [10]), o2
X
we get Fx)=1—e"%2

f(xs) = (a + 0x5)[1 — F(x,)] That is the distribution function of linear failure rate
distribution.

Using Th 3.1 above, t )
sig ~heorem above, we ge This completes the proof.
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4. Conclusion

We derived recurrence relations among single and product
moments of general progressively Type-II right censored
order statistics (Theorem 2.1, 2.2 and 2.3). Characterization
for the random variable X following the linear failure rate
distribution is obtained using the previous recurrence
relations (Theorems 3.2, 3.3 and 3.4) and distribution
function (Theorem 3.1). For future work, estimation for the
scale and location parameters could be obtained by applying
the best linear unbiased estimation to the previous results.
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