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Abstract: In this paper, we derive inflection points for the commonly known growth curves, namely, generalized logistic, 
Richards, Von Bertalanffy, Brody, logistic, Gompertz, generalized Weibull, Weibull, Monomolecular and Mitscherlich 
functions. The functions often represent the mean part of non-linear regression models in Statistics. Inflection point of a 
growth curve is the point on the curve at which the rate of growth gets maximum value and it represents an important 
physical interpretation in the respective application area. Not only the model parameters but also the inflection point of a 
growth curve is of high statistical interests.  

Keywords: Inflection Point, Growth Model, Gompertz, Logistic, Richards, Weibull 

 

1. Introduction 

The purpose of this paper is to explore the existence of 
inflection points for the commonly known growth functions. 
These functions are often representing the mean part of 
non-linear regression models in Statistics. For example, [1-
2] define the non-linear growth curve as mean part of the 
statistical model as: 

�� � ���� � 	�                             (1) 

where ��  is observation on growth, ����  is mean growth 
function, and 	�  is random error at time � . The model 
parameters are estimated from observations.  

The Mathematical definition of inflection point as given 
in [3] is: Inflection point of a continuous function ���� is a 
point � � 
 , on an open interval containing point � � 
 , 
where the second derivative � ′′ ��� � 0  on one side and � ′′ ��� � 0  on the other side of  � � 
, and � ′′ �
� is either 0 or does not exist.  

In practice, inflection point is the point at which the rate 
of growth gets maximum value. There are some interesting 
applications and practical uses of inflection points in areas 
including economics, computer science, demography, 
animal science, plant science, forestry and biology. 

In economic growth, the relationship between inflation 
and long-run economic growth is negative and a nonlinear 
one [4]. In [5] it is reported that if such a nonlinear 
relationship exists, then it should be possible, in principle, 

to estimate the inflection point, or a threshold, at which the 
sign of the relationship between the two variables would 
switch. Even in computer sciences, inflection point is 
important in software reliability growth modeling [6-8]. In 
demography, ageing populations is of concern and growth 
models are used to analyze the impact of ageing 
populations on public spending. The inflection point 
divides the period in the curve [9]. Furthermore, inflection 
point is useful in analyzing mortgage as done in Canada 
[10].  

In biological, growth models have been widely used in 
many areas especially animal, plant and forestry sciences. 
Applications in animal sciences include [11-17]; and those 
in forestry and plant sciences include [18-20].  

It has been shown by [21] that the commonly known 
growth models are solutions of the rate-state first order 
ordinary differential equation. Researchers [22] introduce a 
new generalized growth model. In latter paper, inflection 
points are discussed. In the present paper, we aim to derive 
inflection point of commonly known growth models and 
emphasis their roles in Statistics. We show that inflection 
point is expressed as a function of model parameters. 

In Section 2, we define inflection point of a function ����  and express the procedure to derive it. We present 
detailed derivations of inflection points. List of the 
inflection points of the growth functions are also provided 
in Table 1. In Section 3, conclusions are given. 
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2. Derivation of Inflection P

2.1. Generalized Logistic Function 

The Generalized Logistic function as given in 
expressed in its original notations  ���
������������� �� . This we now re-express

notations used in this paper as 

����1 ! "#�$���%��&
 where " � '1

replacing in the original equation using
as  ���� � ����, � � �� , � � �, �
) � ! �&  and   – + � 1 ! ,-.�-/-�-/ 0 �1.  

Inflection Point For Generalized Logistic,  � ′′ ��� are given respectively by  

 �2 ��� � 34   5���� ! ��6�� �&   75� ! ��6
�22 ��� � 34 891 ! 13: ; � ! ������ ! ��

Now, �22 ��� � 0  < =,1 ! �&0 >
<  ���� � �� � �� ! ��� >1 ! �&?&   

 
 � @ � �$ log =3 '1 ! ,-.-

Figure 1 Plots of the Growth Curves (lines) with their 

Points (dots) 

Equation (2)  is the point of inflection since
at that point and also � ′′ ��� � 0  and 
satisfied on the increasing and decreasing sides of that 
point. Hence, for Generalized Logistic curve, the single 
point of inflection occurs when the 

weight ��
� � �� � �� ! ��� >1 ! �&?
given by (2). For   0 � 3 D 1 , we have 
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Points 

Logistic function as given in [23] is 
expressed in its original notations as ���� � � �

express with same 

 ���� � �� � � � !
'1 ! ,-.�-/-�-/ 0 �1E  by 

using the transformations � � 4, F � @  , 

 

For Generalized Logistic,  � ′ ���  and 

6 �& ! 5���� ! ��6 �&G  

�H �& ! 1I  �2 ��� 

0 > -�-/J����-/? �1 ! 1K � 0 

 

, .�-/-�-/ 0 �1EK             (2) 

 

Plots of the Growth Curves (lines) with their respective Inflection 

f inflection since  � ′′ �
� � 0 
and  � ′′ ��� � 0  are 

satisfied on the increasing and decreasing sides of that 
Hence, for Generalized Logistic curve, the single 

point of inflection occurs when the growth reaches the ?&    at time � � 
 

, we have   log =3 '1 !

,-.�-/-�-/ 0 �1HK � 0 which indicates that the time of inflection 

should be less than  @. However, such
not exist, as the growth under logistic curve meets 
inflection point only at later age / 

The inflection points are indicate
in Figure 1. It seems that there is
inflection points, and these can have real meanings in the 
application areas.  

2.2. Particular Case of the Generalized Logistic Function

The Particular Case of Logistic function is defined 

as  ���� �  �
������LM����N�� ��. This we now rewrite w

notations used in this paper as

" � 1 ! ,-.- 0 �1 by replacing in the original equation using 

the transformations  ���� �
@  , ) � ! �&  and O– +P � 1 !

Inflection Point  

For Particular case of the � ′ ���  and   � ′′ ��� are given respectively by � ′ ��� � 34   Q� �1 ! � �1��
4 =�3 ! 1� , -J���0 �1 ! 3K  �
< �3 ! 1� , -J���0 �1 � 3 <
implies 


 � @ �  �$ log =3 '1
Equation (3)  is the single point of inflection occurs 

the respective growth is ��
�
2.3. Richards Function 

The Richards function is defined as in the usual notations 

[24] as ���� � � �1 ! " #�$�
parameter 3 can assume any non

Inflection Point  

For Richards function  �2 
�2 ��� � 34��� �1��� >� �1 ! �
4 �2��� �� �1��� >�3 ! 1�� �1 !
that 

�22 ��� � 0 < ;�3 ! 1� � �& ! 3 �
and this implies 


 � ,�$0 log =3 '1
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which indicates that the time of inflection 

. However, such inflection point does 
not exist, as the growth under logistic curve meets 
inflection point only at later age / time  
 � @. 

The inflection points are indicated by dots on the graphs 
in Figure 1. It seems that there is some pattern among the 

nts, and these can have real meanings in the 

Particular Case of the Generalized Logistic Function 

The Particular Case of Logistic function is defined [23] 

. This we now rewrite with same 

notations used in this paper as���� � ��1 ! "#�$���%��&
 , 

by replacing in the original equation using ����,   � � �, 4 � R), �S �
! ,-.- 0 �1. 

For Particular case of the Generalized Logistic, 
are given respectively by ��T ��� �1���  and   � ′′ ��� �

′ ��� . Now, � ′′ ��� � 0  
 ���� � � >1 ! �&?&   and this 

'1 ! ,-.- 0 �1EK                        (3) 

the single point of inflection occurs and � � � � >1 ! �&?&
.  

The Richards function is defined as in the usual notations 

$��&, " � 1 ! ,-N- 0 �1. Here the 

can assume any non-zero real number.  

 ���  and  �22 ���  are given by � �1���?  and �22 ��� �
! 3� �1���?. Here, we observe 

� �&���H � 0 <  ���� � � 93 ! 13 :&  

'1 ! ,-N- 0 �1EK                        (4) 



270 Ayele Taye Goshu and Purnachandra Rao Koya:  Derivation of Inflection Points of Nonlinear Regression Curves –  
Implications to Statistics 

Equation (4) for 3 U 1 is the point of inflection since � ′′ �
� � 0 at that point and also � ′′ ��� � 0  and  � ′′ ��� �0  are satisfied on the increasing and decreasing sides of 
that point. 

Hence, for Richards curve, the single point of inflection 

occurs when the growth reaches  ,&��& 0&  of its final 

weight, i.e. ��
� � ,&��& 0& �    at time given by (4). 

2.4. Von Bertalanffy Function 

Von Bertalanffy growth function is defined [25] as 

���� � � �1 ! " #�$��V, " � 1 ! ,-N- 0�W.   

Inflection Point  

For Von Bertalanffy function  �2 ���  and   �22 ���  are 

respectively given by �2 ��� � 34 �YW���  >��W ! ��W���?  
and �22 ��� � 34Z ��W���  >��W ! ��W���?  >2 ��W ! 3 ��W���? . 

Here, we observe that �22 ��� � 0 < >2 ��W ! 3 ��W���? �0 <  ���� � �8 27⁄ ��,  and this implies 


 � ,�$0 log =3 '1 ! ,-N- 0�WEK                             (5) 

This is the point of inflection point. Hence, for Von 
Bertalanffy curve, the single point of inflection occurs 
when the growth reaches ��
� � �8 27⁄ �� . 
2.5. Brody Function 

Brody growth function is defined [15] as   ���� �� �1 ! " #�$��,   " � 1 ! -N- . 

Inflection Point  

For Brody growth function � ′ ���  and  � ′′ ���  are 
respectively given by  � ′ ��� � 45� ! ����6  and   � ′′ ��� �4Z5� ! ����6 . Here, we observe that (i)   � ′′ ��� � 0 <5� ! ����6 � 0 <  ���� � � < � � ∞ . That is, 
inflection point may occur when � � ∞. But, (ii) � ′′ ��� �0  for � � ∞  and (iii)  � ′′ ��� � 0  does not hold for any 
value of   � . Hence, the Brody growth function does not 
possess any point of inflection since  � ′′ ��� � 0  is not 
satisfied for any value of � . 
2.6. Logistic Function 

The classical Logistic function [26] is defined as ���� � _��`��a�  , where  " � , --N ! 10. 

Inflection Point  

For Logistic function,   �2 ���  and  �22 ���  are given 

respectively by  �2 ��� � 4 ���� >1 ! J���- ?  and �22 ��� �4�2 ��� >1 !  ZJ���- ?. Here, we observe that �22 ��� � 0 <>1 !  ZJ���- ? � 0 <  ���� � -Z  and this implies: 


 � ,�$0 log , --N ! 10                         (6) 

Equation (6)  is the point of inflection, since � ′′ �
� � 0 
at that point and also � ′′ ��� � 0  and  � ′′ ��� � 0  are 
satisfied on the increasing and decreasing sides of that 
point. Hence, for Logistic curve, the single point of 
inflection occurs when the growth reaches half of its final 

growth ��
� � -Z  at time given by (6). 

Table 1 List of Growth Functions and their respective Inflection Points Derived. 

Model name Growth function b�c� Inflection point 
Growth 

at inflection point 

Generalized 
Logistic 

���� � �� � �� ! ���. �1 ! "#�$���%��&
 3 � 0 


 � @ � 14  efg 83 h1 ! 9�% ! ��� ! �� : �&iI 
��
� � �� � �� ! ��� ;1

! 13H&
 

Particular Case of 
Logistic 

���� � � �1 ! "#�$���%��&
 3 � 0 


 � @ � 14  efg 83 h1 ! 9�%� : �&iI ��
� �  � ;1 ! 13H&
 

Richards ���� � � �1 ! " #�$��& 
 � 14 efg 83 h1 ! 9�S� : �&iI ��
� �  � ;1 ! 13H&
 

Von Bertalanffy ���� � � �1 ! " #�$��V 
 � 14  efg 83 h1 ! 9�S� :�ViI ��
� � O8 27j P � 

Brody ���� � � �1 ! " #�$�� doesn’t exist doesn’t exist 

Logistic ���� �  �1 � " #�$� 
 � 14  efg 9 ��S ! 1: ��
� � O� 2j P 

Gompertz ���� � � #�` klm��$�� 
 � 14  efg 7log 9 ��S:G ��
� � O� #j P 

Generalized 
Weibull ���� � � ;1 ! " #�$,��%n 0νH 
 � @ � o 9p ! 14q :�r

 ��
� � � ;1 ! "#�,���s0H 
Weibull ���� � 1 !  #�,��%n 0ν 
 � @ � o 91 ! 1q:�r

 ��
� �  ;1 ! #�,���s0H 
Monomolecular ���� � � �1 ! " #�$�� doesn’t exist doesn’t exist 

Mitscherlich ���� � � �1 ! " #�$�� doesn’t exist doesn’t exist 
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2.7. Gompertz Function 

The Gompertz function [16] is defined as ���� �� #�` klm��$��, " � efg , --N0.  

Inflection Point  

For Gompertz function,  �2 ���  and  �22 ���  are 

respectively given by �2 ��� � 4 ���� log , -J���0  and 

�22 ��� � 4  �2 ��� >log , -J���0 ! 1? . Here, we observe that 

�22 ��� � 0 < >log , -J���0 ! 1? � 0 <  ���� � �� � . This 

implies that 


 � ,�$0 log Qlog , --N0T                          (7) 

Equation (7)  is the point of inflection since � ′′ �
� � 0 at 
that point and also � ′′ ��� � 0  and  � ′′ ��� � 0  are satisfied 
on the increasing and decreasing sides of that point. Hence, 
for Gompertz, the single point of inflection occurs when the 
growth reaches  �1/#�  of its final weight at time � given by 
(7). 

2.8. Generalized Weibull Functions 

We have generalized the Weibull function and named as 
Generalized Weibull function and can be given by ���� �� ;1 ! " #�u,��.v 0νH  where " � 1 ! -.- , in the same 

notations used in this paper. 

Inflection Point  

For Generalized Weibull growth function,   �2 ���  and  �22 ���  are respectively given by   �2 ��� � 4 ,rn0 5� !
����6 ,��%n 0s  and  �22 ��� � ,�n0 ,��%n 0�� >�p ! 1� !
4p ,��%n 0s?  �2 ��� . We now observe  �22 ��� � 0 <
>�q ! 1� ! 4p ,��%n 0s? � 0 < ���� � � >1 ! "#�,���M0?  

which implies 


 � @ � o ,s��$s 0�M                              (8) 

Equation (8)  is the point of inflection, since � ′′ �
� � 0 
at that point and also � ′′ ��� � 0  and  � ′′ ��� � 0  are 
satisfied on the increasing and decreasing sides of the point 
 . Hence, for Generalized Weibull, the single point of 
inflection occurs when the growth reaches the weight ��
� � � >1 ! "#�,���M0?    at time � � 
 given by (8).  

2.9. Weibull Functions 

The Weibull growth model [27] is given as ���� � 1 ! #�,��.v 0ν. The inflection point is derived as follows: 

 �2 ��� � 4 ,qo0  5� ! ����6 9� ! @o :s   

 �22 ��� � ,�n0   ,��%n 0�� >�p ! 1� ! 4p ,��%n 0s?  �2 ���. 

Here, we observe that �22 ��� � 0 < >�q ! 1� !
4p ,��%n 0s? � 0 <  ���� � � >1 ! "#�,���M0?  and this 

implies 


 � @ � o ,s��$s 0�M                              (9) 

Equation (9)  is the point of inflection since  � ′′ �
� � 0 
at that point and also � ′′ ��� � 0  and  � ′′ ��� � 0  are 
satisfied on the increasing and decreasing sides of that 
point. Hence, at the single point of inflection, growth 

reaches ��
� � � >1 ! "#�,���M0? . This fact can also be 

verified by directly substituting  � � 1, " � 1, 4 � 1 in 
the inflection point of Generalized Weibull. 

2.10. Monomolecular and Mitscherlich Functions 

Here we show that the monomolecular growth function 
takes same form as Brody. Monomolecular growth function 
is defined (France et al, 1996), in its original notations, as w � wJ ! OwJ ! wSP#�x� � wJ ;1 ! 91 ! yNyz: #�x�H  

where w is the growth function at time �,   wJ  is the final 
(mature) value, w � wS at � � 0 is the initial value and { is 
rate of growth. This function can be expressed as Brody 
function with notations w � ����, wJ � �,  wS � �S , " �1 !   yNy , { � 4 as ���� � � �1 ! "#�$��.  

Mitscherlich growth function [28] is defined, in its 
original notations, as | � R �1 ! #�}���~�� where | is the 
growth function at time �, R is the final (mature) growth, � 
is a constant and �  is rate of growth. The Mitscherlich 
function can be expressed as Brody with notations   | �����, R � �, � � 4, " � #�$~ as ��� � � �1 ! "#�$� ). Not 
that the integral constant becomes efg�AB� � !βδ � log α.  

Here we observe that all the three models viz., Brody, 
Monomolecular and Mitscherlich similar functions. With 
same argument as for Brody, both Monomolecular and 
Mitscherlich do not have any inflection points. 

3. Conclusions 

It is shown that inflection point exist for each of the 
functions: generalized logistic, particular case of 
generalized logistic, Richards, Von Bertalanffy, logistic, 
Gompertz, generalized Weibull and Weibull. Brody, 
Monomolecular and Mitscherlich curves do not have any 
inflection points. Formula for inflection point of each of the 
commonly known growth functions is derived as a function 
of model parameters. Given the respective parameters of 
the growth function, one can compute the inflection point 
and also the corresponding value of the growth function. 
The model parameters and the corresponding inflection 
point are of statistical interest. 
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