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Abstract: Many-body Green's function, and mean field theories have been developed for magnetic systems Mg,Ni;_Fe,0,.
We apply this theory to evaluate thermal magnetization and magnetic susceptibility for different values of magnetic field and
dilution x, by considering all components of the magnetisation when an external magnetic field is applied in (x-z)-plane. The
critical temperatures of Mg,Ni,_Fe,O,4 systems in the range 0 < x < | have been deduced. The Green's function results are
compared with the results of high temperature series expansion technique, and experimental magnetic measurements.
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1. Introduction

Materials in the pure spinel structure (AB,Oy) are still the
subject of extensive experimental and theoretical studies due
to their wide variety of physical properties and potential
applications in nanoscience and technology. The oxy-spinel
ferrites solid solutions Mg, Ni;_Fe,0, with x ranging from 0
to 1 provide an additional degree of freedom to tune their
magnetic and electronic properties, which opens new
opportunities for fabricating hybrid systems. Thanks to the
existence of tetrahedral (A) and octahedral (B)
crystallographic sublattices available for the metal ions, this
structure has large flexibility in hosting various metal ions
that are differently distributed between the two sublattices.

In this paper, we present theoretical approaches to study
the magnetic behaviour of Mg,Ni;_ Fe,0O,, in particular the
Green’s function theory (GFT) [1, 2]. This technique makes
use of the spectral theorem to connect correlation functions
to the Green’s functions. This contribution deals with the
reorientation of the magnetization of thin ferromagnetic
(FM) Heisenberg films as a function of the temperature or an

external magnetic field. It is of particular importance to take
into account collective excitations (magnons), which
influence the magnetic properties of films more strongly than
those of bulk magnet. Frobrich et al. [3, 4] developed, for the
first time, an improved method which enabled to calculate
numerically more than one component of magnetization for a
ferromagnetic system under random-phase approximation
(RPA). With this method, they investigated the magnetization
reorientation of (FM) films caused by dipole interaction and
external field.

The field-induced reorientation of the magnetization is
treated for all temperatures of interest. Since expectation
values of all three components of the spin operator are
considered, a corresponding set of Green’s functions must be
defined. The method used for the calculation of the
expectation values, does not utilize only the eigenvalues but
also the eigenvectors of the (non-symmetric) matrix
governing the equations of motion for the Green’s functions
with the random-phase approximation (RPA) [5, 6]. The
thermal magnetization and magnetic susceptibility are given
for different values of magnetic field and dilution x. The
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critical temperatures have been deduced. On the other hand,
The values of exchange integrals J;(x) and J,(x) for each
dilution x of Mg,Ni,_Fe,O, is deduced by using mean field
theory. The obtained values are given in Table 1. The Green's
function results are compared with the results of high
temperature series expansion technique (HTSE) [7], and
experimental magnetic measurements [8].

2. Theories
2.1. Green’s Functions Theory (GFT)

The Hamiltonian of the spin-S Heisenberg exchange
interaction | between nearest neighbour lattice sites and
under an external magnetic field B(Bx, By, Bz) is

H==3"0y (Sis7+s087 ) =2 (Bsi +B7S) +B°5)
(k1) k

The z-axis is perpendicular to the (x-y) plane. The external
field component in the z-direction enhances the effect of the
transverse field components B* .

The transformations S7 =S +iS} and B* =B +iB”

e {l[szsl_ +S,:S[+:|+S/§S[z}_2{l|:3+sk_ +B_S;:|+BZS;§} (2)
i o

Where k and 1 denote the lattice sites and <kI> indicates
summation over the nearest neighbours only.

As in reference [9], we introduce the set of thermal
Green'’s functions in the spectral representation

s (@) =ses(s;) (s7) 3)

Where w denotes the energy. and i, j the lattice sites and

In order to treat the problem, one needs the following
Green’s functions

;’('7”)’ (a)):Sf’;(sz-)m(S_;)nw; a=+-z &

where 77 = %1 refer to the commutator (/7=-1) or anti-
commutator (/7 =1) Green’sfunctions, respectively, n>1 and
m> 0 are positive integers, i and j denote lattice sites.

The G;’(',%’ are determined from the equations of motion

in the spectral representation.

w@=[sma] ) (s),  ©

With the inhomogeneities term is:

@)= sralsy) (57) | =52 () () +n(ss) (s 57

The knowledge of the Green’s functions allows the
determination of the respective
Correlation functions by the spectral theorem [6, 9, 10].

S (@)=(s7)" (s7) (s7)

=—,,;znf e O (e i0) G5 ()] )

Calculation of the commutators |S7,H yields the
following set of equations of motion for 'the Green’s
functions

WG = AT & JZ(S Sk,( ) (;)"_S;fo;(Sf)”’(Sf)n)

* ~zmn z ~Emn
*B Gij(”) B Gij(”)
mn 4 — Z m -\" 1 — ~tmn 1 + ~—mn
Gl = 4o * sz(Sf sc-sesti(s5)(57) 5B Gt 8 %J
+ ~zmn zZ ~Emn
+B Gf/(']) +B Gi/(']) (7)

The higher-order Green’s functions, occurring on the right-
hand sides, have to be decoupled in order to obtain a closed
set of equations. For the exchange coupling terms, we apply
a generalized Tyablikov (or RPA) [11, 12] decoupling, allows
also for a finite value of the x, y(or ) components of the
magnetization (a, f = +,—, z; i # k).

sesfi(s:)" (s7) =seGpm+sfegm @®)
The terms resulting from the single-ion anisotropy (i = k)

have to be decoupled differently. An RPA-decoupling, as was
proposed by Narath [12], is reasonable for exchange

anisotropy (OOSfS H ) .

In reference [4] the proper inclusion of the single-ion
anisotropy with Green’s function techniques was thoroughly
discussed in connection with the magnetic reorientation.
Accordingly, we choose the Anderson-Callen [4, 13]
decoupling for the treatment of the anisotropy terms:

st +s7st =25 1=t )55 o o

Because we are interested in laterally periodic systems, we
perform a Fourier transformation to the two-wave vector
space k, introducing vectors for the Green’s functions
G™ (k; w), and for the inhomogeneities, A7"™. For spinels
systems the Green’s function vector G™"reads.

(ad-T)Gy" = 4" (10
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Where
+mn +mn
G 4
G"=| G, A= 4, (11)
Gfl Afl

And I is the unit matrix (3X3).
After applying the decoupling procedures (8) and (9), the
" matrix obtained is:

I, =B +5°J(q-y)
N=-[8"+5"(a-1)]
Iy ==[ B +5%(g- )]
My =B +5J(q-y)

ry ==3[ B +57(g-1,)]

I =%[B+ +SZJ(CI_Vk)]
[y =15 =T33 =0

Now we introduce a transformation which diagonalizes the
matrix I

@ 0 0
RTR=Q=|0 w O
0 0 w
Where
H” H" H*
Hz Hz_Ek Hz+Ek
R= H™ H™ H
Hz Hz+Ek HZ_Ek
1 1 1

Where R is the passage matrix from I' to Q) diagonal
matrix. The three eigenvalues are.

@ =0
w+ :Ek
w =-F,

Where E, =NH H™ +H H" is the magnons dispersion
relation H* and H™ are given by.
H* =B*+2J(q-y,)S*
H* =B +2J(q-y,)S*

Where in reference [14], q is considered as the number of
the nearest neighbours and.

kx ky ky kz kx kz
yk =4| cos — cos — + cos — cos —= + cos — cos —=
2 2 2 2 2 2

for an fcc lattice.
Multiplying the equation of motion (10) from the left by L
and inserting 1 = RL one finds.

L(ad-Q)Gy" = L4)" (12)
G" =LGy"
Defining We obtained
A =LA
(al-Q)Gy" = 4" (13)

Where G,;” "is a new vector of Green’s functions, each

component T of which has only a single pole

Amf'lT
Gy =—1 (14)
w-a,
With
G}'nn :LGWIH RG”"’I - G}'nn
:{ PR
A,7 —LA,7 RA/] —A,7

The regular condition of Green’s functions for w=0 is

lim wGS™" =0

w-0

(16)

The regular condition of Green’s functions G7}" (k) for
w=0with H* 20 is
H A™ +H A" +2H7 47" =0 (17)
Evaluating the expression (17) for m =0 and n =1, we find
together with the definitions in Equation (16).
H* _B*

H* B

(18)

Introducing the equation (18) in equation (17) we obtained

2B A7) = A BT + AT)'BY (19)
With
A =287
AT
A =-5°

Introducing these expressions
obtained:

in equation (19) we
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N (20)

The equations determining the correlation functions are:

cam =<(Sj.)m (57) S;”> Q1)

The application of the spectral theorem [15, 11] to the t
component of the single-pole
Green’s function of Equation (15) then yields

+00

cam =%T lim | eﬂi“il[cﬁ’” (w+iok) + G2 (w=idk) |+ D™ (22)

—o0

Here D™ is the corrective term of correlation function
obtained from Green’s anti-commutator function.

w
DZ}'H}’I = l _ GZ}'H}’I a}, k
k a}ino 5t ( )

Using the relation between anticommutators and

commutator correlation functions.
Aﬂmn —_— Aﬂmn +2Cﬂmn
+1 — A -1
We find together with regularity condition:
2
+ - - +
CkmnH HZ +CkmnH HZ +C]§mn (HZ)

(23)
2E}

zmn
Dk -

By using the expression of the equations determining the
correlation functions.

A %H‘aﬁ A" %H*aﬁ A" aF

G (k) = w(w-E)(w+E,)

and introducing (23) in Equation (22), we obtained [8, 9]

E, E,
QH'H G™ -H H* G™ -H H*'G™ = 4™ %EkH" er —coth [ﬁzkﬂ

_ E E
+ 4 ’”"lEk o By com| Plx (24)
2 H* 2

Evaluating the expression (17) for m =0 and n =2, we find
together with the definitions in equation (12).

Bx
4B*S™S™ =4B*S*S” +§SZ (25)

Evaluating the expression (18) for m =1 and n =1, we find
together with the definitions in equation (13)

2B°57S = (35757 57 = S(5+S)) B +S7SB" (26)

Evaluating the expression (24) for m =0 and n =1, and
introducing the equation (25) and (26) we obtained for S =1

§78° St o(T)=0 (27
FOREE
1+ 1+
B* B
where
@(7) :i]zdk ]Tdk coth(&j (28)
nz 0 xO g 2

Evaluating the expression (24) for m =1 and n =1 and S
=1, and introducing the regular conditions of Green’s
functions for w = 0, we obtained

T e o
{65232_[1_ZJ2_Sz[z_[gjjzﬂ 1+[§:]2¢(T)=o 29)

In reference [16], Callen also derives a closed form
expression for the magnetization for general spin S from the
solution of a differential equation. The result is

g (5-a)(+a)(ra) " <(rsra)g™

(1 + % )2S+1 _ @(254.1

With

1 1 BE,
= =—coth -1
% eﬁEk -1 200 ( 2 j

In the following, we restrict ourselves to an external
magnetic field B connected to the (x-z)-plane. Because of the
azimuthal symmetry in the case of uniaxial anisotropy, it
issucient to deal with the z and x components of the

magnetization (<Sy> =0 for BY =0).
The equations (27), (28), (29) and (30) have to be solved
numerically in order to obtain <S Z> and <S ‘s Z>.

We have used equations (20) to (30) to calculate the
thermal magnetization.

M(T)= <S">2 +<SZ>2 (31)

Introducing equation (21) in this expression we obtained.
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(32)

M(T)= [?T +1 (57)

The equilibrium polar angle of the magnetization is
determined.

(33)

0 (T) = Arctg (i—j}

The knowledge of M(T) and 6, enables a non perturbative
determination of the temperature dependence of the
anisotropy coefficient.

Introducing the equation (20) in this expression we
obtained

(34)

BX
0,(T) = Arctg| —
o(7)= resg| 2
The components of magnetic susceptibility are defined by

<SZ (BZ)> ~(57 (0))

BZ

<Sx (5 )> ~(57(0))

BX

XZZ =
(35)

Nex =

2.2. Mean Field Theory (MFT) and Probability Law

The method of Holland and Brown [17], leads to simple
relations between the paramagnetic Curie-temperature 0p and
the Néel temperature Ty respectively by:

T (K) = %[—4‘11 (K)+27, (K)]

6,(K)= %[w1 (K)+127,(K)1

(36)

where kj is the Boltzmann’s constant.

In the antiferromagnetic region, we have used the Néel
temperature 7, formula given by:

Ty :%S(SH)/} (9) (37)

Where A ((0) is the eigenvalue of the matrix formed by the
Fourier transform of the exchange integral.

We have used the experimental results of Ty= 719 K [8]
and ©p = —45 K [18] for MgFe,04, and Ty= 860 K [8], Op =
—31 K [18] for NiFe,0,4. The values of the exchange integrals
of MgFe,04 and NiFe,0,4 are (J; = -6.4 K and J, = -9.8 K)
and (J; = —14.67 K and J, = -14.33 K), respectively.

We have used the probability law [19] to determine the
exchange integrals J;(x) and J,(X) in the whole range of
concentration x=0 to 1:

=83 465 1= B a5 1= (2 o+ 1= 22

w152 (1= (273 )V © 6x (1) (1,05 )0 + (=2 0 BB)

If J,(J 4+) corresponds to the nn interactions of the opposite
pure systems AB,0, (A'BzO4) respectively. Jaar =1J; (X) .

If J, (J A,) corresponds to the nnn super-exchanges
interactions of the opposite pure systems 4B, X, (A’BzX 4)

respectively Jon =17, (x) The obtained values of J; and J,

for different dilution x are given in Table 1.

3. Results and Discussion

In this work, by employing the results of experiments and
(HTSE) and GFT) theories, for a randomly diluted
Heisenberg magnet, we have deduced the magnetic phase
diagram of MgNi;_Fe,O, in the range 0 < x < 1. The
obtained result in table 1 is presented in Figure 1. A single
thermodynamic phase may appear, including the transition on
paramagnetic order (PM) to the ferrimagnetic order (FerriM)
in the range 0 < x <1 for the Mg, Ni;_Fe,04 systems. In this
figure, we have included, for comparison, the experimental
results obtained by magnetic measurement. The passage from
a phase to another is caused by the variation of exchange
interactions [19].

In the other hand, we display results of our calculations for
a Heisenberg Hamiltonian under an external magnetic field
in the plane (x-z), with spin S =5/2 for a diluted normal
spinel MgNi;_ Fe,0, system having an fcc structure. we
have presented in the figure 2 and figure 3 the thermal

. L S . R
normalized magnetization (?) and magnetic susceptibility

Xz respectively for diluted spinel system Mg, Ni,_Fe,O4 for
B*= 0, and B*= 0,1T with values of dilution x = 0 to 1 and
calculated by Green’s function theory. The dependence of the
thermal magnetization at the field B?= 0.1 T for the different
values of dilution x are observed. We see that the typical
ferromagnetic behaviour is noticed only at T < Ty. The
curves do not drop at Tc as may be expected for a pure
ferromagnetic system but have only an inflexion at Ty. The
values of Néel temperatures found in this work are roughly
similar to the values found in reference [7] and [8]. We have
compared the results obtained by different theory’s.

Table 1. Néel temperature: (K)(exp)[13], 7 »(K)(GFT), 7 »(K)(HTSE)), and
the exchange integrals: J,(x) and J,(x) of Mg.Ni;—.F>0,. as function of
dilution x .

X TnEK)Exp) [8] Ji(x)  Jo(x)  Tn(K)(GFT) TNK)HTSE).[7]
0 860 -14.67 -14.33 862 866
02 831 -12.54 -13.30 833 838
04 809 -10.67 -12.34 811 815
0.6 786 -9.04 -11.44 788 793
08 759 -7.62  -10.59 761 763
1 719 -6.4 -9.8 721 725
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Figure 1. agnetic phase diagram of MgNi;-Fe;O,. A single phase is the transition of paramagnetic phase (PM) to ferrimagnetic (FerriM) phase in the range
0 <x<I. The solid squares are the results of (H.I.S.E) [7] theory. The open circles are the results of (G.F.T) theory. The solid circles represent the experimental
points deduced by magnetic measurements [8].
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Figure 2. mperature dependencies of the magnetic susceptibilities Xzzin spinel system MgNi, .Fe;Ofor B*=0, and B* =0.1T, and with The values of dilution x
=0tol.
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Figure 3. ermal normalized magnetization <§) in spinel system Mg.Ni,—.Fe;Ofor B*=0, and B* = 0.1T, and with the values of dilution x = 0 to 1.
We find significant differences between results in the  quantum fluctuations taken into account in the first theory

Green’s function theory (GFT) and the high temperature  but neglected in second treatment respectively, which are
series expansion (HTSE). We attribute this difference to the  known to have a much greater influence on the magnetic
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properties of spinel Mg,Ni,_,Fe,O,.

4. Conclusion

The theoretical approach presented in this paper
successfully captures the characteristic rapid reduction in
magnetization near the Néel temperature. The thermal
magnetization and the magnetic susceptibility are
calculated with the help of many-body Green’s function
theory. The analysis of the magnetization evolution shows
the existence of exchanges interaction effects on the
magnetic order.

By applying the Green’s function theory to the magnetic
susceptibility y(T) we have estimated the critical
temperature T y for each dilution x . The obtained magnetic
phase diagram of spinels Mg,Ni,_F,O, systems is presented
in Figure 1. A single phase is the transition of paramagnetic
phase (PM) to ferrimagnetic (FerriM) phase in the range 0
<x <I. In this figure, we have included, for comparison, the
theoretical results obtained by (HTSE) theory [7], and the
experimental results obtained by magnetic measurement
[8], The obtained values of the critical temperature by
Green’s function theory (GFT), show some significant
differences.
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