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Abstract: Ultracold alkali (6Li, 40K) and alkaline earth atoms (87Sr) have been long sought for the investigation of precision 
and quantum simulation properties. Feshbach resonance (FR) is an important tool for changing the interaction between atoms 
by changing the magnetic field strength between the atoms. FR is of two kinds magnetic Feshbach resonance (MFR) and 
orbital Feshbach resonance (OFR) dealing with one band and two band nature respectively. In OFR the energy difference 
between open and closed channel is in the range of Fermi energy or even smaller which reduces to zero at no magnetic field. 
Due to the unique atomic structure of one valence electron in the outermost orbit for alkali atoms they have been used to 
explore the superfluidity and single-particle phenomena in the same. Due to the atomic structure of alkaline-earth atoms they 
possess great advantage for quantum simulation and studying quantum many-body matters such as simulating synthetic gauge 
field, Kondo physics and SU(N) physics. In this paper we utilize the opportunity of investigating spin-orbit coupled (SOC) 
physics in alkaline-earth (AE) atoms like 173Yb atom in two different electronic and nuclear hyperfine states. We discuss the 
interaction between atoms in the hyperfine states by varying the interatomic distance. Short range potential (between singlet 
and triplet channel at finite magnetic field) and long-range potential (between open and closed channels at zero magnetic field) 
will be discussed in detail in this paper. We also discuss the single-particle density-of-states (DOS) in open and closed channel 
above superfluid phase transition temperature to discuss the normal state properties in two different nuclear hyperfine cases. 
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1. Introduction 

Since the onset of cold atom experiments quantum 
simulation in cold atom physics has greatly enriched our 
understanding of atomic physics and collective oscillation 
phenomena [1-4]. The study of cold atoms has occupied an 
important place for the understanding of important Feshbach 
resonance (FR) phenomena such as magnetic Feshbach 
resonance (MFR) [5, 6] and orbital Feshbach resonance 
(OFR) [7-10]. 

For the investigation of ultracold atoms group 1 atoms 
such as 6Li and 40K and group 2 alkaline-earth (AE) atoms 
like 87Sr [11] are trapped under experimentally achievable 
trap conditions where they are cooled down to the order of 
micro kelvins. In this stage the interatomic distance (d) 

becomes inversely proportional to Fermi momentum (kF). 
Later experiments were performed in alkaline-earth (AE) like 
species such as 173Yb to measure interatomic separation in 
spin singlet (a+) and spin triplet channel (a-). Ultracold AE 
atoms possess unique advantages for the investigation of 
quantum many-body physics. To understand the detailed role 
of various nuclear hyperfine states in OFR 173Yb we first 
consider the understanding of physically important features 
of AE atoms due to the special electronic structure of AE 
atoms. The important features of AE atoms are: two-orbital 
physics, SU(N) spin physics, and FR [12]. 

(i) Two-orbital physics of AE atoms: The outermost s-
orbital of an AE atom is occupied by two electrons 
thus for the electronic ground state labelled by 1

S0 
both the total electron spin and the total angular 
momentum are zero. For the electronically excited 
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state labelled by 3P0 one of the two electrons is excited 
to the p-orbital and the total electronic spin S=1, and 
because its electronic spin is different from the ground 
state electronic spin, the dipolar transition between 3P0 
and 1

S0 is forbidden. As a result, the spontaneous 
emission is strongly suppressed. Due to this the 
lifetime of a single atom of a 3

P0 state could last up to 
a few seconds [13]. Considering a mixture of atoms in 
both the states of 1

S0 and 3
P0with an orbital degree of 

freedom that distinguishes them. These two states give 
rise to a doublet state for the realization of the orbital 
degree of freedom. The two-orbital physics is 
important from the viewpoint of precision 
measurement. The optical transition between these 
two states is now used for the manufacture of optical 
clocks with an accuracy of 10-19 [13]. Recently the 
optical coupling has also been found useful for the 
quantum simulation of spin-orbit coupling (SOC) 
effect [14]. The advantage of this doublet state is that 
it can largely avoid the heating problem due to the 
spontaneous emission. Heating caused by spontaneous 
emission in optical Feshbach resonance is the main 
obstacle that prevents the realization of many-body 
physics when SOC is simulated in degenerate alkali-
earth metal atoms. 

(ii) SU(N) Spin Physics: The fermionic AE atoms also 
have non-zero nuclear spin, and in particular, the 
nuclear spin is quite large for many isotopes. For 1

S0 
and 3

P0 states, the angular momentum J=0 with the 
absence of hyperfine coupling. This leads to the 
interaction between atoms being independent of 
nuclear spins. Thus, at zero magnetic field, this system 
possesses a SU(N) symmetry with N=2I+1. For AE 
atoms and AE-like atoms Bose-Einstein condensate 
(BEC) state could be achieved at zero magnetic field 
(strong coupling interaction regime) [15]. 

These two features discussed previously are unique to AE 
atoms which have the potential of reopening newest 
opportunities for various quantum simulation methods. AE 
atoms have a long history of being utilized for purposes of 
building optical clocks, and many technologies such as 
quantum simulation study for performing various previous 
measurements of many-body physics with AE atoms. We can 
measure interaction energy with great precision. Due to these 
reasons ultracold AE atoms have now become a major 
platform for quantum simulations. 

(iii) Feshbach resonace (FR): Another important aspect of 
ultracold atoms is: controlling of interactions through 
FR by varying magnetic field. The progress made with 
AE atoms in the previous two decades has been from 
the utilization of most important tool of FR. When 
discussing FR, we come across two important 
resonance phenomena: MFR [16] and OFR observed 
in AE [17] and AE like atoms [18-22] respectively. 
When the interaction energy between atoms could be 
tuned to be comparable or sometimes larger than the 
kinetic energy (KE) the conventional perturbation 

theory fails to capture strong correlation between 
particles where the physics is not well understood, and 
the approach of quantum simulation becomes 
interesting. In order to fully explore the potential of 
AE atoms in quantum simulation it is highly desirable 
to develop tools to control interactions between AE 
atoms. In alkali metal atoms the two most widely used 
methods for tuning interaction between the interacting 
atoms are MFR and confinement-induced resonance 
(CIR). In this regard we focus on two recent 
developments in AE atoms. 

First the electron spin J=0 for both 1
S0 and 3

P0 states and 
MFR relies on the electronic spin. It does not exist in 1

S0 and 
3
P0 states of AE atoms. Nevertheless, we use an alternative 

proposal for developing the concept of orbital degree of 
freedom to replace the role of electronic spin where nuclear-
spin-independent interaction can be tuned by the magnetic 
field strength. This proposal has been realized by the Munich 
group and the Florence group and has been used to explore 
strongly interacting physics in ultracold AE atoms. Secondly 
CIR also works for AE atoms and could also be utilized to 
tune the nuclear spin exchanging interaction which can 
enhance the Kondo effect. This effect has also been observed 
by the Munich group. 

In this perspective we first review the developments of 
controlling both the spin-independent and spin-dependent-
exchanging interactions of AE atoms, respectively, and then 
we discuss future opportunities for quantum simulation and 
quantum many-body physics brought by combining these 
interaction control tools with two-orbital and SU(N) physics. 

2. Various Kinds of Interaction Between 

Alkaline-Earth Atoms 

In this section we will cover the fermionic nature of AE 
atomic species in a more detailed and precise manner. The 
specialty of AE atoms lies in the fact that they have both 
electronic orbital and nuclear spin degree of freedoms. We 
denote the two-orbital states 1

S0 and 3
P0 as |��  and |�� 

respectively. For simplicity we focus on two out of N nuclear 
spin states and symbolize them by | ↑� and | ↓�, respectively. 
The interacting states at short and long interatomic 
(separation) can be represented by two different kinds of 
notation. When two atoms are far separated, we consider 
inter-channel and intra-channel representation which will be 
taken over in the subsequent section. In the current section 
we will be discussing the detail of the spin-singlet and spin-
triplet channel at short interaction distance. 

The general structure of the interaction part can be 
determined based on the nuclear spin rotational symmetry. 
Due to this symmetry, we construct bases that are also 
invariant under the nuclear spin rotation such that the 
interaction strength could be diagonal in these bases. These 
bases could be defined by spin singlet and spin triplet 
channel where the nuclear spin part is either a singlet state or 
a triplet state that are spin rotational invariant. In this case we 
only focus on the s-wave interaction where the spatial wave 
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function is symmetric, the internal state wave function is 
anti-symmetric. Therefore, the orbital part is a triplet (singlet) 
state if the nuclear spin part is singlet (triplet). Projection 
operator �� 	 | ��
�|  is brought within the interaction 
potential as 

��
� 	 ���| � �|�
                          (1) .
Figure 1 below shows interaction potential (kFas)

-1 vs 
magnetic field B [G] for ∆�	 1,3. 

 

Figure 1. Scaling in 173Yb gas for ∆�=1,3. 

2.1. Control of Spin-independent Interaction 

The above interaction term represents the coupling of two 
channels (originating from the diagonal terms at short 
distance). This interaction can be traced at finite field 
(limited interaction B>0). This interaction is applied for 
strongly interacting Fermi gases in topological superfluid. 
The sum of two interaction potentials acting on | ��. The 
interaction between the two channels is tuned by channeling 
the magnetic field. 

Fortunately, 173Yb has a shallow bound state with energy 
about 4kHz. Hence a FR is accessible in realistic magnetic 
field strength. Such a resonance is predicted first by 
theoretical calculation with pseudo-potential model [7] and 
later has also been confirmed by the multi-channel quantum 
defect theory [23]. The predicted open-channel scattering has 
been discussed in. In order to emphasize the important 
distinction between this resonance and MFR in alkaline-
metal atoms we same it as OFR, because here the channel is 
defined in term of orbital degree of freedom while for FR in 
alkaline-metal atoms, channels are defined in term of the 
electronic spin degree of freedom. 

The experiments performed by the Florence group and 
Munich group on 173Yb successfully confirms OFR in 173Yb 
atom. The general case treated for nuclear spin of 173Yb is 
5/2. In this work we consider nuclear states -3/2, -1/2, 1/2, 
3/2. 

| �� 	 �
� �|�, ��� � |�, �����||�, ��
 ∓ |�, ��
�.       (2) 

The interaction potential U++ and U— should be 
independent of the choice of nuclear spin, they should be the 
same for any combination. Hence the only nuclear spin 
dependence comes from ∆� in the expression of δ. If we plot 
the observables in term of scaled magnetic field strength 

�∆�  the measurement with different nuclear spin 
combinations should collapse into the same curve. Such a 
scaling behavior has been observed in aspect ratio 
measurement by Florence group and thermalization 
experiment by the Munich group respectively. 

Both the experiments referred above found that the 
lifetime of a degenerate 173Yb Fermi gas nearby OFR can be 
possibly extended to a few hundred milli-second, sufficiently 
long to undergo many-body equilibrium. Many-body system 
nearby a FR is a strongly interacting one with many other 
interesting features such as BCS-BEC crossover, universal 
thermodynamics, high transition temperature and pseudo gap 
physics. Such systems have been extensively studied using 
MFR in alkali-metal atoms. The difference in many body 
physics between OFR and MFR in alkaline-metal like atom 
can be well spotted [18-24]. 

2.2. Control of Spin-exchange Interaction 

This interaction represents the separation of two channels 
at long distance at zero magnetic field (B=0) (no interaction 
limit) applied in SU(N) and non-equilibrium Kondo physics 
[25, 26]. 

3. System in Hamiltonian in 
173

Yb 

In the previous section we discussed the proposals and 
experiments of the method of controlling both the spin-
independent and spin-exchanging interaction in ultracold AE 
atoms [15, 27-29]. In this section we discuss the applicability 
of the interaction-controlled physics in 173Yb. 

To explain the two-band nature of 173Yb atomic Fermi gas, 
we consider a model of four component gas. Two electronic 
spin states and two nuclear hyperfine states. The ground state 
of a 173Yb atom has two electrons in the outermost s-orbital, 
forming the spin-singlet state. OFR in a 173Yb Fermi gas uses 
orbital states (1

S0 and 3
P0), as well as two nuclear-spin states 

with I=5/2. Combining these state combinations, we receive 
open channel and closed channel part as shown below where 
||��  and ||�� represent two of six nuclear-spin states ||� 	
 
� , �! 	 "  

�~
 
�$. 

Representing the electronic ground and excited states and 
respectively as |���  and |���  respectively we simplify the 
above representation as: 

%&|', ↑(, &|', ↓( 	 &|���||��
, |���||��
(,
&|), ↑(, &|), ↓( 	 &|���||��
, |���||��
(, 

A tunable pairing interaction associated with an orbital 
feshbach resonance (OFR) is obtained from an inter-band 
interaction interacting on nuclear-spin triplet ( | "� ) and 
singlet (| *�) as: 

��
� 	 �++| *�
*|*�,,| "�
"|.               (3) 

Here, 

| �� 	 �
� �|�, ��� � |�, �����||�, ��
 ∓ |�, ��
�,    (4) 
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�++ and &�,,( is an interaction in the nuclear-spin singlet 
(triplet) channel. In this paper ���  is treated as constant 
values. 

Considering a model of two-band Fermi gas of 2 electron 
spin components and 2 nuclear-spin components the 
combined Hamiltonian can be written as: 

� 	 - ./0)0,1,/2

/,034,5,13↑,↓
)0,1,/ + 

+��
�672 - [)4,↑,/9+:�
2 )4,↓,,/;+:�

2 )4,↓,/+:�)4,↑,/+:�+/,/9,:
 

)5,↑,/9+<�
2 )5,↓,,/9+:�

2 )5,↓,/+:�)5,↑,/+:�]+ 

��
��6
2 - )4,↑,/9+:�

2 )4,↓,,/9+<�
2 )5,↓,/+:�/,/9,:

)5,↑,/+:� 

)5,↑,/9+:=
2 )5,↓,,/9+:=

2 )4,↓,/+:=)4,↑,/+:=].                 (5) 

In the present case of 173Yb we represent open and closed 
channel by subscript o and c respectively with a band gap of 
>
� 	 (2?ℏ × 56∆�)B [Hz] originating from the nuclear-spin 

Zeeman effect and is tunable by adjusting an external 
magnetic field B (where ∆�  is the difference of the two 
nuclear-spin states ||��  and ||��  taken as 3 and 1 
respectively). Interaction strength in the open channel in 
terms of the s-wave scattering length is given by: 

�D 	 ��
�67 + ��
��6 √�>
�,√�>7FGHIJ

��
��6 .        (6) 

Here, ��
�67 	 [�, + �,] /2 and ��
��6 	 [�, − �+] /2 
denote the s-wave scattering lengths associated with the 
intra-channel (��
�67) and inter-channel (��
��6) interactions 

when 
>
� 	 0 , respectively, ��  are the s-wave scattering 

lengths in the nuclear-spin singlet state (| +�) and triplet state 
(| −�), given by: 

LM7�
� =

NFGHIJ∓NFGHOI
�+[NFGHIJ∓NFGHOI] ∑ Q

=R/
STS

                    (7) 

where U5 is a momentum cutoff The scattering lengths �� have 
recently been measured in a 173Yb Fermi gas as a+= 1900a0 
and a-=200a0, where a0=0.529 Å is the Bohr radius. We will 
use these values in our numerical calculations. We also take the 
typical particle density n=5×1013 cm−3 observed at the trap 
center of a 173Yb Fermi gas. We then introduce the Fermi 
momentum kF=[3?�V]� W⁄  for an assumed free Fermi gas with 
this density. We measure the interaction strength in the open 
channel in terms of the inverse scattering length, normalized 
by this Fermi momentum kF. In this scale, the weak-coupling 
BCS regime and the strong-coupling BEC regime are 

characterized as, (kFas)
-1≲-1 and (kFas)

-1≳+1 respectively. The 

region between the two is called the BCS–BEC crossover 
region. The equation above indicates the tunability of the 

scaled interaction (kFas)
-1 by varying the band gap 

>
� (∝B) by 

adjusting an external magnetic field B. This is just the OFR-
induced tunable pairing interaction. The interaction becomes 

strongest when 
>
� 	 0, which gives (kFas)

-1=1.57. Thus, in this 

paper we consider interactions at three regions ((kFas)
-1≤1.57) 

for three specific nuclear-spin states. 
We adopt the amended T-matrix approximation (ATMA) 

for arriving at the single particle spectrum calculation. 
Single particle thermal green’s function in the Y =o, c 

channel is given by 

Z0(U, [\
) 	 �
�]G,^S_,∑_(`,�]G)

                  (8) 

where, \
  is the fermion Matsubara frequency. In TMA 
representation ∑0(U, [\
)  is the self-energy correction 
introduced in the green’s function where \
 is the fermionic 
Mastubara frequency and ∑0(U, [\
)  is the self-energy 
correction given by, 

∑0(U, [\
) 	 a ∑ b00(c, [d
)<,>G Z0e(c − U, [d
 − [\
) (9) 

where d
 is the boson Matsubara frequency and 

Z0e(U, [\
) 	 
�

�]G,^S_
                           (10) 

is the bare single particle thermal Green’s function in the Y 
channel. The particle number equation is given by 

f0 	 2a∑ Z0(U, [\
)`,]G                     (11) 

In the normal state above Tc, we only deal with the number 
equation N, to determine g(a > a5) . For numerical 
calculations, we always assume that Nα,↑ = Nα,↓, where Nα=o,c,σ 
is the number of Fermi atoms in the |Y, i�-state. For the 
interaction parameters we use the value as mentioned 
previously. 

We end this section by discussing the formulation of OFR 
in 173Yb Fermi atoms. 

4. Results 

In this section we discuss results at various nuclear spin 
values ms= -3/2, -1/2, 1/2, 3/2 for ∆ 	 1,3. We take into �
consideration the results above superfluid phase transition 
phenomena Tc. In order to calculate the single-particle 
excitations in the BCS-BEC crossover region above we 
calculate single-particle density of states (DOS). In this 
section we discuss the results for ∆ 	 1,3. �

jk(\) 	 ∑ l0(U, \)` .                      (12) 

Here, the single-particle spectral weight is calculated as 

l0(U, \) =-
�
M Im [ Z0(U, [\
 → \ + [n) ] where δ is an 

infinitesimally small positive number. In this paper we carry 
out analytic continuation by Padé approximation. For the 
detailed analysis of superfluid phase transition temperature and 
single-particle spectral weight for ∆�	 5  has been dealt in 
detail in our previous publications [18-20]. With the change in 
nuclear spin values and increasing temperature above Tc we 
expect some changes in the physical properties of 173Yb gas. 
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Figure 2. Representation of single particle density of states in open channel 

and closed channel particles for ∆�=1. 

In this section we discuss the single-particle density of 
states (DOS) above the superfluid critical temperature (Tc) 
for open and closed channel respectively for ∆�=1. In figures 
2(a1) and (a2) for (kFas)

-1=-2.0 in open and closed channel 
pseudo gap vanishes with increasing temperature and upper 
peak of closed channel shifts farther away from ω=0. 
Similarly in figures 2(b1) and (b2) contribution of DOS 
reduces in ω<0 and the branch for ω>0 shifts away from ω=0 
with increasing temperature. 

 
Figure 3. Representation of single particle density of states in open channel 

and closed channel particles for ∆m=3. 

In figure 3 we show DOS in open and closed channel at 
strength of (kFas)

-1= -2.0, 0.1 and 1 respectively at ∆�	 3 
with ms= -3/2, 3/2. With increasing the interaction strength in 
the calculation of DOS the gap size increases and decreases 
in the open channel respectively. The lower peak becomes 

less prominent, and the dip size decreases. The higher 
temperature curve shifts away from ω=0 with increasing 
temperature. 

 
Figure 4. Representation of number distribution of open channel and closed 

channel particles for ∆�=1 at T=0.2TF. Red-solid and blue-dashed curves 

represent number distribution in open and closed channel respectively at 

T=0.2 TF. (i) and (ii) stand for interaction strengths -2.0 and 1.0 respectively. 

The black dotted line represents equal number distribution at (kFas)
-1=1.57 

(B=0) no interaction strength. 

Figure 4 represents number distribution function for ∆�=1 
in the open ((red) and closed (blue) channel for (kFas)

-1=-2.0, 
1.0 in curves (i) and (ii) respectively. Number distribution is 
plotted following equation. 
Number equation can be written as: 

f0 	 o p\q&\(j0q&\(r
,r .                (13) 

The large gap structure in j5&\( seen in Figure 2 make us 
expect that the number distribution of atoms in the closed 
channel almost vanishes in the BCS side. 

5. Conclusions 

In this paper we explain in detail the dependence of 
interaction potential on the interatomic distance of the freely 
attracting 173Yb Fermi atoms. The effect of different nuclear 
hyperfine states on the physical property of 173Yb Fermi gas has 
been investigated in detail by the detailed study of single-particle 
density-of-state (DOS) above superfluid phase transition 
temperature (Tc). The investigation of normal state properties for 
different nuclear hyperfine states is important from experimental 
viewpoint for the future realization of superfluid 173Yb Femi gas 
in different nuclear hyperfine spin state. Experimental 
realization of 173Yb rare-earth Fermi gas would be more 
promising in future which could be highly contributing to the 
development of cold Fermi gas. Realization of ultracold atomic 
properties in alkaline-earth (87Sr) or alkaline-earth like (173Yb) 
elements is important for the detailed realization of Bardeen-
Copper-Schrieffer (BCS)-Bose-Einstein-Condensate (BEC) 
crossover over the periodic table [30-36]. Calculation of 
superfluid phase transition temperature, single-particle spectral 
weight and photoemission spectroscopy for ∆�	 1,3  can be 
considered as our future work. 
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