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Abstract: This paper uses perturbation techniques in asymptotic procedures to determine the normal displacement, the
associated Airy stress function and the dynamic buckling load of an imperfect, finite toroidal shell segment pressurized by a
step load. The adoption of asymptotic and perturbation procedure is made possible by the presence of small non-dimensional
parameter on which asymptotic expansions are made possible. It is assumed here that the imperfection can be regarded as the
first term in the Fourier Sine series expansion. The buckling modes are also assumed to be strictly in the shape of the
imperfection which is in turn given in the shape of the classical buckling mode. In the final analysis, a simple but implicit
formula for determining the dynamic buckling load was obtained. The dynamic buckling load was related to the corresponding
static buckling load and that relationship is independent of the imperfection parameter. It is observed, that this procedure,
perhaps more than other ones, can be used to analyze relatively more complicated problems particularly where more demands
and restrictions are placed on the imperfection parameter. The results are strictly and are valid as far as the imperfection
parameter is relatively small compared to unity.
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1. Introduction

An elastic toroidal shell segment is one of the most
imperfection—sensitive structures in Structural Mechanics,
yet, little (to our knowledge) seems to be known about its
dynamic stability when subjected to time dependent loads.
Unlike cylindrical shells which it shares some form of
semblance of structural similarity, investigations probing into
the dynamic behavior of toroidal shell segments appear to be
rather scanty. In this investigation, our aim is to explore the
deformation, in terms of the normal displacement and Airy
stress function, of a finite imperfect toroidal shell segment
pressurized by a step load. We shall also aim at deriving an
implicit formula for evaluating the dynamic buckling load of
the structure assuming that it is pressurized by a step load.

One of the earliest investigations on toroidal shell
segments was done by Stein and McElman as in [1], while

later, Hutchinson in [2] studied the initial post buckling
behavior of toroidal shell segment. Some of the relatively
recent studies on the structure include investigations by
Oyesanya in [3, 4], who used perturbation techniques and
asymptotics to study the static stability and imperfection—
sensitivity of the structure when pressurized by a static load.
Thus, except for a few of these investigations, there seems to
be a dearth of strictly analytical studies on the dynamic
behavior of the structure when loaded dynamically. However,
over the years, there have been studies, in the dynamic realm,
of similar structures including circular cylindrical and
spherical shells as well as plates. Such investigations include
those found in [5], that studied the dynamic buckling of
externally pressurized imperfect cylindrical shells, as well as
the work in [6], that studied nonlinear axisymmetric dynamic
buckling of laminated angle—ply composite spherical caps.
Other relevant studies include investigations in [7—11] among
others. Mention must however be made of the investigation
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by Kriegesman as in [12], that investigated sample size
dependent probabilistic design of axially compressed
cylindrical shells, while in [13], Hu and Burguefio equally
investigated elastic post buckling response of axially loaded
cylindrical shells with seeded geometric imperfection design.

The aim of this work is to use regular perturbation
technique and asymptotic expansion of the relevant variables
to determine the normal displacement, the associated Airy
stress function and the dynamic buckling load of an
imperfect, finite toroidal shell segment pressurized by a step
load. The work also intends to relate the dynamic buckling

load to the corresponding static buckling load and that
relationship is independent of the imperfection parameter.

2. Formulation of Relevant Equations

As in [3-4], the relevant Karman—Donnel equation of
motion and compatibility equation regarding the normal
displacement W (X, Y, T) and Airy stress function F (X, Y, T)
of a finite imperfect toroidal shell segment of length L,
pressurized by a step load P (T) are respectively given as

pWrr + DVIW + %F.XX + %F.YY + P E W+ W)xx + (1 - %%) W+ W),YY] =S(W+W,F) (M
and X Y w w
1 1 1 1 - x:%,y:;,eW:;,w:I ®)
EV4F_;WXX_;EYY=_ES(W+WﬁW) )
_LPaPp 1312093 . h
0<X<LO<Y<2m 3) MO =Ty A= =g H=73 ©)
— — 12 4 \2
W=wr=0 @ { = KO == (55) (10)
W=VV,XX=F= EXX=OatX=O,L (5) 1/2
. _17(%p) 1
where, E is the Young’s modulus and X and Y are the t= 12 )

respective axial and circumferential coordinates, p is the
mass per unit area, T is the time variable, a and b are the
inner and outer radii respectively, h is the thickness, S is a
symmetric bilinear functional defined as

S(P,Q) = PxxQyy + PyyQyy — 2PxyQ xy (6)

and V* is the two-dimensional biharmonic operator defined
as

e () 0

Here, W is the time-independent, stress—free and
continuously differentiable imperfection function of X and Y,
while the bending stiffness D is

Eh®

D= ——1
12(1 — 92)

where U9 is Poisson’s ratio.

3. Nondimensionalization of the
Governing Equations

For convenience, we now
nondimensional quantities:

introduce the following

Viw = K (fox + Efyy) + A5 W+ €)1 + & (1=5) (W + €W 5| = —K(OHs(F, w + em)

Vi = (1 + 2 (W + Erwyy) = —H(A + O)s(w + €W, w)

0<x<m0<y<2mt>0 (17)

w(x,y,0) =w(x,y,0) =0 (18)

Here, A is a nondimensional load amplitude whose value,
Ap at dynamic buckling, we are to determine.
P(t) is a step load such that

, T >0
P@)={3T<0

while the imperfection amplitude € is such that 0 < € < 1.
We shall consider simply—supported boundary conditions as
well as homogeneous initial conditions, and shall neglect
boundary-layer effect by assuming that the pre-buckling
deflection is constant so that we assume

(12)

- _ 241 y2 En?L?
F= pa(X +-ay )+n2a(1+f)2f (13)
21—
w =) oy (14)
Eh

The first terms on the right hand sides of (13) and (14) are
pre—buckling approximations while the parameter a takes the
value a = 1 if pressure contributes to axial stress through
end plates but a = 0 if pressure acts laterally.

On substituting all these quantities into (1) and (2) and
simplifying, we get

(15)
(16)
(19)

W=Wyy =f= for =0atx=0,m.

and
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V= (— + g—) 5D, @) = Dxlyy + Pyyxx — 2Dxydxy (20) 4. Perturbation and Asymptotic Solution

ox2

: : L . of the Problem
A subscript following a comma indicates partial
differentiation and r = %. We shall now let

t=Q+pe*+-)t
W= (14 ue®+ - Iwp, wee = (14 pe® + ) 2wy
Now let
w) _ g w®Y
(f) - (f@)
Substituting (23), (21) and (22) into (15) and (16) and equating the coefficients of powers of €, we get
O(E)ZW‘(flf)+V4W(1) K@E(FS + frf(l)) + /1[ (w® + ew) +é (1 - —) (w® + ew) ] =0
0(€): VM — (1 + &)? (w(l) + Erw(l) =0
0(e?):w +Tw® — kO(D +erfE) + 2[2wD +¢(1-2)w)

= —K(E)H[S(f(l)’w(l))_l_ S(f(l),W)]

0(e?): V@D — (1 4 &)? (W(z) + Erw(z) = —%H(l +O)[s(w®,w®) + s(wh,w)]
0(e):w + T w® — K@D +érf) + 25w + £ (1-5)w)
= —K@©OH[s(fP,wP) + s(f@,wD) +s(f®,w) — Z,uw(l)
0(e3):VHf® -1+ E)z(w(3) + Erw(z’)) = %H(l +O)[s(wD,w®) + s(wD,wD) + s(w®,w)]
w(l)—w =f0= f,§§3=0,atx=0,n
w(x,y,0)=0,i=1,2,3,..
W,(fs)(x, y,0)=0,s=1,2; W,(;)(x, y,0) + W,(fl)(x, y,0) =0

etc.

@1
(22)

(23)

24

(25)

(26)

@27

(28)

(29)
(30)

1)
(32)

The work in [5] had noted that any time—independent stress—free initial normal displacement w(x, y), satisfying reasonable
smoothness conditions, can be expanded in a double Fourier series. Thus, if the edge effects are neglected and the origin of the

circumferential coordinate is appropriately chosen, such a series is

w(x,y) = asinxsinny + Y n=1x=o0 (c_lmksinky + Emkcosky)sinmx
(mk)#(1,n)

or
W(x,y) = Yoo _1 k=o(@misinky + byy.cosky)sinmx
with
b, =0
However, for the purpose of the solution of the problem posed in this work, we shall assume
w(x,y) = asinmxsinny

where a is a scalar.
Throughout the analysis of this paper, we shall use the fact that, if

(33)

(34

(35)

(36)
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w(x,y) = YXpi14=0(licosqy + I singy)sinpx (37)
then
fw= Y g=0@® + Eq*)?(licosqy + I,singy)sinpx (38)

All through this analysis, any integration with respect to x, will have 0 and = as the lower and upper limits respectively while
integration with respect to y will have 0 and 27 as the lower and upper limits respectively.

Solution of Equations of Order €

Generally, we shall let

o " M oA '
(‘}’(i)) = Zp:l,q:ﬂ (f“)) sinpxcosqy + ( @ | sinpxsingy (39)

We now substitute (39) into (25), for i = 1 and get, using (38)
T 1o [{0% + €622 + (1 + 92 (q%7¢ — p2)wy Jsinpxcosqy +
{@? + 027 + (1 + 2(aPrg — p2)w{V}sinpxsingy| = 0 (40)
We now multiply (40) by sinmxcosny and see that for p = m,q = n, we get

a _ —(1+§)2(n2‘r$—m2)w§1)
fl - (m2+&rn?2)2 (41)

Similarly, we next now multiply (39) by sinmxsinny and for p = m, g = n, integrate to get

f(l) — —(1+§)2(nzrf—m2)w§1) (42)

2 (m2+&rn?)?

Next, we assume (39) in (24), multiply by sinmxsinny for i = 1, and assume (36) and simplify to get (using (42))

wlD + 2w = 2a {4 n2g (1-9)) (43)
w2 (0) = wiP(0) = 0 (44)
where,
2y2 4 J(mA 2 2 [(nPr§—m? ), fam? 2(1_%
= |(m? + én?) {(1 E) +n rf} a1+%® {(m2+$n2)2} A{ . +¢én (1 2)}] (45)
Here, we shall assume ¥2 > 0,V m,n. The solution of (43 — 45) is
wi = B(1 — cos¥?) (46)
2
Aafem ne(-)

We also multiply (39) by sinmxcosny for i = 1, (assuming (36)), and simplify to get

wl +wzu® = o (48)
wP(0) = w(0) = 0 (49)

The solution of (48) and (49) is
Wl(l) =0 (50)

At this level of perturbation, we can write

w®
(f<1>)

(€]
( %0 )WZ sinmxsinny (51

where,
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go= (1 +p2 {1

(m2+n2r§)2
Solution of Equations of order €2
On substituting for w® and f® from (51) and (52) in (26) and (27) and simplifying, we get
— m?
W_(EZE) + V4W(2) K(E)( () + Erf(Z)) +/1[ (2) + E( ) ,;232]

= —K(&)Hpy(mn)? ( OF + aw(l)) (cos2mx + cos2ny)

VAP — (1 + &)? (w(z) + Erw(z)) = %H(l + &)(mn)? ( * 4 aw(l)) (cos2mx + cos2ny)

We now substitute (39) in (54), for i = 2 and use (40) to get
{@ +&a7£2 + A+ ©*(gPre — pP)w }sinpxcosqy
S5t gm0 |+ {0 + Ea A7 + (1 + ©2(qPr€ — pP)w? Jsinpxsingy
= —%H(l + &) (mn)? ( OF + aw(l)) (cos2mx + cos2ny)
Multiplying (55) by sinmxcos2ny and for p = m, (m odd), g = 2n, we get

- 2 2
@ 2H(1;§)mn (W§1) +ﬁw§1))—(1+f)2(4n2r§—m2)w§2)
fl - (m2+4n2§)2

We can further write

2 1)2 1 2
fl( ) = —¥11 (Wz( o+ awz( )) <P12W1( )

2H(1+&)mn?

_ = _ (1+f)2(4n2r§—m2)
P11 = (m2+4n2§)2”’ 12 — (m2+4n2§)2

Similarly, multiplying (56) by sinmxsin2ny and for p = m, (m odd), g = 2n, we get

—(1+8)? (4n2r§—m2)wéz)
(m2+4n2r§)2

2
£ =

(52)

(53)

(54

(35)

(56)

(57)

(58)

(59)

Next, we substitute in (53) and thereafter, multiply through by sinmxcos2ny, and for p = m, (m odd), g = 2n, simplify to

get (using (56))
W+ D = (g + o) (" + awf?)
w2 (0) = w2(0) = 0

where,

0% = |(m? + 4en2)? + {(m—’*)2 + 4n25} (1 +92 {22 {4 an2g (1- %)}] >0,Vmn

14E (mZ+4n2)?
_ {(ma 2 2 2H(14&)mn?
P2 = {(1+§) +4n E}{ (m+4n2{)n}

__ 4@oHmn? ( A )2
$3 = T 1+§

In the same fashion, we next multiply (53) through by sinmxsin2ny and simplify to get

(2) 2y
2”+.Q =0

wi?(0) = w(z)(O) =0

(60)

(61)

(62)

(63)

(64)

(65)

(66)
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Using (46), it is seen that (58) simplifies to
wZ + 02w = —@,lps — pscost + p,cos2¥1]
where,
3 —
4= 02+ 93,05 = (3B? + aB)
_ B2
(p6 = (ZBZ + aB),(p7 = ?

Solving (67 - 69) yields

a [7) @ecos¥Pt  @prcos2Wt
= Bicosft — ¢, ; 6'2 2 72 2 ]
0 ne-v Nc—4y

where,

Bi= ¢4 %__% + 2L ]

02-w2  02-4yp?

3 2 1
= B g, [2:22 Tzt 2(122—411'2)] +0(8)

Similarly, the solution of (65) and (66) is
WZ(Z) =0

It follows at this order of perturbation, that
W@ w®\
(f(z)) = f(z) sinmxcos2ny

Solutions of Equations of Order €3
We now substitute in (28) and (29) to get

W_(E3é)+v4w(3) K(f)( (2)+Erf(2))+/1[ (3)+€( ) ;3;2]

= —(mn)2K(§)H[9sin3ny — sinny — cos2mxsin3ny + 9cos2mxsinny| (2w(1) @ 4 aw(z)) Zuzwz i

VAHFG — (1 + §)Z(W§c‘? + é&rw (3)) —%(mn)zH(l + ¢)[9sin3ny — sinny — cos2mxsin3ny + 9C052mxsinny](2w(1)w1(2)

Now, let

W " w® w®\ '
(f(3)>=2p=1'q=0 f(3) sinpxcosqy + (3) sinpxsingy

Substituting (76) in (75), gives

[oe]

{(pz + 8¢ P + (1 + 8)2(q%re - pz)wl(3)}sinpxcosqy
v |+ {(pz + 8¢ + (1 + 6)2(g%re — pz)wz(3)}sinpxsinqy
=—= (mn)zH(l + &)[9sin3ny — sinny — cos2mxsin3ny + 9cosmesmny](2w(1) @ 4 aw(z))
Next, we multiply (77) by sinmxsinny and for p = m (odd), g = n, get

3) H(1+&)mn (Zw(l)w(z)ﬂzw(z)) (1+f)2(n2r§—m2)w§:81)
fZ(n) 2m(m2+n2§)? (m2+n2§)2

In the same way, multiplying (77) by sinmxsin3ny, we get (after simplification)

(67)

(68)

(69)

(70)

(71)

(72)

(73)

-sinmxsinny (74)

aw?) (75)

(76)

(77

(78)
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9mn2H(1+{)(2w(1)w§2)+aw(2)) (1+f)2(9n2r§—m2)w(3)

f(3) - _ 2(3n)
2(3n) 2m(m2+9n2§)2 (m2+9n2§)2
Let
_ H@+H)mn?
‘Ps - 211:(m2+n2§)2
_ 9H(1+&)mn? _ (1+9?(9n?rE-m?)
9 7 2m(m2+9n2g)2’ 710 T (m2+9n2§)2
3 1) (2 e 3
f((rf) ‘PB(ZW( ) ( ) + aw; )) ¢0W2((7)1)

and

foamy = ~loo (2w wi® + @) + rowss |

We next substitute for terms in (74), multiply through by sinmxsinny and for p = m,q = n, get

Z(n) tt Z(n) T 2n(m2+n28)2 | \14&

- 2 2
w® +wze)=Jﬁﬂ{ﬁq%n+ﬁq@n+ﬁn@+1§ﬁml{cﬁ)+nr*@W w® + aw®) - 20w,
By means of simplification, it is to be noted that the first bracket on the right hand side of (84) can be simplified to read

—HKmn? 1) (2 2). (1 2 2). (1 1 2
T(fz()()-i-fl()() f()a)——<p13[(<p12+<p0)()()+¢11W()+2a¢ w()+aqow + ap, Wl)]

where,

P13 = Hkmn” (1%)2

s

Let

2 2
P14 = Hatmn_ {(m—A) + nzrf}

2n(m2+n28)2 (\1+4&
In other word, we can recast (84) as

(3) + 2 3) 2) (1)

Wom) it Wom) = —9¥13 [(‘Pu + ‘Po)Wl( (1) + ‘P11W(1) + 2a¢.,w ( )’ + @, w,

€h)

+@14 (ZW(Z)W(l) + aw(z)) 2;1W2'ff

wi (0) = 0,wen ;(0) + wip .(0) =0

2(n),t 2(n),t
We can further simplify (88) to read

3 + 2 (3 (2)

Wom),it Wom) = {2014 — 013(P12 + o) Iw;“w. (1) + awlz){<.014 13012} —

3 p—
P13 {‘Pan(l) + 2a<p11W2 n? +apow (1)} Zﬂwz(,lf)f

Certain terms appearing in (90) can be simplified as follows:

3 1 2 3 1 .
W1(2) 1 _ = B3p, (ﬁ N 122—11'2> + {_{22_[1[2 + 202 + m} cos¥t —

{Z(IZZinZ) + nzipz} cos2¥t + ( ) cos3WE

_r
4(02%-4y2)
+B3¢ {cos!)f —%(cos(!) + ¥t + cos(2 — ‘I’)f)} + 0(B?)

3 ) ) .
wV” = p3 E - ITSCOSIPLL + %cosZ‘Pt - &3"”]

4

2
(1) = B? [— — 2cos¥t + COSZW]

+ awlzwlz)]

(79)

(80)

81

(82)

(83)

(84)

(85)

(86)

87

(83)

(89)

(90)

C2))
92)

93)
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where,

3 2
(p16_[202 02-92 | 2(02-4y2)

94

We now substitute all the simplified terms into (90) and to ensure a uniformly valid solution in £, equate to zero the
coefficient of cos¥t and get

3 1

= B? [15fP11fP13
202 4(02-4w2)

2p2 4

2
— 04{2¢14 — 913(912 + @0} {m + }] + 0(B) 95)
The remaining equation in (90) is re-arranged to give

w® w2 = B3 g+ 0150520 + 019c0S3WE + @,0c050E + @yycos( + Q)E + @ypcos(W — Q)E] (96)

Wam),tt Wa2m)
Wam(0) = 0w, (0) + i ((0) = 0 ©7)
where,
P17 = P15 (miz - rllyz) - 5<P12$ (98)
P18 = ~P1s (z(nziwz) + QZ:UZ) B 3%;%3 ©9)
019 = 53 (omags) + 242 (100)
P20 = P15P160 P21 = M = P22 (101)

The solution of (96) and (97) is

Wi () = Bacoswi o+ 7 [ — DRI DasBt y dhoret Pt o] (0
Bo = B’ [% - ;pTli - ;P% + lp(fi(;zz - a(;p:'in) + ﬂ(;ﬂ;z_m (103)
We now substitute into (77), multiply by sinmxsin3ny, and for p = m (odd), q = 3n, arrange to get
Wi it + @2 Wi = =023 (0w + £P (W + ) + 0ps (2w w® + aw) (104)
W@ = 0.0, =0 105)
where,
w? = |(m? + 9n2)? + {(%)2 + 9n25r} (1 + &)2(9n2ér — m?) — /1{ +9n2¢ (1 - —)}] > 0,V m,n (106)
where,
2
P23 = —H(ﬁi mnz;fpza, _9Hm”227(rl+€) {(%)2 + 9n2§r} (107)

The first term on the right hand side of (104) can be simplified as
—P23 ( Mw (2) +f1(2)(W(1) + a)) = —@23 [(‘P12 + ‘Po)Wl(Z) Wy ‘P11W21) + Zaw(l) + @@y W )+ a<P12W12)]

Thus, equation (101) takes the form

3 3 2). (1 1 n2 | 2, = (2
Wz((;n)'ff + wzwz((gn) = —@ys [(<p12 + (po)w( ) ( ) 4 1 1W( )? + 2aw. ( . a’ew ( ) 4 aAPq2Wy )] + @oa (ZW(l)W( ) 4 aw( ))
(108)
In passing, we note that the term Wl(z)
read

Wz(l) appearing in (108) is as already simplified in (91). We further simplify (108) to
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3) (3
2(3n),tt tow 2(3n)

w
Yet, a final simplification of (110) is

(3) (3)

2
[{2<P24 ©23(P12 + @o)Iwy @y, (1) + aW12){§024 023012} — P23 {‘P11Wz > +2a (1) +a (POW(D}] (109)

Woeam it T w? Woiany = B3[@25 + 026c0SYE + 027c082WE + 25c083WE + 29c080E + @zocos(W + Q)T + p3.cos(¥ — 2)E] (110)
3 — 3 —
Wyany(0) =0, W2(3n),f(0) =0 (111)
where,
S 1 ) _3eu¢gas
P25 = P15 (mz 0z ) 2 (112)
[ 2 3 1 15 2
P26 = [02—11'2 202 | 4(0Z-aw?) _T] +0(5%) (112)
_ 1 1 3011923
927 = =015 (59 + 57) — 22 (113)
@ 1 ©110
P28 = Tls(ﬂz_wz) + == 23'4029 = P15P16 (114)
@159
P30 = P31 = % (115)
Solving (111) and (112), gives
3) 3 [@25 | @26C0SPE | @7c052WE | @agc0s3WE | @9cost | @zocos(P+0)E <p3lcos(‘1’—n)f]
2(3n)(t) = Bscoswt + B [ t ey w2-4y2 w?2-9y2 w2-02 w2 —(W+0)2 w2—(¥-0)?2 (116)
3 | 925 P26 P27 P28 P29 P30 P31
Py =—B [wz + w2-yp?2  w2-4p?  w2-992 | w2-02  wZ-(¥+0)? wz—(w—n)z] (17
At this level of perturbation, we write
@y _ (wio wig)
(‘}’(3)) = 23(;‘) sinmxsinny + (3()") sinmxsin3y (118)
famy 2(3n)

Thus, generally, the entire deformation, in terms of displacement and the associated Airy stress function, is

1)

(2)
(1)> sinmxsinny + €2 (

()=<(

5. Dynamic Buckling Load

To determine the dynamic buckling load A, we shall use
the displacement components that are strictly in the shape of
imperfection. Thus, from (119), we have

® (3)

w = ew, 'sinmxsinny + €3 W, mySinmxsinny + - (120)

As observed by [14, 15], the condition for dynamic
buckling load is
dr
e (121)

where w, is the maximum displacement obtained from (120).
Since (120) is a function of space and time, the conditions for
maximum displacement are

2
(1+eu+-) @
Z(n)t

e {w

f(2)> sinmxcos2y + €3 [(

1 2 2 2 1 2 2 2
e{wit i(Eo) + (€2t + Sty + )Wl (o) + (€28, + €38, + )7

(E) + (€28, + €3t + - )w

3)
Wa(n)
©)

2(n)

(3)

"20m ) sinmasin3ny| + - (119)
)
2(3n

) sinmxsinny + (

ow ow
= =0,

@ =0
dx ay

=0,(1+e2u+-)57 (122)

From the first and second terms of (120), we obtain the values
x4 and y, of x and y respectively at maximum displacement as
(123)

X, = — = —
a Zm'ya 2n

On evaluating (120) at maximum values of x and y, we get

w=ew + 3wl

2(n) + ...

(124)

Let £, be the value of £ at maximum displacement and let
us expand it asymptotically as

fa=f0+62f2+ 63£3+"' (125)
On expanding the last term of (122), we get
Wz(a) s (fo) + } +
' = 0(126)

ONNT:
2(n),ff(t0)} +
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where (126) is evaluated at £ = £,. On equating coefficients
of powers of €, we get

B¥sin¥t, =0, f, = g

0(e): Wz(a)_f(EO) =0 (127)  where we have used the least nontrivial value of y. From
(128), we get
0(e3): Ewip 15 (Eo) + uwiny ;(E) =0 (128) E, =0 (129)
etc. On evaluating (124) at £, using (125) and (129) and
From (127), we get, using (48) nglgnatmg by w,, the value of maximum displacement, we
wo = ewSD(E) + 3wl (Bg) + -+ = 2Be + 1L [1 4 £ feallrcostly) , puico el (130)
We shall however write (130) simply as
w, = Ci€ + Cze3 + - (131)
where,
I i
The work in [16] had earlier noted that the invocation of
(121) should be preceded by a reversal of the series (131) in wy = \/E (135)
the form 3C3

€ = dlwa + d3Wa3 + .- (133)

By substituting in (132) for w, from (133) and equating
the coefficients of powers of €, we get
e =G

d, = c_l’d3 = (134)
The maximization (121) is now initiated through (134) to

get the value of w, at dynamic buckling, namely wy, as

2

[(m2 +n%&)?% + {(;n—_:lf)

- el (1=

where,

+ nzfr} (1+&)? (

To determine the equation for obtaining the dynamic
buckling load 4;, we evaluate (134) at dynamic buckling to
get

2 ¢

e=2 |2 (136)

34/3C3

On simplifying (136), we get

R — [1 + ﬁ{fpzo(l:wszﬂfo)
3 ye-n

3
n%&r — m? am? a 2
)~ e (1-5)
(137)
@21(1—cos(W+2)Eg)
Ferme| (139)

and R depends on A through ¥ and . In an earlier paper [17], the static buckling load Ag and classical buckling load A, of

the same structure were respectively given by

A2 28 _ 2 2 %2
[(m2 +n?é)? + {(1m—+f> + nzfr} 1+ &)? ((?nj:-—ﬂng)z) - A {% + n%¢ (1 - %)}]

3v3 ., 2
=@ {2+ n2¢ (1- 9}V (139)
(for Q4, Q as there defined)
and
A2(1+¢r)
_ (1+OZ+(1+02+1;7—"(1+5)2 (140)

9k
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where,

{=¢&n?andform=1

(141)

Using (136) and (138), we can relate the dynamic buckling load 4, and static buckling A to get

3/2

(mz+n2€)2+{(%)2+n2€r}(1+§)2< n2gr-m? >—,1D{"”2"2 in2¢(1-9)}

(m2+nz§)2

(142)

-6 Jae

(m2+4n2§)2 +{(In—:;,)2 +nzf7’}(1+f)2 <(;22§:;ij>—15{“7;2 } nzf(l—%)}

6. Analysis of Results

The results obtained for any mode m (m odd), namely
(136), (138) and (141) are implicit in nature and provide
very useful and simple formulae for determining the
dynamic buckling load of the structure that is pressurized
by a step load. As equation (141) clearly shows, the results
are such that we can relate the dynamic buckling load 1, to
its static equivalent Ag and that relationship is independent
of the imperfection parameter € . The mathematical
implication is that a knowledge of one of these two
buckling loads automatically leads to determining the other
buckling load without the labour of repeating the arduous
procedure all over for different imperfections. The results
are however asymptotic and so, are guided by the relative
smallness of the magnitude of the imperfection magnitude
in relation to unity.

7. Conclusion

By using perturbation and asymptotic procedures in this
paper, we have been able to analytically determine the
dynamic buckling load of an imperfect finite toroidal shell
segment that was pressurized by a step load. The inherent
stress—free, time—independent but continuously differentiable
imperfection was expanded in a Fourier series and, in the
final analysis, an implicit formula for determining the
dynamic buckling load was obtained. A significant
contribution is that it is possible to relate the dynamic
buckling load to its static equivalent and that relationship is
independent of the imperfection. Thus, if any of these two
buckling loads is known, then, we can automatically evaluate
the other buckling load without the labour of repeating the
arduous procedure all over for different imperfection
parameters.
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