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Abstract: In this paper, we introduce multivalued contractive mappings of Feng-Liu type in complete fuzzy metric spaces.
We prove fixed point theorems for such mappings in the context of fuzzy metric spaces. We provide with an example to show
that our results are more general than previously obtained results in the literature.
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1. Introduction

Due to its applications in mathematics and other related
disciplines, Banach contraction principle has been
generalized in many directions (for details one can see [1, 3,
4,5,8, 14, 19, 24, 25].

The concept of fuzzy sets was initiated by Zadeh [26] in
1965. Fuzzy metric spaces were introduced by Kramosil and
Michalek [15]. Romaguera [21] introduced Hausdorff fuzzy
metric on a set of nonempty closed and bounded subsets of a
given fuzzy metric space. Fixed point theory in fuzzy metric
spaces has been studied by a number of authors. For a wide
survey we refer to ([6, 7, 11, 12, 16, 17, 18, 20, 23]) and the
references therein.

Kiany et al. [14] proved fixed point theorems for
multivalued fuzzy contraction maps in fuzzy metric spaces
and obtained generalization of Banach contraction theorem in
fuzzy metric spaces.

The aim of this paper is to obtain fixed point theorems for
multivalued mapping in fuzzy metric spaces. As a results we
extended the results given in ([8, 14] and reference therein)
in fuzzy metric spaces.

Definition 1.1 [22] A binary operation [1:[0,1]* - 0,1] is
called a continuous t—norm if for all a,b,c,d 0 [0,1];
I. [is associative and commutative;
II.  [O1is continuous;
. all=a

IV. alb<cld whenever a<c and b<d;
Definition 1.2 (compare [15]) A fuzzy metric space is a

triple (X,M,D such that Ois a continuous t-norm and M
is a fuzzy set in XXX Xx[0,+) gsuch that for all
x,y,z0X,s,t0(0,0):

a. M(x,»,0)=0;

b. *=Y ifand only if M (x,y,t)=1 forall t>0;

c. M(x,y,0)=M(y,x,1);

d. M(x,z,t+s)=2M(x,y,t) M (y,z,s) forall t,s =0;

e. M(x,y,0):[0,+00) — [0,1] is left continuous.

The pair (M,0 (or simply, M if no confusion arises) is
said to be a fuzzy metric on X. It is well known and easy to
see that for each x,yX, M(x,y,0] is a non-decreasing

function on [0,+). Each fuzzy metric (M,D on a set X

induces a topology 7,, on X which has a base the family of
open balls

(B, (x,&,0):x0X, £0(0,1), t>0},

where
B, (x,&,)={y0X :M(x,y,t)>1-¢}.

Observe that a sequence (X,),,y converges to xOX
(with respect to T,,) if and only if lim, ..M (x,x,,£) =1 for
all t>0.
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It is also well known [13] that every fuzzy metric space
(X,M,D is metrizable, i.e., there exists a metric d on X
whose induced topology agrees with 7,,. Conversely, if
(X,d) is a metric space and we defin
M, : X xXx[0,+0) - [0,1] by

t
M(x,y,0)=0 ande(x,y,t):T(x’y)
for all +>0, then (X,M,,[0) (where O is minimum ¢—
norm) is a fuzzy metric space and (M,,0)) is called the
standard fuzzy metric of (X,d) [9]. Moreover, the topology
Ty, agrees with the topology induced by d.

A sequence (X,),ny in a fuzzy metric space (X,M,D is
said to be a Cauchy sequence if for each £0(0,1) there
exists 1, UN such that M(x,,x,,t)>1-¢& for all n,m=n,.
A fuzzy metric space (X,M,D) is said to be complete ([10])
if every Cauchy sequence converges. A subset 4 1 X is said
to be closed if for each convergent sequence x, A4 and

x, - X, implies x4 A subset 40X is said to be

compact if each sequence in 4 has a convergent
subsequence. The set of all compact subsets of X will be
denoted by K(X).

Lemma 1.3 [11] For all xy0OX, M(x,p,.) is
nondecreasing.

Definition 1.4 Let (M, X,0 be a fuzzy metric space, M
is said to be continuous on X X[0,) if
limM(‘xn’yn’tn) = M(XDyit)a
whenever {(x,,»,.t,)} is a sequence in X’ X[0,%) which
converges to a point (x, y,¢) [0 X* x[0,0); that is,

limM(x,,,X,f): limM(y,,ay’t): 1;

limmM(xay’tn) = M(xayat)-
Lemma 1.5 [11] M
X7 %[0,).
Kiany et al. [14] introduced the following Lemma in fuzzy
metric spaces.
Lemma 1.6 ([14]) Let (X,M,D be a fuzzy metric space
satisfying

is a continuous function on

lim O, M (x, y,th") =1 (1)

n-o

for every x,yUOX, (>0 and h>1. Suppose {x,} is
sequences in X satisfying

M(x,,x,,,at)2M(x,_,x,,t)

n+l2

for all nON and 0<a<I1. Then {x,} is a Cauchy

sequence.

Lemma 1.7 [21] Let (X,M,D be a fuzzy metric space.
Then, for each a0X, BOK(X) and 7> 0, there is b, 0B
such that M (a,B,t) =M (a,b,,?).

Consistent with [21], we recall the notion of Hausdorff
fuzzy metric induced by a fuzzy metric M as follows: For

x0X ,and 4,BUK(X) define:

H,, (4, B,t) = min{infM (a, B,?),infM (4,b,1)}
a4 bOB

for all t>0, where M (x,4,t)=sup,M(x,a,t). Then H,,
is called the Hausdorff fuzzy metric induced by the fuzzy
metric M. The triplet (K(X),H,,,0) is called Hausdorff
fuzzy metric space.

Definition 1.8 A function f:X - R is called lower

semicontinuous, if for any {x,} UX and x0OX, x, - x

implies / (¥) < limiorolff (x,)- A function f:X - R is called

n-

upper semicontinuous, if for any {x,} 00X and xULX,
S (x) 2 limsupf(x,).

n -0

X, - X implies A multivalued

mapping 7: X — 2% (collection of all nonempty subsets of
X)) is called upper semicontinuous, if for any x[J X and a
neighborhood V' of T(x), there is a neighborhood U of x
such that for any ¥ OU, we have 7(y) OV. A multivalued

mapping 7: X - 2% (collection of all nonempty subsets of
X)) is called lower semicontinuous, if for any xJX and a
neighborhood V' , ¥ n T(x) # @, there is a neighborhood U

of X such that for any y U, we have T(y)nV # @.

2. Fixed Point Theorems for Multivalued
Contractive Mappings in Fuzzy Metric
Spaces

In the following theorem we obtain fixed point for
multivalued mapping satisfying a contractive condition.
Let T:X - 2° be a multivalued mapping. Define

S(x)=M(x,Tx,t) for ¢t>0. For

b1(0,1), we define a set

a positive constant

I ={yUOTx|M(x,y,t) 2 M (x,Tx,bt)}. )

Theorem 2.1 Let (X,M,0) be a complete fuzzy metric
space and T: X — K(X) be a multivalued mapping. If there
exist a constant ¢[J(0,1) such that for any x (X there is
y I, satisfying

M(y,Ty,ct)2 M(x,y,t) 3)

for ¢>0. Assume that (X,M,D satisfies (1) for some X, in

X, then T has a fixed point provided ¢ <b and f is upper
semicontinuous.
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Proof: Since I'(x) JK(X), by Lemma 1.7 I, is nonempty
for any x(JX and 60(0,1). Let x, X be arbitrary, there

exists x, [J7,° satisfying

M(x,,Tx,,ct) 2 M(x,,x,,t)

On the other hand x , [J7,” gives

M(x,,x,..t)=M(x,,Tx,bt). )

From (4) and (5) we obtain

M(x,,,,Tx,, ,ct) = M(x,,Tx,,bt).
and for x, UX, there exists x, (7,1 satisfying )
That is
M (x,,Tx,,ct) =2 M(x,,x,,t). b
M(x,,,,Tx,.,.t) =M (x,,Tx,,—1t). (6)
Continuing this process, we obtain a sequence {X,},., in ¢
X such that 07" satisfyin
ot =0 ying Let k= %, then from (6)
M(xn+1’Txn+l’Ct) = M('xn’xnﬂ’t)' (4)
1 1 t
M(x,,x,,,t)2 M(x”_l,xn,;t) P M(xn_z,xn_l,Pt) >..2 M(xo,xl,p) 7

m=l

> 1 1
for all nON and 0 < k <1. Pick the constant /> 1, such that k4 <1, then %<1 and ZF <1, thatis 2?< 1, we get
i=0 i=n

( 1 1
f—+—+
hn hn+l

for all m>n, and h>1. Also, we have

M(x,,x,,t) 2M x,l,xm,t£i+%+...+%+%j
hll hll h’ﬂ hm

t
DM(XO,XI,WJ

lim M(x,,x,,t)=1.

m,n - o

Then by Lemma 6, we have

This shows that {x,} is a Cauchy sequence in X. Since
X is complete, there exist xJ X such that liflgxn =X From
(4) and (5), it is clear that f(x,) =M (x,,Tx,,t) is increasing

and hence converges to 1. Since f is upper semicontinuous,
so we have

I=limsupf(x,) < f(x)<1.
This implies that f(x)=1, so M(x,Tx,t)=1. Hence by
Lemma 7, we have x [ Tx.
Kiany et al. [14] gave the following corollary.
Corollary 2.2 [14] Let (X,M,0 be a complete fuzzy

metric. Suppose 7:X — K(X) be a multivalued mapping

\Y

1
+ hm*Z + hm*l j <t (8)

M ‘xn"xn-*-l’i DM xn+1’xn+2’L+1 DDM xm—l’xm’L—]
hn hn hm

t t
§ M(XO’XI’W]]DM(XO’X”WJD

t
= ET:" {M(XO,XI,WJ}. (9)

such that

H, (Ix,Ty,ct) 2 M (x, y,t) (10)

for each x,yUX, 0<c<1 and ¢#>0. Furthermore, assume
that (X,M,D) satisfies (1) for some X, and x, 07 (x,). Then
T has a fixed point.

Remark 2.3 Theorem 2.1 is a generalization of above
corollary. Let T satisfies the conditions of above corollary
and if f is upper semicontinuous, then from (10) for any
x0X, yOT(x), we get

M(y,T(y),ct)2 H, (Tx,Ty,ct) 2 M(x, y,1).

Hence T satisfies all the conditions of Theorem 9, the
existence of fixed point has been proved. Following example
shows that Theorem 2.1 is an extension of Corollary 2.2.

11 1

,—,...}D{O,l},

Example 2.4 Let X ===
24 2
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t
M )= ——
(x,,1) +d(xy)

and
d(x,y)=|x~-y],

for x,y0X . Then (X,M,D is a complete metric space
where [1:[0,17° - 0,1] defined by ab=ab. Let
T:X — K(X) be defined as given in [8]

T(x)= .
{0,—}, x=0
2
Since
. ; 1 N '
lim O, M(x,p,th") = M(—,0,th') = lim ., ——— =1
oo 2 — |
th +?

which implies that T satisfies (1) Moreover

H £T(%j’m’cr] B Z 1 - 1
ct+H(T(j,TOj ct+—
2n 2

and

t t

1
M(—",O,lj_ 1 = e
2 t+d( 0) t+§;

There does not exist any 0<c<1 such that (10) is
satisfied. If it exists then

t ct
<

1

RS
2" 2

implies ¢ = 2", a contradiction. On the other hand

(| ife=o

— 2n+1 ?
A TE) i o

J(x)=M(x,T(x),0) =
is continuous. There exist y 0/, for any X such that
d(y,T(y))=0.5d(x,y) =0.6d(x,y),

that is &d(y,T(y)) <d(x,y).

So there exist ¢ = 0.6 <0.7 such that

t

L
M(y,T(y),0.61) = 0.6t +d(1.T(y)) t+&d(y,T(y))
4 _
2T(x,y)fM(x,y,t)-

Then the existence of fixed point follows from Theorem
2.1.
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