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Abstract: Several variants of the classical theory of Grébner bases can be found in the literature. They come, depending
on the structure they operate on, with their own specific peculiarity. Setting up an expedient reduction concept depends on the
arithmetic equipment that is provided by the structure in question. Often it is necessary to introduce a term order that can be used
for determining the orientation of the reduction, the choice of which might be a delicate task. But there are other situations where
a different type of structure might give the appropriate basis for formulating adequate rewrite rules. In this paper we have tried
to find a unified concept for dealing with such situations. We develop a global theory of Grobner bases for modules over a large
class of rings. The method is axiomatic in that we demand properties that should be satisfied by a reduction process. Reduction
concepts obeying the principles formulated in the axioms are then guaranteed to terminate. The class of rings we consider is
large enough to subsume interesting candidates. Among others this class contains rings of differential operators, Ore-algebras
and rings of difference-differential operators. The theory is general enough to embrace the well-known classical Grobner basis
concepts of commutative algebra as well as several modern approaches for modules over relevant noncommutative rings. We
start with introducing the appropriate axioms step by step, derive consequences from them and end up with the Buchberger
Algorithm, that makes it possible to compute a Grobner basis. At the end of the paper we provide a few examples to illustrate
the abstract concepts in concrete situations.
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In order to satisfy its demands the set p of all permitted
reduction steps has to obey certain regulations.
1. Being a member of p must be effectively decidable.
2. p should allow no infinite sequences of reduction steps
i.e., every such sequence has to have finite length.
. The relation p has to be designed in such a way that
admitted reduction steps do not leave the congruence
classes mod N.
When m = ug — u; — -+ — u, = visa
maximally exhausted sequence then its terminal node v

1. Introduction

The principal reason for studying Grobner bases is their
utility when dealing with computational questions regarding
submodules and quotient modules. As a paradigma we may
consider the membership problem for submodules: 3

Given modules M, N with N C M. Decide
whether a given element of M belongs to V. 4.

The solution strategy provided by Grobner basis theory for
solving this problem is to set up a family of reduction steps
u — v. The decision process consists in repeatedly applying
these reduction steps to an element © € M until an element v
is reached which does not allow further reduction. The nature
of this v gives the answer to the question.

being irreducible (w.r.t. p) is called a normal form of

u. The demand is now that we must know all possible
normal forms contained within N.

These requirements are enough to solve the membership

problem for N: To decide whether a given element w is

a member of NN, simply reduce w until an irreducible v is
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reached; if v € N then u is in N, otherwise not.

It is common and useful to request additional properties for
p. The first is that normal forms be unique. This draft is then
described by the two conditions ‘Noetherian’ and ‘Church-
Rosser’. Details on confluence of reduction processes are
described in the fundamental paper [3]. The second property
we want is additivity of irreducibles, i.e., the set I, of normal
forms of all elements of M has to be an additive group.
Necessarily, this group has to have a decidable membership
problem.

The entire conception results in a direct sum decomposition
M = N & [ - at least as abelian groups. Obviously then the
sequence 0 — N — M — M /N — 0 must split. This
splitting capability of the module pair N C M is the ultimate
limit beyond which the concept is meaningless. In addition to
the amenity of invertible coefficients, this is the reason why
we will focus on modules over rings R that contain a field K.
All R-modules are then K-vector spaces and the mentioned
limitation vanishes.

Starting in 1965 with his dissertation, Buchberger developed
the theory of Grobner bases into an indispensible tool for
algorithmic algebra [5]. The scope of problems that can be
solved by means of this tool is vast. Among others, the
computation of Hilbert functions and their differential variants
(Dimension polynomials) has been a central point of interest.

Already in 1964 Kolchin formulated a fundamental theorem
on univariate differential dimension polynomials [20], and [21]
(Sect. II.12. Thm. 6).

Levin extended the originally univariate and bivariate
dimension polynomials to the multivariate case by using
serveral term orders [25-28].

In 2006, Winkler and Zhou introduced Grobner bases in
difference-differential modules using a generalized term order
that uses a cover of the group Z" by finitely many copies of
N™ (orthant decomposition) [35].

In 2008, Winkler and Zhou extended their 2006-approach
to the notion of relative Grobner bases and applied it to the
computation of difference-differential dimension polynomials
Splitting the set of derivations and the set of automorphisms,
they provided algorithms for the univariate and the bivariate
case [36, 37].

In his 2013 paper, C. Donch pointed out that the algorithm
which generates a relative Grobner basis out of a finite set of
generators might not terminate [12]. See also [11]. In the
meantime this has been fixed (cf. [18]).

Different viewpoints on the computation and applications
of dimension polynomials are presented in [24]. For results
on extending a presentation of a base algebra A to the free
differential algebra on A see [38].

At the ISSAC 2015 conference, the authors have introduced
the notion of Grobner reduction, a general concept that
covers the reduction part of several Grobner basis techniques
appearing in the literature. There, the principal intention has
been to provide a scheme that makes it possible to compare
such constructions. In particular, the Grobner basis concepts
developed in the papers of Levin, Pauer, Winkler, Zhou for
rings of differential operators, Ore algebras etc. have been

shown to be subordinate to this scheme. It has then be proved
that reduction concepts which obey the axioms of Grobner
reduction allow the derivation of the dimension polynomial
of finitely generated modules [15]. Later it has been shown
that concepts like reduction relative to several term orders
or relative reduction can be expressed in terms of Grobner
reductions [16].

Since its starting point with Buchbergers dissertation the
theory has developed in several directions. Grobner bases of
particular types of ideals are treated in [33]. The evolution
of the theory towards integro-differential algebras can be seen
in [17]. Grobner bases for operads is developed in [13].
Performing adjoint functor constructions for operated algebras
is done in [39]. For Grobner bases whose element have specific
properties see e.g. [4].

In this paper we leave the tight environment that was
dictated by the conception of [15]. The notion of reduction
relation in a module is analyzed with regard to maximizing the
scope of its models. This results in the formulation of four
properties that are central for all such relations.

It turns out that the reduction is steered by two parameters: a
binary predicate P, and a unary one, i.e., a set X. Accordingly,
we are concerned with three items that have to be varied: P,
X and the ground ring R. It is not surprising that the nature of
R occupies central attentiveness.

Interestingly, the predicate P can be discussed in full
generality, ignoring the particular nature of R. This is owed
to the fact that the principal task of P is a restrictive one. The
reduction has to terminate, and it does so because the predicate
P forces this by importing some external structure to the ring.
As a consequence, the choice of P has impact on the method
of reduction rather than its actual power.

In contrast to the significance of the binary predicate, the
unary predicate X is subordinate to the nature of the ring, and
it is this nature that has greatest influence on the strength of
reduction.

We are interested in rings R that contain a field K as a
subring. R is then a free K-module and we assume a fixed K-
basis A C R that is considered as part of the structure — we call
this a ring with basis. There is then a plethora of concepts that
allow developing the facets of the theory, in particular when a
well-order on the basis A is imposed. The nature of R is then
discerned by the two basic structure formulae, answering the
following questions:

Givenc € K, A\, € A, whatis A-c and A- i, both expressed
in terms of the basis A? If \ - ¢ = ¢, then K is central and
consequently R is an algebra over K. If, in addition, 1 € A
and \ - p € A, then R is the monoid ring K[A]. These cases
are discussed in the literature.

In this paper we develop the theory of reductions for
rings with basis without assuming such restrictions. As the
theory evolves, the unary predicate X, playing the active part
in determining the strength of the reduction, is subject to
increasing bondage. First, we assume that X is closed under
multiplication by scalars. Later we will consider elements
of X as being built from two components, one coming from
the ground ring, the other from the module. It is this second
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component which then is called a Grébner basis, provided that
all conditions are satisfied. Under the validity of an appropriate
ascending chain condition, by stepwise enlarging X, it is
possible to increase the strength of the resulting reduction until
all axioms of a Grobner reduction are satisfied.

The structure of the paper is the following: First we present
our four properties axiomatically and derive some elementary
consequences. Then we take care of construction principles
that eventually result in models of the axioms.

According to the logical conception of the paper, the setup
is organized in decreasing generality. We start with the
seemingly most comprehensive concepts, and subject them to
a process of increasing specialization.

In the last section we consider applications of the concepts
to particular rings. The first three examples discuss briefly
cases of finite dimension. As Grobner bases in these can
be treated by linear methods, the concepts are of little
computational value. Nethertheless we include them here
because we feel that they reflect the ideas in a particularly
simple way.

Concerning performance, the concepts are suited to turn
into algorithmic procedures when specialized to particular
situations. For aspects of complexity and computation see
e.g. [32] or [23]. Further strengthening of computational
power by combining Grobner bases with characteristic pairs
is performed in [31].

In any concrete instance the spezialized concepts will
incorporate the computational advantages that come from the
specific equipment.

2. Notation

A ring is always an associative ring with a unit element
1 which is preserved by ring homomorphisms. Modules are
assumed to be left and unitary. N, Z and Z* denote the sets of
non-negative integers, integers and integers > (. Most often
we consider the additive monoid N equipped with the product
partial order <, given by

a<;b <— vlgjgpaj < bj.

Throughout, R will be a ring, M an arbitrary module over
R and K afield. If X is a subset of M then ZX and RX stand
for the abelian group resp. the R-submodule of M generated
by X. If § C R is a set without additive structure then
SX = {sx | s € S,z € X}. This applies in particular to
the group of units K> of K in case that K C R.

If not locally introduced otherwise, F' denotes a free module
over R. The letters X, Y and W are chosen to designate an
unspecified set, most often W will be equipped with some
kind of (partial) order. P(X) denotes the set of all subsets
of the set X and Pgn(X) is the subset of all finite subsets.
X+Y = X\YUY \ X denotes symmetric difference
of sets. A binary relation p C M x M is considered as a
reduction and we write f —>h to indicate that (f,h) € p.

f —’;> h stands for (f,h) € p*, f —:> h means that there

is a finite chain f = my m my.=nh

P T p

(r > 0)and f % h claims that this chain has positive

+ . .
length. Thus, p™ = e — e s the transitive closure whereas

* . I
pr= e —> denotes the reflexive and transitive closure of

p. We write I, = {f € M | Ah such that f —=h } for the
set of p-irreducible elements and Z, = (p*)~*(0) for the set of
elements f with the property f %> 0 . Using these notions

we will omit reference to p when the situation under discussion
is unambiguous.

The relation p is Noetherian if it does not allow an infinite
sequence f; — fo — ---. The equivalence relation

generated by p is written (p) or, on occasion,

subset Y C M is called stable w.r.t. p (or p-stable) iff
f—hANfeY =hecY. Afamily (V) of subsets of
M is called p-stable iff each V} is p-stable.

<%>_A

3. The General Theory

Let N C M be an additive subgroup and p € M x M an
arbitrary relation. Consider the following requirements on p:
Axiom I: p is Noetherian;

Axiom 2: p is congruence preserving, i.e.,
f—h= f=h modN;
Axiom 3: I is an additive group;
Axiom4: INN =0
Definition 3.1.
1. pis a reduction for N iff it satisfies Axioms 1 and 2.
2. pis additive iff it satisfies Axiom 3.
3. p is a Grobner reduction for N iff it satisfies Axioms
1,2,3,4.

The following example demonstrates that the system of
Axioms 1 to 4 is trivially consistent.

Example 3.1 (The irrelevant reduction). The empty relation
() € M x M is an additive reduction for arbitrary subgroups
N C M. Plainly, I = M and () is a Grobner reduction for
N =0.

Proposition 3.1. Let p C M x M be areduction for N C M.

Then:

1. f7>h = dpenh=f—mn;

2. M =1+ N;

3. INN=0<«= N=17Z7.

If, in addition, p is a Grobner reduction for N then

4. M =1@ N;

5. pis confluent;

6. the sequence 0 — N — M " M/N — 0 splits
over Z.

Proof. 1. is an equivalent form of Axiom 2. Take f € M

and reduce it to an irreducible f——>i. Then f = i
mod N hence f € I + N. Plainly Z C N. f INN =0
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andn € N then n ——>4 withi € I. Thusi € INN =0
ie., n € Z. If, conversely, N = Z thenani € I N N must
eventually reduce to 0; as ¢ is irreducible, this reduction is
improper, that is, ¢ = 0. It remains to show that the RHS
implies irreducibility of 0. But if 0 would reduce to some £,

this A must be in N and, by assumption, h ——> 0. This

would produce a chain of reductions 0 — h —=> 0 which
contradicts the Noetherian property. 4. is a consequence of
Proposition 3.1. Assume that h; <— f — ho. Reduce
both A1, ho till irreducibles 41,75 are reached. Then i; = 5
mod N and therefore i1 — i € I N N = 0 which proves 5.
Point 6. is obvious.

Thus, in case of a Grobner reduction, given an additive
section s: M /N — M to 7, the endomorphism so7 provides
the normal form NF(f) = (s o m)(f) of elements f € M.
Moreover im(s o 7) = I and each f € M has a unique
representation f = fn + NF(f) with fy € N.

Corollary 3.1. Let p be a Grobner reduction for N C M.
Then (p) equals the congruence modulo N.

Proof. Plainly (p) C=p. Conversely, suppose that [ =y
h. Then f —h = fy + NF(f) — hy —NF(h) € N. It
follows that NF(f) — NF(h) € N NI = 0. Consequently
f—2=NF(f) = NF(h) <>— h witnessing that (f,h) €
(p)-

Lemma 3.1. Let M’ C M be modules, 0 — kerp —

F 25 M — Oafree presentation and p a Grébner reduction
for N = ¢~ 1(M"). Let

pp = {(u,v) € M x M| Frer(o(f)
=uiv=p(NF,(f))}

Then ¢, \ 1,/ is a Grobner reduction for M’. In fact, ¢, is
the projection M — M onto a direct complement of M.

Proof. The splitting exact sequence induced by p extends to
a commutative diagram with exact rows

S

7N

0 N F—"—+F/N 0
b
0 M’ M —2> M/M' ——0

Evidently, @ is an isomorphism. Let s’ = ps@ 1. Then
ps'G = ppsg TG = pps = gms = .

Thus, ps' = 1y ie, M = M’ @ ims'. If (u,v) €
@p then u = o(f) and v = (NF,(f)) = psn(f) =
s'on(f) = s'pp(f) = s'p(u). Conversely, (u,s'p(u)) =
(p(f),s'pp(f)) = (p(f),psm(f)) = (o(f), p(NF,(f)))
ie., (u,s'p(u)) € .

In the next sections we shall focus on accomplishing the
environment for constructing relations that satisfy the Axioms
1to 4.

4. Construction of Reduction Relations

Because the general complexion of a reduction p C M x M
for a subgroup N C M is determined by it, we start discussing
Axiom 2.

4.1. Axiom 2

Let d denote subtraction in the module M. That a relation
p € M x M satisfies Axiom 2 can be expressed by the
commutativity of the diagram

Mx M—%~ M

L]

p——>N

where d’ = d|p and the upwardly directed arrows denote
inclusion. If we let P denote the relation p written as a binary
predicate and set X = d(p) then we obtain

f—p>h <~ P(f,hANf—heX. (1

If, conversely, X C N and P(f, h) is an arbitrary predicate
then (1) read as a definition for its LHS results in a relation
that satisfies Axiom 2. We will therefore constrain reduction
relations to this formula. So (1) is the primary scheme
subsuming all relations that will emerge in this paper. It is
then clear that Axiom 2 is always fulfilled. Moreover

fel < Vyex -P(f, f—x). (2)

As X and P are the involved parameters we will denote the
relation (1) by the symbol p(x p)-

Proposition 4.1. Consider a subgroup N C M,aset X C N
and a binary predicate P. If p(x p) is a Grobner reduction for
N then N = ZX.

Proof. ZX C NandI +7ZX C M. Take f € M and
reduce it to an irreducible

f—h — - —h.=i€el

Then there are z; € X with¢ = f — Z;:1 x;, hence
f=i+3,_1x; € I+ZX. Therefore I +ZX = M.
Moreover I N ZX C I NN = 0. Altogether

ZX CNANI+ZX=TI+NAINZX =1INN

which proves that ZX = N.

Proposition 4.2. Let X,Y be sets and let P, denote
predicates. Assume that Y C X and Q C P. If px p) is
Noetherian then p(y, ) is a reduction for ZY.

4.2. Axiom 1

We will modulate the parameters present in Formula (1) in
order to come along with the remaining axioms. This depends
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on the situation, that is, on the equipment provided by the
actual candidates for R, M and N.

In order to warrant Axiom 1 we need to import a Noetherian
structure from some well-founded set.

Definition 4.1.Let (W, <) be a partially ordered set,
viM— WandV: W — P(M) functionsand X C M a
set. We consider the following relations.

D px)y: f—h <= f—heXAvh)<uv(f).

2) p(X,V)5f—>h — f—-heX
AVwew (f € V(w) = F.c h € V(2)).

Evidently p(x )y and p(x v are of type (1) for the obvious
predicates P. We will refer to a function v: M — W asa
rank for M with values in W.

The function V: W — P(M
exhaustive when

) is called monotone and

wy < ws = V(wy) C V(ws)and U V(w) =M.
weW

Proposition 4.3. Let (W, <) be well-founded, v: M — W

arank, and V': W — P(M) monotone and exhaustive. Then

L. p(x,v) is a reduction for ZX. If, moreover, (W, <) is a
well-order then

I={f[Veexv(f) <o(f—=)}.

2. px,v) is areduction for ZX with irreducibles

I= {f | Vaex Fuew (f € V(w)A Ty f— € v(z))},

Moreover, V' is stable w.r.t. p(x,v).
Proof. Both relations are congruence preserving w.r.t. ZX.
Since W is well-founded p(x ., satisfies Axiom 1. As to the
second relation, consider a sequence of p(x,)-steps

f—fi— fo— - 3)

Choose w € W with f € V(w). Then there exists z; < w
with f; € V(z1). To the same effect there is an z5 < z; with
fa € V(z3). Iteration produces a sequence in W, descending
w.rt. <. Since this sequence must terminate after finitely
many steps so does (3), thus p(x v is Noetherian. From its
definition it is clear that the family (V(w))wew is pix,v)-
stable.

4.3. Axiom 3

Fixing the predicate P, the only tool for influencing the
behavior of the irreducibles is scaling the generating set X.
This will be elaborated in the sequel by adjusting X due to the
configuration available in the type of ring under consideration.

4.4. Axiom 4

In general when constructing a reduction for N Axiom 4
will not hold. In this case we will try to achieve it by extending

the set X. This is what the classical Buchberger algorithm
does. Also here a general instruction is beyond our control.

Example 4.1. Consider M = R2 as a vector space over R,
N =0 xR, X C N. Let the rank function rk: M — N,
be given as rk(f1, f2) = ||f2|], and consider the reduction
p(x,rk)- Because tk(f) = 0V f € R x (—1,1) it follows that
R x (—1,1) C I and therefore I NN D 0 x (—1, 1) no matter
how X C N is chosen.

This example shows that, in this generality, we cannot
expect to construct a Grobner reduction by simply enlarging
X. The reason is, that the group NV contains elements f # 0
of minimal rank. To achieve Axiom 4 this has to be prevented.

Proposition 4.4. Let N C M be a subgroup and assume
that the rank function rk: M — W satisfies rk(0) < rk(f)
Vf # 0. Then any X C N can be extendedtoaset Y O X
such that p(y, ;1 satisfies Axiom 4.

Proof. As a witness choose Y = N and take f € N \ 0.
Then f — 0 € Y and rk(0) < rk(f), that means, f — 0.
Consequently I N N = 0.

5. Well-founded Orders

Throughout this chapter we assumme that (W, <) is a
well-founded partially ordered set. Regarding Axiom 1., the
importance of such a set is evident. Later we will consider the
case where (W, <) is even a well-order.

Definition 5.1. Let V: W — PM be a mapping. The
difference function of V' is the map V': W — PM,

V/(2) = V() \U,, V().
We consider the following requirements on the function V':
L.z <y < V(z) CV(y);
2. V' provides a partition on M;

Proposition 5.1. Let F(W, M) be the set of all mappings
W — P(M) that satisfy conditions 1. 2., and E(M, W) the
set of surjections M — TW. We set

F(v) = {(x, U vil(y)) |z € W}

y<z
and
E(V)={(mx) |z e WAmeV'(zx)}.
F
Then E(M, W) =——=F(W, M) are bijections inverse to
E
each other.

Proof m € F(v)(z) < wv(m) < zand F(v)(z) =
v~ (x), hence {F(v)'(z) | x € W} is a partition of M and

)
F(u)() = Uy<, F(v)'(y). Plainly
x <y <= F)(z) C Fv)(y).
Thus F takes values in F(W, M). Conversely, for each
VeFW M), E(V): M — W is surjective.

Let w := E(V). Plainly w(m) = ¢z <= m € V'(z),
therefore m € V' (w(m)).

o) =Jo (),

y<z
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and
m € F(w)(z) < w(m) <.

Thus, when m € F(w)(x) then w(m) < z and so m €
V'(w(m)) C V(w(m)) € V(x) by monotonicity of V. This
shows that F'(w)(x) C V(z). Conversely, assume that m €
V(z). Let y be a minimal member of {z < z | m € V(2)}.
Then y < z and m € V'(y). Since also m € V'(w(m)) it
follows that w(m) < z whence m € F'(w)(x). Consequently
FoF =id.

For the second equation take a surjection v: M — W.
The set of sets F'(v)(z) = v~!(z) is precisely the partition of
W where v is constant on each of its constituents. Comparison
with the definition of F o F'(v) convinces us that also E o F' =
id.

The proposition says that surjective rank-functions are one-
one associated with certain monotone exhaustive functions,
we call them the corresponding monotone exhaustive families.
The next proposition says that their associated reduction
relations coincide.

Corollary 5.1.Let tk: M — W be surjective and
V: M — PM the corresponding monotone exhaustive
family. Then, for arbitrary set X C M, we have that p(x ;1) =
P(X,V)-

Proof. Take (f,h) € p(x.x and f € V(w). Then
rk(f) < w, and so rk(h) < rk(f) < w. Therefore Jy < w
with h € tk™!(y) C V(y). Consequently (f,h) € P(X,V)-
Conversely, assume that (f,h) € p(x,vy. Let w := rk(f).
Then f € rk '(w) C V(w). So there Iy < w with
heViy) =U.<, rk™!(z). Thus, 3z < y s.t. h € k™ *(2).
Therefore tk(h) = z < y < w = rk(f). We conclude that
(fa h) € P(X,rk)-

Plainly we may always assume that a rank function is
surjective. By violating some of the properties 1. 2.,
Proposition 5.1 shows that the set of monotonous and
exhaustive functions W —— M is richer than the set
E(M,W).

A particularly important class of monotone and exhaustive
families of subsets of M is the class of NP-indexed filtrations.

Definition 5.2. By a p-fold filtration on R we mean a family
of additive subgroups Ry C R, indexed by k£ € NP, such that

1. R - Ry C Riyuis

2. k<,1l= Ry C R;;

3. R=Upene B
R together with such a filtration is called a (p-fold) filtered
ring.

Definition 5.3. Let R = | J,cx» R be a filtered ring and M
an R-module. A filtration of M w.r.t. the filtered ring R is a
family of additive subgroups Fj (M) C M (k € NP) with the
properties

1. Ry - Fi(M) C Frp1(M);

2.k <xl= Fip(M) C Fi(M);

3. M = Upene Fr(M).

M together with a filtration is called a filtered module over
the filtered ring R.

From its axioms a filtration is a monotone and exhaustive
function on the well-founded set (N?, <,). Proposition 4.3

yields

Corollary 5.2. Let F be a filtration on M and X C M. The
relation p(x, r) is a reduction for ZX and the filtration F is
stable w.r.t. p(x, 7).

Proposition 5.2 (Properties of p(x r)).

1 Fo(M) C IAX\ Fo(M) C Z;

2. fel < Voex Trew (f € Fu(MA A [ —

Proof. If f € Fo(M) were reducible there should be
an [ € NP being smaller than 0, which is impossible. Take
fe X\ Fo(M). Then f —0 € X and f € Fi(M) implies
that k& # 0. Therefore 0 <, k A0 € Fo(M) which shows that
f — 0. Consequently 0 € Z. The characterization of the
irreducibles is obvious.

Plainly, well-ordered sets are optimal for the values of a rank
function. Often we will use them in an extended version.

Definition 5.4. Let W be a linearly ordered set. For A, B €
Prin (W) we set

A< B <= max(A+ B) € B. 4)

Proposition 5.3. Let W be linearly ordered, A, B €
Pin(W) and 2,y € W.

1. (4) is a linear order on Pg, (W).
A< B <= max(4A+ B) = max(B\ A);
ACB= A<B;
{a} <{y} = z <y
If W is well-ordered then (4) is a well-order on
Pﬁn(W);

Thus, the well-order (4) extends both, inclusion and a given
well-order on W.

AR

6. Rings and Modules with Basis

Assume that the field K is a subring of R. We fix a K-
basis A C R, sothat R = K®), Let F = R®) be the free
R-module on the set E. Then F = K %) and each element
f € F has a unique representation

f=> ft (fe€K).

teAE

For f € Fitssetof termsis T(f) = {t € AE | ft #0}. In
particular, for ring elements € R, T(r) = {A € A | r\ # 0}.

The K-bases A and AF will be considered as part of the
structure and R (F') is called a ring (module) with K-basis.
We write 7;(f) = f; for the projection function 7r;: F — K
(t € AE). Foraterm s = Ae € AE (A € A, e € E) we
set 7! (s) = A, m2(s) = e. This gives the projection functions
nt: AE — A, 72: AE — E. We say that the term s
involves the basis element e (cf. [14]). This notation will stay
in force for the remainder of the paper.

For the product of a, b € R we obtain

a.b:Za,\/\-Zbuuz Z ax(Abu)u(v-p)e€ (5)

AEA HEA A\ v, EEN
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The two expressions A - b,, and v - p are responsible for
the behaviour of multiplication in 2 and scalar operation in
R-modules. When explicitly exposed these two expressions
provide the basic structure formulae of R.

In concrete instances the monomials A € R often carry
additional structure. The basic structure formulae simplify
then by expressing them in terms of the structural components
of the monomials.

We call a submodule V' C F' monomial when it is generated
as an R-module by a subset of AE. The submodule V is called
homogeneous when it is generated over K by such a subset.

Lemma 6.1. Let V' C F be an R-submodule.

1. V is homogeneous <= V ey T(f) C V.

2. V homogeneous = V monomial.

3. Let A- A C A. Then V is homogeneous iff it is
monomial.

Proof.

1. fV = KX with X C AFE then Vycy T(f) C X C
V. Conversely, if T(f) € V Vf € V then X =
Ufev T(f)CVNAFand KX =V.

2.ifV=KXwithX CAFthenV =KX CRXCV.

3.Let A-A C Aand V = RX with X C AFE. Then
Y:=AX CA-AE CAFand KY C V. For arbitrary
f € V we obtain

fzzrxﬂi:Zer/\x:Z ZriyeKY.

reX zEX AEA YyeEY A=y

6.1. Term Orders

Now assume that < C AFE x AFE is a well-order on the
set AE. Each non-zero f € F has then a leading term
LT(f) = max T(f). The leading coefficient of f is the
coefficient LC(f) = firg) € K. If X C F, we write
LT(X) and LC(X) for the sets {LT(z) | « € X} and
{LC(z) | € X} respectively.

Let us agree that LT(0) = 0 and LC(0) = 1. We formally
enhance an element f € F to a function f: AEU {0} — K
by setting fo = LC(f). Then for arbitrary f € F we have
that fo # 0. In particular 09 = LC(0) = 1. We write
Fy = {f € F | LC(f) = 1} for the set of monic elements of
F'. Note that 0 € Fy.

We extend the well-order < on AFE in several ways.

1. to AE U {0} by stipulating 0 < tVt € AE;

2. to Pun(AFE) according to (4). This defines a well-order
on {T(f) | f € F}:

3. to the module F:

f<g < LT(f) <LT(g)and
f =g < LI(f) <LT(g). (6)

Then < is a well-founded quasi-order on F'.
Proposition 6.1. Let f,g,h € F.
L T(f)+T(g) € T(f +g) € T(f) UT(g9):
2. T(f) <T(g) <= max(T(f)+T(g)) = max(T(g)\

T(f));
3. f<g=T(f) <T(9)and T(f) < T(g) = f < g

4. f<gVvg=< fVLT(f)=LT(g).
Note that the relation < is not the strict version of <.

6.2. Reduction in a Module with Basis

We proceed assuming presence of a well-order < on AE.
Let X C F. We consider three types of reduction relations

prr(X): f—gh <= [f-heXANh<[;
pr(X): f?h <~ f—heXAT(h) <T(f); 7

pCR(X) fﬁh <:>f_heX/\hLT(f—h):0

We call pr,r(X) leading term reduction, pr(X) T-reduction
and pcr (X) classical reduction.

prr(X) uses the leading term LT: FF — AFE U {0} as
a rank. The extended well-order on Pg,(AE) provides the
map T: F — Pun(AE) as a rank function for pp(X). So
these are relations of the type considered in Definition 4.1 and
therefore both are reductions for ZX. That also pcr(X) is
a reduction for ZX is a consequence of the next proposition.
To reduce clumsy notation we shall on occasion suppress the
letter p writing CR(X) instead of pcr(x). We even may omit
the ‘X’ when it is obvious from context. A similar convention
will be used for the other reduction relations. From (2) we
derive immediately

felirxy <= ~Jeexf-2<f;
felrxy <= ~FuexT(f—2z)<T(f);
f€lcrx) <= —3eex fur@) = LC(x).

Proposition 6.2. pr1(X) C per(X) C pr(X).

Proof. Let f - h ,thatis, h = f —x ALT(h) < LT(f).
Then f 7& 0and 0 = hLT(f) = fLT(f) — TLT(f)- Thus
ryr(p) = LC(f) # 0, hence LT (z) > LT(f) > LT(h) and
$0 hy(y) = 0. This means that f < h.

Now assume that f oS h with h = f —x, hype) = 0.

Then z # 0 since otherwise 0 = hg # 0. fur(z) = Tur(e) =
LC(xz) # 0 and LT(z) € T(f) \ T(h). If f¢ = hs then
s & T(f) + T(h). In contraposition, when s € T(f) + T(h)
then f, # hs, meaning that s € T(z), hence s < LT(z).
Therefore LT(z) = max(T(f) + T(h)) € T(f) whence
T(h) < T(f).

It is plain that these inclusions may be strict.

Lemma 6.2. Let p be one of prr(X), pr(X), pcr(X).
Consider a chain of p-reductions f — f; — -+ — f,. .

Then 3z, ...,z, € X with

fzzﬂfk-i-fr/\‘vﬁgkgr% =< f

k=1

In particular, f %> h = f=h mod ZX.

Proof. For r = 1 we obtain that f; = f — 21 A
T(f1) < T(f). Thus fi < fand z; = f — f1, LT(z1) <
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max {LT(f),LT(f1)} = LT(f). Therefore f = z1 + f1 A
1 2 f.
Assuming that the assertion holds for » > 1, let

f —== f.41 be areduction chain of length r 4+ 1. Then

,
f= sz + fr AVick<r T 2 fA fria
k=1

= fr — Tp41 A T(fr+1) < T(fr)

fry1 =2 fr and LT(xTJrl) < max {LT(fr)aII—JT(fT+1)} =
LT(f,) hence @41 < fr = f. Thus f =330 @ + fra A
Vi<k<rs1 Th = f.

Corollary 6.1. X C F'. Then

X C Zir(x) € Zor(x) € Zrx) € ZX.

Proof. Take f € X. If f = 0 then f—>0 hence
fEZLT(X)~ Letf;éO ThCHOZf—f/\LT(O):O<
LT(f) which shows that f T8 0, again f € Zyr(x). The

remaining inclusions are consequences of Proposition 6.2 and
Lemma 6.2.

In the sequel we need to impose conditions on the set
X C F. This is necessary in order to derive more specific
properties of the relation p(x py. A quite strong condition is to
request that X = .

Corollary 6.2. Let N C F be an additive subgroup and p
one of prr(N), pr(N), pcr(N). Then I, N N = 0.

Proof. Specializing X = N in Corollary 6.1 yields N C
Z, CZN = N. Proposition 3.1 gives the result.

Of course, the statement of this corollary is of little value.
More moderate is it to require that K *X = X, a condition
that we will meet on several occasions. Later we will presume
that X = AG for certain sets A C R and G C F. Note that
the condition K* X = X implies that ZX = K X; Axiom 2
is then talking about the congruence modulo a vector space.

Proposition 6.3. Let p be one of prr(X), pcr(X), pr(X)
where K*X = X. If f —p>h then V.cgx cf 7>ch .

6.3. Leading Term Reduction

The function LT: FF — AFE U {0} is a surjection. The
corresponding monotone exhaustive family is

Fo={JLT7'(s) ={f € F|LI(f) <t} (t€AE).

s<t

Corollary 5.1 provides that pyr(X) = p(x, r) for arbitrary
X CF.

6.4. Classical Reduction
Lemma 6.3. Assume K*X = X. If u—w T h' then
3w/, v such that © —= v’ and v —= o' and v/ — v = }/.
CR CR

Proof. Leth = u —wv, h' = h — z with hiT(w) = 0. Let

t = LT(x), thus hy = 2 = LC(x). Set

If uy = 0 then u O . Solet ug # 0. Then

Ut
T =LT =t
(e) =1
and v} = u; — %&)xt = 0, this means, u©—u' . In any

* . *
case u —> u’ . The same happens to v, i.e. v —= v’ . Now
we get

, , Ut V¢ Ve — Ut
_ — "t Sy S A
v R T R Ve e RO Wl e

Ut — Vg hy ’
= h- —h- =h
LC(z) © LC(z)"

Proposition 6.4 (Transition). Let K*X = X. If u —v =

h é> h’ then Ju’,v" such that the below diagram can be

augmented by the dotted arrows.

U — v = h
CR * CR:* CR\L*

Y Y

u o v _ X

Proof. Let A(k) be the formula

Ak) =

k / * / * 12
Vh/(hﬁh éau/ﬂ,/ uyu A Uﬁv
Ay —o = h’)
If h—>-h' then h/ = h, hence © —=1u and v —= v
CR CR CR
k+1

and u — v = h. Assume A(k) and let h o5 h' . Then

h —~ s bl —~ K’ . By induction hypothesis
CcT CR

* a1 * ol 1,1 _ 31
Elulwl(uﬁu ANv—=v ANut—v fh)

Invoking Lemma 6.3 provides u’, v such that

U — v = h
CR:* CR: * Cle

Y Y

ul _ ol _ Bl

CR\L* CRl* CRll
u

l _ v _ 1%

Generalizing over h' yields A(k + 1).
Vi A(k).

Consequently
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Corollary 6.3. Assume K*X = X and let u — v ﬁ 0.

*
Then u<—wv
CR

Proof. Proposition 6.4 yields that

* *
T | u—>u! A v—=>0' Aut—0t=0].
i CR CR

Corollary 64.Let K*X = X. Then
~onm = <q T = =

Proof. From Proposition 6.2 and the fact that pp(X) is
congruence preserving w.r.t. ZX it is clear that <C*—R> -
~*s C
T -
induction on the predicate

=7zx. We show that

k
A(k) <= VYuw <3w€X(1="'=k} u—v= Zml = u-ﬁ v ) .

=1
A(0) is reflexivity of the equivalence relation. Let u — v =
SEtl 2. Then u— (v+p41) = Y, o, and from induction
hypothesis we obtain u ﬁ V4 Tpy1 - Seth = v+ Tp41.

Then h — v = 41 % 0 . Proposition 6.4 provides h', v’

such that

h — v = Tht1
CR: * CR : * CRi*

\ \

h - v = 0

h<—v.

which shows that v + x4y = o

Consequently

*
U<——>7v.
CR

6.5. T-Reduction

The rank-function T: F — Psn(AE) is a surjection.
According to Corollary 5.1 we obtain pr(X) = p(x ) (X C
F arbitrary), where

v=U T @=(feF|T()<Y)

Z<Y

is the corresponding monotone exhaustive family.
Lemma 6.4. Let X C F be an arbitrary set, f € F,z € X.
L. f?f—x = LT(z) € T(f);

2. f—=h=f-u= = max (T(f)+T(h)) < LT(z) <

LT(f).

Proof.

L Let f—>f—-z=h.t = max(T(f) + T(h)) =
max(T(f) \ T(h)) and v = LT(z). If s > v then hy = fs
whence s € T(f)+T(h). Thismeans Vs (s € T(f)+T(h) =
s < v) In particular ¢ < v. Assume for contradiction that

v & T(f). Then h, = —x, # 0, thatis, v € T(h) \ T(f) C
T(f)+ T(h) and therefore v < t. Thus ¢ = v, a contradiction.

2. m = max (T(f) + T(h)) € T(f) and LT(z) € T(f)
hence LT(x) < LT(f). m € T(f) \ T(h), 0 = h,, =
fm = Tms T = f £ 0,m € T(z), m < LT (z).

Corollary 6.5. Assume that K * X = X,

1. LT(x) € T(f) = Jocx = fg [

2. Icrx) = Itx)y = {f € F| T(f) NLT(X) = 0}.

Proof.

1. s := LT(z) € T(f). Since s € T(f) it is clear that
x #0. Setc = %ﬁw),y:cm’andh:f—y. Theny € X,

LT(y) = sand hs = f; — cxs = 0, this means, f yT h.
2. If f is T(X)-reducible then J,cx s.t. f — f—x.
Lemma 6.4 guarantees then that LT (z) € T(f). Therefore

{f € F | ~Foex LT(x) € T(f)} C IT(x) € Icr(x)-
The second point of the same Lemma yields that

Icr(x) €{f € F| ~32ex LT(x) € T(f)}.
Corollary 6.6. Let X C F'\ {0}. Then

1) fis LT(X)-reducible iff
Jrex (LT(z) = LT(f) ALC(z) = LC(f)):

2) fis CR(X)-reducible iff 3,cx frr) = LC(x).
If K*X = X \ {0} then

3) fis LT(X)-reducible iff LT(f) € LT(X);

4) fis CR(X)-reducible iff T(f) NLT(X) # 0.

Corollary 6.7. Assume that K *X = X and let p be one
of pcr(X), pr(X). Then I, is an additive homogeneous
subgroup of F.

Proof. This follows immediately from Corollary 6.5.

Note that Corollary 6.7 does not hold for leading-term
reduction; that is, in general the irreducibles of prr(X) neither
form a group nor is a term of an irreducible element necessarily
irreducible.

We realize that under the assumtions of Corollary 6.7, which
is arequirement on the set X, relations pcr(x) and p(x) both
are models of Axioms 1,2,3. Then Corollary 6.2 claims that at
least for the case X = IV, where N is a submodule of F, they
provide Grobner reductions.

These are of course not very useful. We need to specify a
set X which is recursively accessible.

Proposition 6.5. Consider two sets X,Y C N C F with
property K*X = X, K*Y =Y. Let px stand for one of
pcr(X), pr(X), and similar for py. Assume that px and py
are both Grobner reductions for N. If X C Y then Ix = Iy.

Proof. From X C Y we obtain Iy C Iy and Corollary 6.7
yields that I'y and Iy are both groups. Moreover

Ix+ N=Iy+N=MAMANIxNN=IyNN=0.

Consequently Ix = Iy.
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6.6. Reduction for Finitely Generated Submodules

Assume that N C F is generated by a finite set G =
{91,--,94} C N.Let X C F with K*X = X and p one of
CR(X), T(X). The kernel of the corresponding presentation
®: RT — N is ker(®) = (o5 p ker(m; o @) and we obtain

that
ﬂ ker(ms o ®).
SELT(X)

Corollary 6.8. Let G = {¢1,...,944 C N, ®: RT — N,
X = K*X C N = RG and p one of CR(X), T(X). Then

dHINN) =

p is a Grobner reduction for N <=

ker(®) = ﬂ ker(mg o ®). )
SELT(X)

Proof. p is a Grobner reduction for NV iff I N N = 0. This
is equivalent to =1 (I N N) = ker(®).

Definition 6.1. Consider an R-submodule N C F. Let
ACRand G = {g1,...,9¢} € Fbesets, X = AG and p
one of prr(X), pcr(X), pr(X). Then (A4, G) is a p-Gribner
basis for N iff p is a Grobner reduction for N.

Under ideal conditions statement (8) can be used to compute
a Grobner basis:

Consider 7 = (r1,...,74) € R? and write

rj:Zri)\andgj: Zg{t 1<ji<q).

A€A teEAE

Assume we can solve the system of equations

DY DD HAgDe€t)s =0 (s € LT(X)) (10)

j=1XEAEEANtEAE

for the indeterminants ri and select a solution r with ®(r) #
0. Then we may use ®(r) to enlarge the set X, e.g., by setting
G' = G U {®(r)} and defining X’ accordingly (such that
K*X' = X', p/ is defined by X’ and LT(X’) D LT(X)). If
iterated replication of this process terminates, it will eventually
result in a Grobner reduction for N. Simple examples will
follow in Section 7.

In general the system (10) will not be satisfactorily
accessible. Then we need more sophisticated concepts which
will defined next.

6.7. S-polynomials

To construct Grobner bases in a finitary way we need an
appropriate concept describing S-polynomials.
Definition 6.2. A quotient function for F' is a map

q: (AEU0) x (AFUO) — Rx R
such that for arbitrary A\, u € A, s,t € AE
D q(s,s) = (1,1);

2) As = put = Fyeaw - q(s,t) = (A, p).

We will address the function ¢ in terms of its components,
ie.q=(q¢"¢%).

Example 6.1. Consider R = K[zy,...,z,], F = R®),
The least common multiple in A extends to AE via

.e=¢

LCM(a, B)e
0 ... else

LCM(ae, Be’) = { (11)

(a,f €A, e e € E). Then

a(s,t) = (LCM(s,t) LCM(S,t))

- s ’ t

is a quotient function.

This example generalizes to situations where A C R admits
a least common (left) multiple. Precisely, assume that A is
a multiplicative monoid which satisfies the cancellation rule
Av = pv = X = p. Assume further that any two elements of
A have a least common left multiple. Let LCM be a function
A x A — A which picks a least common left multiple for
all pairs (A, i) and such that LCM (A, A) = A. As in (11) this
function extends to LCM: AE x AE — R X R

w2 (s) = w2(t)

else.

LCM(nt(s), 7 (2)) - w2(s)
0

LCM(s, t) = { (12)

Then there are functions ¢', ¢? defined implicitly by means of
the equations

q*(s,t) - s = LCM(s,t) = ¢*(s,t) - t (s,t € AE). (13)

We may set ' (s,t) = ¢*(s,t) = 0in case that m2(s) # 72(t).
When at least one argument is 0, the values of ¢! and ¢ are
irrelevant.

Proposition 6.6. ¢ = (q*, ¢*) is a quotient function for F.

Proof. Lets = ae, t = fe’. Because LCM(s,s) =
LCM(«, a)e = ae = s, we obtain from (13) that ¢' (s, s)-s =
s = q*(s, s) - s. The cancellation rule provides that ¢! (s, s) =
1=¢?(s, ).

Suppose that As = pt. This means Aae = pBe’. Since
0 € A (A is a K-basis of R), we derive that e = ¢’ and
Aa = pB. In particular 72(s) = 7%(¢) hence LCM(s,t) =
LCM(«, B)e. Since A« is a left multiple of both o and g,
there exists a unique w € A s.t. w - LCM(«, 8) = Aa. From
(13) we obtain that

w-q'(s,t)-s = w-LCM(s,t) =w-LCM(a, B)e
= dae=As

w-¢*(s,t)-t = w-LCM(s,t) = w-LCM(a, B)e
= ppe = ut.

Consequently w - ¢'(s,t) = A A w - ¢*(s,t) = p, shortly
W Q(Svt) = (Avﬂ)'

In particular there is a quotient function for F' when A - A C
A= N"

Definition 6.3. An S-polynomial is a function

(f,9)EFXF

Se
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subject to the following properties.

L. Vyger, (LT(f) = LT(g) = S(f,9) =

2. Vf.,geFo Vk,/tGA (LT()‘f) = LT(NQ)

= EleAS()‘fnufg) =Ww- S(fag))

Taking into account condition 1. of this definition one
is tempted to write A\f — pg for S(Af, pug) in the second
condition. But we have to be careful, since the first condition
is required only for f,g € Fy and it is not guaranteed that
Af € Fy even when f € Fy.

Proposition 6.7. Suppose that A- A C R\ 0 and LT(\f) =
ALT(f) Yaea Vser,. If ¢ is a quotient function for F' then

S(f.9) = ¢"(LT(f),LT(g))f —

is an S-polyomial in F'.

Proof Take f,g € Fo. If LT(f
f=g=0 S(f9) = q'(0,00 — ¢’ i
LT() Z UTle) £ 0 then S(0) 1+ 1 -1

Assume that LT(Af) = LT(ug) = 0. Then X - LT(f) =
w-LT(g) = 0. If LT(f) were different from 0, then
Joen Jeer LT(f) = ae, whence Aae = 0. But then Aav = 0
contradicting that 0 ¢ AA. Therefore LT(f) = 0 and thus
f = 0. Similarly g = 0. Therefore S(f,g) = ¢'(0,0) -0 —
¢?(0,0) -0 = 0 and S(\f, ug) = S(0,0) = 0. Trivially than
3c;.JEA S()‘fa ug) = WS(f, g)

Now assume that LT(Af) = LT(ug) # 0. Then X -
LT(f) = p-LT(g) # 0,i.e., LT(f),LT(g) € AE. Therefore
Joeaw - ¢(LT(f),LT(g)) = (A, p). Consequently

wS(f,9) = wq' (LT(f),LT(9))f — w¢*(LT(f),LT(g))g
=Af—pug
= q' (LT(Af), LT (ug))Af — ¢° (LT(Af), LT (11g)) pug
= S(Af, ng)-

Lemma 6.5. Let S: F' x F' — F be an S-polynomial and

f=9);

¢ (LT(f),LT(9))g (14)

fi,... fq € FowithLT(f;) =tVj=1,...,q. Then

KAS(fi,fo) |1 <i<qt={he K-Afr,....fg} | h <t}
Proof. S(fi,fq)t = (fi)e — (fg): = 1 —1 = 0 hence
LHS C RHS. Let h € RHS, h = >7_ ¢;f;. Then

0=h = Z; 16 (fi)e =

q—1 q—1

Sl f) =D cidi+ cafs=h.

i=1 i=1

Z§=1 ¢;. Therefore

Ses

(fis fo) =

6.8. TO-pairs and Syzygies

In most sitations the well-order on AE is accompanied by a
well-order on A.

Definition 6.4. Let <p be a well-order on A and <y one
on AE. Extend both according to (6). Then (<g,<p) is a
TO-pair (a pair of term orders) provided that

LA<pu= A <ppfOpeA fE

2. LT(r)f Xprf(r €R, f € Fy);

3. f2rg= A 2rAg(\€A, f,ge F).

We will omit subscripts in these relations writing them both
as < resp. <.

Proposition 6.8. Assume AA C A and a TO-pair with
additional properties

1) VaeaVeex A-c =2 A
2) V)\e/\ vs,teAE (S <t=As < At)

Let AC ACR,GC Fy, X = AG, p = pr(X). Then
INAENR-LT(G) =0.

Proof. Suppose for contradiction that t € TN AEN R -
{LT(g) | g € G}. Then there are finite subsets {g1,...,g,} C
Gand {ry,...,7¢} C Rs.t.

t—Zr] LT(g;)

Since AA C A, this sum must collapse: 3; 3yt = A -
LT(g,). Consider h :=t — Agj.

h=t— )\(LT(gj) +3 ggs)

erf\)\ LT(g;).

j=1 €A

$<9;j
=t—X-LT(g;) — > Agls
$=<g;j
“= Y s
<95 p<A

where we express \g? as the sum > p< Cubt justified by the
additional property. Each summand is smaller than ¢, because
s < g; and ;o < X has as a consequence that

ps < pu-LT(g;) < A-LT(g;) =t.

Therefore T'(h) < ¢, and this means that ¢ — h which is
impossible.

In order to wuse reduction relations for performing
computations we have to impose finiteness conditions.

Let N C F be finitely generated by the set G =
{g1,---,94}. We consider the associated representation
®: R — N, ¢(r) = Y7_, 7;g; together with the map

0: R — AE, 6(r) = max LT(r;g;).

j=1

Fort € AE weset Ry = §710,t),i.e., Rey = {r € R? |

o(r) < t}.
Then ¢(r) < 6(r) Vr € R? and R, is a module over the
ring K91i.e.,
r,s € ReyAe € K9 = r+s € ReN(eir, ..., ¢qrq) € Rey.
Moreover we have that
r€Rey = o(r) <t (15)

We proceed assuming available a TO-pair.
Theorem 6.1. Assume that Vaca Vier, Af € Fo and that F
admits an S-polynomial S: F x FF — F. Let A C R be
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suchthat A C A=K*A, G={g1,...,94 C Fo. X = AG

and p one of pcr(X), pr(X). Ifforall1 < i # j < ¢

S(9i,95) —;> 0 then (A, G) is a p-Grobner basis for RG.
Proof. Because ZX C RG, p is a reduction for RG. Since

K*X = K*AG = AG = X we obtain from Corollary
6.7 that p satisfies also Axiom 3. It remains to show that

RGNI,=0.
Assume this is false. Then 3f € RG NI\ 0. Take
r € ¢ (f). We show that 3,415 0(s) < 6(r). This

produces an infinite descending chain in AE contradicting the
Noetherian property.
Obviously §(r) > 0. For arbitrary 1 < j < g we write

rj =cj\; + Z v, g; =1t; + Zggs

l/</\j s<t;

with ¢;,77, g7 € K, \; = LT(r;) € AU {0}, ¢; = LC(ry),
tj = LT(gj) Then

f=¢(r) 2(r)and rjg; = cjAjg; + Z rvg;
V<A

Definition 6.4 yields \;g; = LT (r;)
j <gq).Let

95 2195 20(r) (1 <

J={ie{l,....,q} | LT(Xigi) = 0(r)}.

WLOG J = {1,...,k} C {1,...,

0<k<q.

kk+1,...,q} with

ZCJ 795 +Z Z rjyg]
J=lv<;
= Zcz)\zgl+zcz)\,gz+z Z T’il/gj

ieJ igJ j=lv<h;
N—— N——

fo 1 12

For ¢ ¢ J we obtain \;g; < Thus
(0,...,0, \kg1, -+ -, Ag) € Resr), hence

(0,...,0, Cr1Akt1, -+ 5 CgAq) € Rej(r). Consequently

fr =90,

o(r).

Ag) € 9(Resir)

-70,Ck+1/\k+17~--,cq

and
< o(r).
For1 < j < gand v < \; we get from Definition 6.4 that
vg; < Ajg; = LT(rj)g; X rjg; = 4(r).

Therefore

Z rivg; jmaxLT(ng)<5( r(j=1...,q).
v

Thus

( Z v Z riv) € Res

v<Ai v<Aq

and so
f2 — ¢( Z Tiu, ey Z TEV) S ¢(R<5(T))
v l/</\q
and
2= o(r).

It follows that f! + f? € ¢(R ()
[0 € d(Res(ry)-

If J = 0 (ie. k = 0) then f© = 0 whence f°
¢(R<5(r)). So assume that J # (). From Corollary 6.5,
d(r) = LT(A191) &€ T(f). Thus

). We will show that also

0= foar) = f((s)(r) + f&l(r) + f(sz(r) = f((;)(r) +0+0.

Therefore
= Zci)\igi AVies LT(Nigi) = 6(r) A fO < 6(r).
icJ
If J = {1} (k = 1) then O = c;\ig1 A LT(\1g1) =

§(r) A f° < 8(r). Since K is a field, this cannot be.
Therefore &k > 2. Because \;g; € Fp (1 < ¢ < k), we
derive from Lemma 6.5 that

k—1
Heekal fo = Z GZS(
=1

From the axioms on S-polynomials we obtain

Xigis AkGk)-

Vizt1,... k—1 Iniea S(Nigi, Aegr) = 1S (94, 9k)

thus f0 = Zf;ll eniS(gi, gk ). Since S(gi, gr) —2 50 we
obtain from Lemma 6.2 that

EImEN Eiai cA{l,....m} Elg cqit,...,m} Vl

Z ajg.

algl = S gzagk

Collecting like terms gives

q
=> ajg; (1<i<k-1).

=1

aai.e(zA){l »»»»» ar V5 a]gﬂ = 5(gi,9x) =

q k—1

k—1
fO=3 " emiS(gisgr) = D> D> eimajg;
i=1 =1 i=1
Because a‘g; =< S(gi,gr) = ZJ L a%gj ViV using
Definition 6.4 we get

miaig; = iS(gi gr) = S(Nigi, Megi)-

Because A;g; and Apgr are in Fjy and LT()\Z-gi) =
LT(Argr) = &(r) we obtain that S(\;gi, \kgr) = Nigi —
Ak < 0(7) Viz1,... k1. Thus

nia;'gj = S(Nigi, Aegr) = 0(r) Yiz1,.. k-1, Vj=1,..q
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k—1

. k—1 .
LT(Z eml-a;gJ) < max LT(m-a;gj) <(r)Vi=1,..4
i=1

k—1 k—1
= 5(2%%‘ cal, .. .,Zemi -a;) < 6(r). This means
i=1 i=1
k—1 k—1
<Z €T - aﬁa LR Z €in;i - a:}) S R<5(7~) and thus
i=1 i=1

k—1 k—1

o= 925(261771 cal, .Y e afz) € d(Res(r))-
i=1 i=1

Consequently

=1+ + € d(Res))

It follows that 3s € R_s(y with ¢(s) = f and therefore

s€ ¢ ) AS(s) < d(r).

This proof when spezializing the Ring R to K[z1,...,z,]
corresponds to the one found in [1]. For other proofs of the
polynomial case see [2], [7], [34] and the literature listed in

[8].

6.9. The Buchberger Algorithm

As in the classical theory Theorem 6.1 allows the
construction of Grobner bases provided that the groundring R
has a Noetherian structure.

Thus, supposing that an S-polynomial S: F' x F' — F'is
available, we fix aset A C Rsuchthat A C A = K*A.

Buchberger Algorithm
In: G={q,.-..,9¢}  Fo;

G_.:=G,
Pickv € G

. . *
while 3¢\ (43 With = S(g, ’YZT(?CY'—()) do

Choose such a g;
G- = G-U{ oo b
endwhile;
RETURN G
Theorem 6.2. Suppose that R = K is left Noetherian
ring, F' = R®) with a finite set . Moreover assume that
1. AA CA,
. (<R, <r) a TO-pair;
. v>\€A v(:EI( Ac = >\’
. VaeA Vs teAE (s <t = As < At);
-VaeaVyer, Af € Fo;
.S: F x F — F'is an S-polynomial,
LACRst. AC A= KXA;
.G = {917--~7gq} QFO;
9. X = AG;
10. p = pcr(X) V p = pr(X);
Then the Buchberger algorithm terminates on input G.
Proof. In the while-loop consider the set G- = {g1,...,9p}
and assume that g; € G_\ {7} is a chosen element. Denote

0 J N LW

the updated set G_ with G;. Thus G; is the old set G_

augmented with h := Léﬁ%%} Then h # 0 and h

is irreducible (w.r.t the old G_). From Corollary 6.7 we obtain
that T(h) C I. Lett := LT(h). Thent € INAE. Proposition
6.8 guarantees that ¢ ¢ R - LT(G.). Because ¢t € LT(G;)
we conclude that R - LT(G_) C R - LT(G}). Because F'is a
Noetherian R-module the chain of these submodules is finite.
Consequently the process must stop.

7. Specialization to Particular Rings

As mentioned in Section 6.6, when dimg R as well as
rank F' are both finite, it may happen that a Grébner basis for
N C F can be computed without invoking the machinery of
S-polynomials.

Consider R = KW, F = RE) = KAE) where A and
E are both finite sets. Moreover let G = {g1,...,94} C F,
N = RG, X = K*AG. By linearly ordering the set AE
arbitrarily we may apply classical reduction w.r.t. X

p: f‘>h A f—hEX/\hLT(f,h):O.

If p is not a Grobner reduction for N there must be an
irreducible n € N \ 0. Therefore, the linear system

q

W(Z 3 rf\/\gl) —0 (seLT(X))  (16)

=1 A€A
must have a non-zero solution (r}) € K Lab XA wwhich is so
that
Jt e AE\LT(X)
with .
Tt ( Z Z rl)\)‘gl) # 0.
I=1 A€A
Consequently

q
n:ZZrl)\/\gl #0.
I=1 AeA

Assume we can compute such a solution (r4), set G’ =
G U {n} and X' = K*AG'. If then LT(X’) is strictly
containing LT (X), iteration of this procedure must terminate
due to the finiteness of AE.

7.1. Vector Spaces

The most simple situation occurs when K = R. Then A =
{1}, and if E = {ey,...,e,}, the module F = R®) is just a
finite dimensional vector space over the field K. AF = E and
the structure formulacare 1 -c=c¢ (c€ K)and1-1=1.

We put E in order e; < --- < e,. Given a subspace
N = RG C F with G = {g1,...,94}. the system of
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equations (10) collapses to
q .
> rigl =0 (e € LT(X)).
j=1

Of course this is solvable, and we can produce a Grobner
reduction as described in Section 6.6.

In particular we obtain a Grobner basis when X is defined
as X = K*G and we proceed by extending it to X' =
K*(GU{®(r)}) with a solution r & ker(®P).

Alternatively, we may take S(f,g) = f — g as an S-
polynomial and compute a Grobner basis using the Buchberger
algorithm.

7.2. Monoid Rings

Assume that A is a finite monoid, R = K[A] the associated
monoid ring, and F' = RE with finite set E. We order
AFE arbitrarily. The linear system (16) associated to G =
{g1,---,94} C F amounts to

Eq: > gl =0 (t € LT(X)).

=1 As=t

Having determined a solution matrix (r}) € K7<* such
that the corresponding element

n= Z ZZrﬁ\git;&O

teAE As=t =1

we can set G' = GU{n}, X’ = K*AG. Since 1 € Aitisclear
thatn € X’ and LT(n) € T(n) C AE\LT(X). Therefore the
set X' properly contains X, and since AE is finite, iteration of
this process must terminate and yields a Grobner basis for RG.

7.3. Matrixrings

Let R = K™*™ be the ring of square n x n-matrices over
K. This ring has a natural K-basis A consisting of all matrices
X (1 < 4,7 < n) where ] is the matrix with 1 in position
(4,7) and O else. Thus

O} = {;

The basic structure formulae in this setting are then

o k=gNA1l=1
. else.

o=

Noc=cXand N -\, =
0 ...else

and so, for a € R and arbitrary indices i, j, k,

0 ...j#L

r=1

- LI i =1
<Aza>L=Z<Az>ia;={“k /

Let F = RE with finite set E be a free module and order

AFE arbitrarily. Consider a submodule N C F'. Since R is
simple Artinian, it is clear that F' is Noetherian and therefore
N is generated by a finite set G = {g1,...,94} € F. Set
X = K*AG. With notation as before we get

n n

O(r) =33 D DD ()i (g)uNe

eeEu=1j=1[=1 i=1
So we have to compute the general solution of the system

q n

> @ulr)l =0 (Me e LT(X))

=1 i=1

and check if it is possible to single out a particular instance
such that the corresponding element n is not zero. If this is the
case we can proceed in the usual way: set X’ = K*A - (G U
{n}). Although n ¢ X" it is obvious that LT(X"’) D LT(X)
whence the process terminates.

7.4. The Ring of Ore Polynomials

Given an endomorphism o: K — K, a o-skew derivation

is an additive map 0: K — K satisfying
d(ab) = o(a)d(b) +d(a)b, (a,b€ K).

An Ore-variable over K is a pair 0 = (o, d) where o is an
endomorphism and § is a o-skew derivation.

Let 9; = (oy,0;) be Ore-variables (1 < i < n) such that
all mappings o;,d; commute with each other. Then the Ore
algebra O defined by X = (04, ...,0,) is the free K-module
on the set of formal expressions ¥ = 9 ... 9% (k € N")
with multiplication determined by the rules

8L(9] :8j81 and 8Lx:al(x)8z+5b(x) (JUEK) (17

For the set of monomials we use A = {0*: k € N"}. With

the notation

ah = (0'oo®)(z) (k,1eN", z€K) (18)
and the binomial coefficient
l l Iy
()= () () e
v vy Up,
the product in © may be written explicitly
xak.yal: Z k xyk—val-i—v
veEN” v :
1 (19)
_ v k+l—v
- Z (U) myk*'ua
v<rk

where z,y € K and k,l € N”. Inparticular the two basic
structure formulae are

k
8k L0 — v ak—v dak . al _ (C)k-l-l.

v<rk
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It is customary to denote O by the symbol K{d1,...,,}.
The particular instance 20° - y0° = zy0" demonstrates that K
is naturally a subring of © whilst substituting unit vectors for
I and q reveals the formal expression 9% as a concrete product
dF1 ... 9k Consequently we have that A =~ N™.

As before we consider the free O-module F' = O,

Definition 7.1. Let <C A x A be a classical term-order and
let the K -basis E be linearly ordered (cf. [2]). Then we define
the order <y on AF lexicographically

e <ppe' <= A<uVvA=pnre<e).

Proposition 7.1. Let A,y € X\, e € E, s,t € AE, x,y €
K*,re€R, f,g€eF,
LT (0% - yd'e) = 0*Fle A LC(x0* - ydle) = xyp;
LT(rf) = LT(r)LT(/);
LT(Af) = ALT(f);
A< = As < us;
§<t= As < A
A<p=Af <pf;
LT(r)f 2 rf;
f=2g= X =<)g
. (<, <) is a TO-pair.
Proof. Let

O NG AW =

A=0 pn=08"s=09",t=0",
r=1ro0™° + Z im0,

om <8‘m0

f=fod™eo+ Y facd'e

Ome<dm0eq

1. From v = k in the first formula of (19) we obtain the
summand xygak“e which is diffenet from 0 whence
Ok tle € T(x0k - ydle). If t € T(x0" - ydle) \ {0F e}
then J,- rt = 0. Thus 9"t? < OF*! hence
t = 0" < 9F*le. One more inspection of formula
(19) provides that LC(z0* - yd'e) = zyy.

2. LT(rf) < max{LT(rod™0 - fo8™0ep)} U {LT(rod™0 - f, .0%€) |

e < 8™0en FU{LT (rmd™ - fod™0eg) | 8™ < ™0 JU{LT (11, 0™

fn,edme) | O™ < 80 A O"e < 9M0ep} = max{d™0T0eq} U

{m0+ e | 9e < B0} U {8 F M0 | O™ < 9O} U {9 e |

™ < ™0 AQTe < OM0eg} = MO0,

Since all emerging elements different from 9™0 "¢

are strictly smaller than 9™o*moe, the assertion

follows.

This is a specialization of the previous item.

4. If A < pthen k < land so k +u < [ + u ie,
oFtu < 9itv, Therefore As = 9%9% = 9Fte <
otte = 9lo%e = ps.

S.Lets < t. Ifu < vthenk +u < k+ v, OFtv <
OF v, Therefore As = 9%0%e = 0"tte < OFtve =
OF0ve’ = M. If u = v then e < €’ and again As < \t.

6. Let A < . Points 3. and 4. gives LT(A\f) = ALT(f) <
pLT(f) = LT (uf).

7. Using point 2.  twice provides LT(LT(r)f) =
LT(r)LT(f) = LT(rf). This yield the statement.

8. f < g implies LT(f) < LT(g), \LT(f) < ALT(g)

et

(by 5.), LT(Af) < LT(Ag) (by 3.), A\f < Ag (definition
of X).

9. This is the conjunction of points 6. 7. and 8.

Since A = N” the ring O admits a quotient ¢: AE X
AE — O x O. From this, together with Proposition 7.1 we
derive the existence of an S-polynomial S: F' x F© — F.
Therefore, the parameters as required in Theorem 6.1, this
theorem provides the existence of Grobner bases in F. We
will now demonstrate that they can be computed.

Consideraring A, 01,02 € Aut(A) and let 41, 02 be o1, o2-
skew derivations respectively. Suppose that all these maps
commute with each another and set 9; = (01,01). Then we
can build the Ore-algebra A; := A{0:} as discussed at the
beginning of the section (the difference being that A need not
be a field). The ring A; being an extension of A allows to
componentwise extend the maps o5, J2 to Ay

&E(Za;ﬁf) = Zag(ak)af
k k

02( D awdf) = d2(ar)0y.
k k

We will omit the tilde, writing these maps o2, 2 again. With
this notation we obtain
Proposition 7.2. 02 := (02, d2) is an Ore-variable over Aj.

o2
Proof. 1Tt is clear that the maps A; ——% A; are additive.
d2

We have to show that oo € Aut(A;) and that 05 is a oo-skew
derivation. These results in tedious but easy calculations.

Given Ore-variables 01, ..., 0, over the ring A (all maps
pairwise commuting), we may iterate the adjunction described
above arriving at the ring A{01 }{02} - - {0n}.

Proposition 7.3. Let 01, ...,0, be Ore-variables over K,
where 0; = (0;,6;) with o; € Aut(K) (1 < i < n), all
maps pairwise commuting. Then the Ore algebra © defined

by 4, ..., 0y is isomorphic as aring to K{01}--- {0, }.
So, under the above hypotheses, the two rings
K{01,--+ ,0,}and K{01}--- {0} coincide.

Corollary 7.1. Let the Ore-ring O be defined by the Ore-
variables 0; = (0;,0;) (1 < i < n) where all o; are
automorphisms. Then O is Noetherian. Consequently each
finitely generated module over O is Noetherian. In particular,
if E is a finite set and F' = (D(E), then, starting from an
arbitrary set X C F', the Buchberger algorithm terminates.

Proof. Because all o; are automorphisms and K is
Noetherian, so is O = K{d1}---{0,} (cf. [29] page 17).
Theorem 6.2 yields the result.

7.5. The Ring of Difference-Differential Operators

Let§ = (41,...,0.,) be a tuple of ordinary derivations and
o = (o1,...,0,) a tuple of automorphisms of K. All these
maps are assumed to commute with each other. The ring D
is then constructed as the free /-module on the set of formal
expressions
sl =6t Sl ol (k€N €2Z)

n
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and a product that reflects the properties of derivations and
automorphisms. We consider the elements of the set A =
{6%a! | (k,1) € N™ x Z"} as the distinguished monomials.
Consequently elements of D are finite K -linear combinations

E ak,lékal,

(k,I)EN™ xZ™

(akJ S K)

and the product is driven by the rules

d;i-c=cd+0;(c) o;-c=04(c)o;, (c€K).
We call D a A¥-ring over K.

A left module over D is also called a difference-differential
module, or AY.-module over K. In the literature the tuples §
and o are denoted informally as the sets A and X2, whence the
name. Note though, that the mappings ; need not be distinct.
The same is the case with the ;.

The concept covers difference modules (A = () as well as
differential modules (3 = ()) as special instances.

Proposition 7.4. Consider a field k with char(k) = 0. Let
K =X[z1,...,z,], A = {d—adcl,...,#m} and 3 = (. Then
the resulting AX-ring is the Weyl-algebra A,, (k) (cf. [6]).

Proof. This is due to the fact that partial derivatives have no
relations among each other. Precisely: Let A* be the monoid
generated (in Endy (K)) by A. Then A* = N™ and A,, (k) is
a free K-module with basis A*.

For computing the Hilbert function of a finitely gnerated
difference-differential module, Winkler and Zhou introduced
the concept of relative Grobner bases (w.r.t. generalized term
orders on N x Z™) [37]. Our approach is to present a
difference-differential ring as a quotient of another ring that
allows computing a Grobner basis.

We use the notation

ye = (6" 0 0°)(y)

For the free D-module F = D*), the product Dx F — F
can then be written explicitly

5k0_l . y(er'Se _ Z (k> ylk—ué-quro_lJrse
u
ul .k

(k,reN™ l,seZ";ye K;e€ E).

(keN™ seZm").

(20)

This formula specializes to the basic structure formulae
5k l _ k kfu(su l
oly=3 L g
u<rk
and
6kral 8Tt = 5k:+r0_l+s
For A = §Fa! € A we set

vi(A) = |k, va(N) =I], vo=wv1+ra. (21)

We may realize AX-rings as quotients of Ore-algebras.
Starting from A = {61,...,0p}and & = {o1,...,0,} we

define Ore-variables

8i = ((Sl,ld) (1 S ) S m)
n; = (0,0;) (1<j<n)
¢; = (0,0;1) (1<i<n)

and let O be the Ore-algebra defined by them. Let I be the
2-sided ideal generated by the set {n,; - ¢; — 1|1 < j < n}.
Then O/I = D.

This representaion allows the construction of Grobner bases
for submodules of finitely generated free modules over D out
of Grobner bases for the corresponding modules over ©. Cf.
also Lemma 3.1 and [15].

Consider the epimorphism 7: © — D. We can write
down generically an inverse image u € O for arbitrary a € D:

Ifa= Z(k,l)emeZﬂ ak,lékal then set

U=a= Z

(k,l)EN™ X Zn

k o 1] ln
aR 0y - Ot

where (; =n; if {; > 0, and (; = ¢; for [ < 0.

Let be given a left ideal N = D - {g1,...,94} C D.
Chosen inverse images hy, ..., hg for gi,. .., g4, the left ideal
7~ 1(N) C O is generated by the set

H={hy,....hg} U{n;-¢; —1|1<j<n}

Let p be a Grobner reduction for 7=1(N), computed by

stepwise extending H, and a € D. Choose an inverse image u

of a. Thena € N iff u—>0.

8. Conclusion

Given a module M and a submodule N C M, the goal
of reduction is to compute a set of normal forms that allow
to decide the membership problem for N. This is what
the classical Grobner basis computation provides for ideals
in a polynomial ring over a field, and what similar adapted
concepts yield for certain submodules over particular rings.
Usually the process of computing such a basis is by iteration
of a reduction step that produces a new element g out of an
element f given as an input. In order to make sense, such a
reduction has to obey certain properties. Clearly its iteration
has to stop after finitely many steps and it should output a
unique normal form as its result.

We have formulated these requirements in a list of four
axioms that are appropriate for describing reduction relations
for modules over a ring with basis.

The axioms are carefully dicussed and examples are
provided for illustration. Depending on the ring there are
several concepts that can be used to define a reduction. Among
them we discuss possible term orders, filtrations and rank
functions.

In the presence of a term order we consider three types of
reductions: leading term reduction, T-reduction and classical
reduction. Each of them is dicussed in detail and their
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interrelations are discribed. Then we discuss the case when
the submodule N is finitely generated, describe the appropriate
concept of an S-polynomial and demonstrate the equivalence
of the full reduction concept with Grobner bases.

The last part of the paper is devoted to examples that
examine the introduced concepts.
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