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Abstract: Moving boundary problems arise in many important applications to biology and chemistry. Comparing to the
fixed boundary problem, moving boundary problem is more reasonable. To the best of our knowledge, there’s few results on
the moving boundary for nonlinear first-order hyperbolic initial-boundary value problems. In the present paper, we mainly
clarify the problem and show the existence and uniqueness of the solution for such kind of problems. We take a classical
transform to straighten the moving boundary and develop a monotone approximation, based on upper and lower solutions
technique, for solving a class of first-order hyperbolic initial-boundary value problems of moving boundary. Such an
approximation results in the existence and uniqueness of the solution for the problem. The idea behind such a method is to
replace the actual solution in all the nonlinear and nonlocal terms with some previous guess for the solution, then solve the
resulting linear model to obtain a new guess for the solution. Iteration of such a procedure yields the solution of the original
problem upon passage to the limit. A novelty of such a technique is that an explicit solution representation for each of these
iterates is obtained, and hence an efficient numerical scheme can be developed. The key step is a comparison principle between
consecutive guesses.
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molecular diffusion, flame propagation, steel and glass
production, and oil drilling and mathematical finance [1-3].
Over the past several years, many authors have
successfully applied the monotone method to nonlinear
differential equations [4-6]. Based on the comparison
principle, such a method involves the construction of
monotone sequences of upper and lower solutions that
converge uniformly to the solution of the problem being

1. Introduction

Moving boundary problems deal with solving partial
differential equations (PDEs) in a domain, a part of whose
boundary is unknown in advance; that portion of the
boundary is called a moving boundary. In addition to the
standard boundary conditions that are needed in order to
solve the PDEs, an additional condition must be imposed at

the moving boundary. One then seeks to determine both the
moving boundary and the solution of the differential
equations. Recent decades moving boundary problems occur
in such varied subjects as hydrology, heat flow, metallurgy,

(us + V(x)w), = F(x, t,u, P(u(,, t))),
v(O)u(o,6) = [V B (x)ulx, )dx,
u(x,0) = uy(x),

\R'(£) = V(h(t)),

considered [7].

Our main objective here is to extend this method to the
following first-order hyperbolic initial-boundary value
problem of moving boundary

o

,h(®)],t €10,T],
T,
0,b],
T,

o

x €[
te| (1)
x €[

(=)

te[
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where P(u(-,t)) = foh(t) u(y,t)dy and x =h(t) is an
unknown function which represents the free boundary.
The fixed boundary problem is defined by

u + (V(x)w), = F(x, t,u, P(u(,, t))), x€[0,L],t €[0,T],
{V(O)u(o, t) = [, B (Oulx, t)dx, t €[0,T], )
u(x,0) = uy(x), x € [0,L],

where P(u(, £)) = [, u (¥, t)dy.

The above problem arises in applied science. For example,
in the case F(x,tu P(u(,t)))=-m(xt Pu(,t))u,
problem (2) describes the evolution of a size-structured
population where individuals are competing for common
resources (m represents the mortality rate which depends on
the total population size P). For the size-structured
population model, u is an unknown function which represents
the density of individuals at times t, V and [ denote the
individuals’ growth and reproduction rates, respectively. In
practice, it is expected that such competition between
individuals takes effect if the population level reaches high
density, i.e., mp = 0if P < Py,and mp > 0 if P > P, [8-10].

Comparing to the fixed boundary problem in [11], moving
boundary problem is more reasonable. The range of x is
occupied in a fixed domain in standard literatures. In other
words, the biggest size of the individual is fixed. However,
the real phenomenon does not obey the law. As time goes on,
the biggest size of the individual maybe change due to the
environment around them. For example, x represents the age
of the individual. If the external environment is better, the
maximum age is bigger.

To the best of our knowledge, there’s few results on the
moving boundary for nonlinear first-order hyperbolic initial-
boundary value problems. Our main goal in this paper is to
clarify the problem and show the existence and uniqueness of
the solution for such kind of problems by using monotone
method.

This paper is arranged as follows. In section 2, we present
the vital conditions and the main result of the paper. In
section 3.1, we take a classical transform to straighten the
moving boundary. A comparison result is discussed for the
problem. Using upper and lower solution method, we
establish the existence of the solution for such kind of the
problem. In addition, the uniqueness of the solution is
discussed in the following section 3.2.

2. Main Result

In this section, we state our main result. To state our
theorem, we first impose the following hypotheses on the
parameters in problem (1).

(CH Vec*(o,L]D,V>00n]0,L), and V(Ax) > AV (x)
for any 1 > 0.

(C2)pec(0,LDand f =0in[0,L].

(C3) lim,_,p- (Vuy)(x) = 0, and u, satisfies the capability
condition V (0)uy(x) = fob B ()ug(x)dx.

(C4)F e C'([0,L] x[0,T] x R X R) and F, < 0.

Our main result is as follows.
Theorem 2.1. Assume that (C1) - (C4) hold, If

uo € H'((0,b)).,

Where 0 < b < L is a constant, then there exist a unique
solution u(x,t) and a unique curve x = h(t) which satisfy
(1). Moreover, x = h(t) is an increasing function and the
solution is global in time.

Remark 2.1. The monotone of the function x = h(t) is
obvious, so we only show the existence and uniqueness of
the solution for the model (1).

3. The Proof of the Main Theorem

In this section, we show the existence and uniqueness of
the solution for nonlinear first-order hyperbolic initial
boundary value problems (1), i.e. Theorem 2.1.

Before starting our main contents, we give simple
description of the approaches. In order to achieve the goal,
we shall processed as follows:

a) First, we show the existence and uniqueness of the

moving boundary by the standard ODE theory;

b) Second, we straighten the free boundary and convert the
problem to a fixed boundary problem. Then, we can
show the existence of the solution u(x,t) by
comparison principle, monotone sequences and lower
and upper solution methods;

¢) Finally, we obtain the solution is indeed unique.

3.1. Existence of the Solution

3.1.1. Existence and Uniqueness of the Moving Boundary
Noticing h'(t) = V(h(t)) and V(x) is continuously

differentiable with respect to x and ¢, we get a unique

continuous solution h(t) by ODE standard theory [12].

3.1.2. Straighten the Moving Boundary
For that h(t), we consider the problem

(ut + (V()u), =hf;(x, t,u, P(u(-, t))),

{ V(0)u(0,t) = B (x)u(x, t)dx,

\u(x, 0) = uo(x)

Take the transform

x € [0,h(t)],t €]0,T],
t €[0,T],

0
, x € [0, b],

X

fzm,

and set
(¢, t) = ulh(t)é t) = ulx, t).
A simple calculation shows
Ty = up + ER' (D)uy,
g = h(t)uy.

Thus i satisfies the following equation
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(-~ V(h(t)E)—EhI(t) ~ J—— hi(t) ~
1h+(il%%—iL0€=FUK0&L%P@CJD)—E%u, £e01],t€[0,T],

V(0)a(0,8) = h(®) [ B (h(OO)TU(E, t)dE, t€[0,T], 3)
\#(£,0) = uo(b?), £ €[0,1].

Where P(ii(, t)) = h(t) fol i (¢, t)d€. To solve the problem, we follow the similar argument [13, 14].

3.1.3. Comparison Principle

Let D = (0,T) x (0,1), and we introduce the following definition of a pair of coupled upper and lower solutions of
problem (3).

Definition 3.1. 4 pair of functions ©i(&,t) and U(&,t) are called an upper and a lower solution of (3) on Dy, respectively, if
all the following hold:

1. %, 7 € C(Dy) N L*(Dr);
2.1(5,0) =2 up(bs) 2 7(5,0), in [0,1];
For every t € (0,T) and every nonnegative ¢(&,t) € C*(Dy), we have

1 1
[[a€oeeods > [ aE 000

+ f ¢ (0,5) f B (h(s)E)U(E, 5)dEds
0 0

“r V(h(s)€) — &R’ (s) i
+f0J; <<Ps(f.5)+ S (p;(f,s)>u(€,s)d§dg
h'(s) _

[ (F(h(s)f,sﬂ(&s)ﬁ(ﬁ(»s)))—Lu(e,s))rp(e,s)dfds
0 Y0

h(s)

and
1 1
[ € 0ecod < [ 5600 0

+ f ¢ (0,5) f B (h(s)E)P(E, s)deds
0 0

£ V(h(s)€) — EN
+ f f (cps(f,s)+ (h(6) ¢ “Mﬂ&s))ﬁ@s)deds
0 Yo

h(s)
R(s)
h(s)

Definition 3.2. A function (&, t) is called a weak solution of (3) on Dy if i is not only an upper solution but also a lower
solution of (3) on Dr.

Theorem 3.1. Suppose that the assumptions in Theorem 2.1 hold. Let & and ¥ be a nonnegative upper solution and a

nonnegative lower solution of (3), respectively. Then @i = ¥ in Dy.
Proof. Let w = ¥ — i, then w satisfies

+ f f (F(h(s)f.s,ﬁ(f.s),ﬁ(a(-,s)))— ﬁ(&s))w(&s)dfda
0 Yo

and

fyw € 00 0dE < [Jw (§,0)¢(£,0)dE
+J3 0 0,5) [ B (W()Ow(E, 5)déds
Iy 0y (0se ) + D o (4,5)) w(E, s)dgds 5)

+ 10 0 (6.)AE s)WE, s)dEds + [, [ ¢ (§,5)B(E,5)P(w(,5))dEds
~ Iy Iy raw(E )0 (E, 5)déds,
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by mean value theorem,

where A(&,t) = Fz(¢,t,0,(&,t), P>ii(-, t))) with 8, between ¥ and i, and B(§,t) = —F5(¢,t, (¢, t), 0,(t)) with 6, between

P(®(-,t)) and P(Ti(-, t)).

Let (&, t) = e* (&, t) where ¢ € C*(Dy) and A(= 0) is chosen so that 1 + Fy —

G = 0, Then we find
h(t)

M [T w (&, O, t)dE < [ w (€ 0)Y (&, 0)dE
+ [ e™P(0,5) [, B (A()E)W(E, s)dEds
+ 0y Jy (ws(€, ) + LISy, 6 5)) eBw (g, 5)déds ©)

h(s)

hr(s)

0y Iy (A4 Fal6 6,006, 0, P@C, ) = £2) W&, $)e*p (€, s)déds
+J5 [ e (&, S)B(E P (w(,s))déds.

To simplify the above inequality, we now set up a backward problem as follows:

(€, 5) + LEODNE) y, 6 6y =,

h(s)
P(,5) =0,
P&, =4,

0<s<t0<&<1,

0<s<t, ()
0<é<1.

Here {(§) € C&(0,1),0 < { < 1. The existence of 1 € C1(Dy) follows from the fact that by the variable change 7 = t — s,

and let Y(&,7) = ¥ (&, s). Then (7) can be written as

= V(h(t-1)&)+Ehr(t-1)
Y (§0) ———

h(t-1)
P(1,7) =0,
P, 0) =),

And (8) can be solved by the characteristic method. Note
that the initial and boundary values for 1 imply that 0 < ¢ <
1onDy.

Substituting such a ¥ in (6) yields

KW@@K@%
1
sfow(f,ordf
+C ftflw (¢,8)*déds,

where w(¢, t)* = max{w (¢, t),0} and

- h'(®)
Cl—-%%§{ﬁ(h(ﬂf)4—(A-FP5-—7RE7>4—hﬂjB(£t)}

From the condition on initial data in (4), we have

LM@ﬁ«&ﬁsqu}G@ww&

Since this inequality holds for every ¢ € C;°(0,1) with
0<{<1, we can choose a sequence {(,};-; on (0,1)
converging to

sz,w@m>u

0, otherwise.

1,55(5.’[)20. 0<T<t0<&<,

0<t<t, (3)
0<é<1.

Consequently, we find that

flw (& )*Tdé < letflw (&,s)*déds,

which by Gronwall’s inequality leads to

1
f w (£, )*dE = 0.

Thus, the proof is completed.

3.1.4. Monotone Sequences and Existence of Solutions

Now, we assume that F(h(t)¢ t, @, P(D(-t))) =
—m(h(t)é,t, P(¥(-, t)))il, then we construct a pair of lower
and upper solutions of (3).

Let u°(&,t) = 0 and u’ (&, t) = 8e%e¥é | where 6,0,y
are some determinate constants. Then it can be easily shown
that u° and 7’ are a pair of coupled lower and upper
solutions of (3) on [0,1] X [0, T].

Actually, it is easily seen that u° is a lower solution of (3).
The task is now to show that is % an upper solution of (3).

1.7° € C(Dy) N L2 (Dy)

2. uy(b€) < Se™¥ <u°(£,0), according to the choice of

the parameters § and y in the following.

3. Notice

WD =0u’(&t), U@ t)=-yu'Eu).
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We have . )
r : . | 0.9 | B0 s)azds
| 0.9 | B0’ s)azds o ey
,B(h(s)f)h(s) ey V(0 )_0 N 0 o mﬂo(o S)(P(O s)ds.
= [ [ g T e
Choose a constant y > 0 large enough such that We have
t 1
B(h(s)$h(s) _v s (§,9)u° (¢, 5)déd
BTV 2 folfo #s (&) 15
and then choose § > 0 large enough such that = f o ¢ O (¢, dé - f ¢ (¢,0)u"(£,0)dé
0 0
I g llo< S —aftflqo (€ )T (6, 5)deds,
Hence, it holds that 0 7o
and

t (LY (h(s)E) — EN
[ [ PR g 0w 6 asas

_ [TV - () —o 4]
= fo—h(s) o(1,s)u (1,s)ds R

t 1Vx h h —h —0
~ f f ((s)éi (S) <S>¢,(§,5)u (€, 5)déds

LV (h(s)E) — &R (s)
+yff 1(s)

—— (0, s)u (0,s)ds

@ (&, $)u’ (¢, s)déds.

by integrating by parts. Then, it holds that

f 0 (£,0)p (¢, 0)d€ + f 0 (0,5) f B (h(s)E)T (€, 5)deds
0 0 0

t 1 ViR iy 0
o[ [ (o0 + EORGT  we0 Ja g s

-] (m(h(S)f. 5, B, h(( ))>ﬁ°(f (&, s)déds
0 Yo

< f 70 (£, 0)0(E, £)dé
0

t r1 Veh ey 0
+f0 fo <_‘7 — Ve (h(s)E) +v ( (S):?(s) d (S)> X @(&,s)u’ (&, s)déds,

by the fourth equation of (1). Choose ¢ > 0 large enough such that

V(h(s)§) — &' (s)
h(s) '

o = max|V,(h(s)§)| + ymax
Dt Dt

Then %’ is an upper solution of (3).
Under hypothesis (C4), we can choose a positive constant M such that Fy(h(t)¢,t, i, P(5(-, t))) + M = 0 for (¢,t) € Dy,

we then define two sequences {u*}y_, and {ﬁk}?zo as follows.
Fork =1,2,--,

(uf + (FEOERO ) = Fre)g, 6 uk B@ T 0) - 22wk - M@k - uk ), §e[0,1]te[0,T],
%) ¢ no) -

V(0)u*(0,6) = h(t) [ B (R(OEUF(E, )dE, te[o,T], ©)
\uk (€, 0) = ug(bé), £e[01],



85 Shaohua Wu and Di Chi: Monotone Method for Nonlinear First-order Hyperbolic Initial-boundary
Value Problems of Moving Boundary

and
— V(h(£)§)—Ehr(t) —i
(uf+( (h( )h()t) hr(t) k)
V()T (0,6) = h(t) f, B (R()ET (&, t)d8,
\@* (&, 0) = uo(b©),

= F(h®)&, 6,7 Pt (,0)) - 297" - m@* -
¢ ©

7,  €e[01],te€[0,T]
t €1[0,T], (10)

s €[01],

Since u°(¢, t) and u° (&, t) are continuously differentiable in t, the existence of the solutions for the problems (9) and (10) is
guaranteed by theorem 1.11 in [15], In fact, these systems can be solved using the method of characteristics. Consider the

equation for the characteristic curves given by

J i)
ki V(h(t(s))§(s)) — §(s)R'(t(s)) _

=) =

h(t(s))

The solution u* of (9) along the characteristic curve (£(s), t(s)) satisfies the following equation

—ﬂWQ——Vma@DﬂQWW®+F@G@DHﬂK@uk%@Pfk%t@DD—M@WS—z“%S)

Parametrizing the characteristic curves with the variable ¢,
then a characteristic curve passing through (&, £) is given by
(t, X (t; €, 1)) where X satisfies

V(h(®X (6, 8) — X(6:€, D)
h(t)

and X (£; &,©) = €. From (C1), it follows that the function X
is strictly increasing. Hence, a unique inverse function
(& £,8) exists. Now we define G(&) = 7(&;0,0) where
(G(&), &) represents the characteristic curve passing through
(0,0) which divides the (¢, t)-plane into two parts. Then for
any point (§,t) with t < G(§), the solution u*(¢,¢t) is
determined through the initial condition by

dXt-”f =
ot t:¢,0) =

t
W6 0) = upbX (03, DB 0) + [ B(6:5)
0

X [F(h()X(s; &, £),5,uk"L(X(s; €, 1), 5), P@* ™
+Muk =1 (X(s5; €, 1), 5)]ds

)

and for any point (§,t) with ¢ > G(§) the solution is
determined via the boundary condition by

t

uk(&,t) = R¥1(1(0; &, ))B(t; T(0; €, 1)) + f B (¢;5)

7(0;§,t)
X [F(h()X(s;&,t),5,uF 1 (X(s; €, 1), 9), P@ (. 9)))
+Mu* (X (s;€,t),5)]ds

where

B(6:5) = exp(~M(t - ) = [ Vi (h(X(536,0)ds)

and

B“%ﬂ—wmfﬂmwﬂﬁlﬁﬂﬂ

Similarly, for any point (¢, t) with t < G(£), the solution
" (&, t) is determined through the initial condition by

760 = U (BXO:E0)BE0) + [ BG:s)

X [F(R()X(s:€,0),5, T (X (s:€,0),9), P, 5)))

+MT T (X (s; €, 1), 5)]ds
and for any point (&,t) with ¢ > G(&) the solution is
determined via the boundary condition by

t

T 0 = R 006 DBGT0:6,0) + |
7(0;¢,t)

X(s:€,6),8), P ()

B (t;s)

—k-1

X [F(h(s)X(s; &, t),s,u

+MT T (X(s; €, 1), 5)]ds

where

t
B(6:s) = exp(-M(t =)~ | Ve ()X (53 §,0)do)

and

—k-1 k-1

® Wmfﬁm@a € s,

Next we show that the sequences {u*}i-, and @y, are
monotone by induction. The procedure of induction is as
follows.

Step 1: Initial hypothesis of the induction;

We first let w = u® — u'. Then w satisfies



American Journal of Applied Mathematics 2019; 7(3): 80-89 86

f w (&, 0p(E, )dE < f w (£,0)(£, 0)dé
0 0

t 1
+[ 009 [ B oW Hdsas

‘o V(h(s)E) — ER'(5)
+f(; j(; (‘Ps(f,s)‘l' h(S) (pg(f,S))W(f,S)dfds

_fotfole(s‘,syp(g,s)dfds_L

Similar to the proof of Theorem 3.1, we can get w < 0 which
implies u® < u'. Similarly, it can be seen that TR

Second, we let w = ul —u°, since u® < u',w satisfies the
same inequality with the same A(§,t) = —M and B(¢,t) = 0
in (5). Thus, by the comparison principle, u! < u°. Similarly,

CS)
o h(s)

it can be seen that u® < 7. We now claim that u* and 7" are
a lower and an upper solution of (3), respectively. On the one
hand, by(C4) and u° < u' < u°, the right-hand side of the
equation in (9) satisfies

w(s,s)p($,s)dsds.

F(R(t)E, t,u’, P’ (1)) — M(ul — u®)
= —[F(h(t)E,t, 60, P° (-, 1)) + M](u! — u®) + F(R(t)E, t,ul, P (-, 1))

< F(R(OE, t,ul, P@ (-, 1))

. —0
withu® < 6, <u .

On the other hand, by (C4) and u° > ' >, the right-hand side of the equation in (10) satisfies

F(hOE 6T, P, 0) — M@ ~°)
= [F(R(DE, 6,61, PO(, 0)) + MI@ —7) + F(ROE 6,7, P (1))

> F(h(t)é, 6,1, P(ul(- 1))

withu® < 6, <u°.

Step 2: Hypothesis and claim of the induction;

We then assume that for some k > 1, u* and u* are a
lower and an upper solution of (3), respectively. By similar
reasoning, we can show that u¥ < u**! <" <% and
that u*** and 7" are also a lower and an upper solution of
(3), respectively.

Thus, by induction, we obtain two monotone sequences
that satisfy

—k =1
EO<21<...<Ek<u <...u

<%’in Dy.
for each k=0,12,-- .

.. —k
monotonicity of the sequences {u*}y_, and {&" }y_,, there
k

Hence it follows from the

exist functions u and u such that u* — u and T}
pointwise in Dy. Clearly u < u in Dy.

Upon establishing the monotonicity of the sequences, we
now prove the sequences {u*}y., and {ﬁk},‘fzo converge
uniformly along characteristic curves to a limit function .

On the one hand, owing to u® <uf < u° and the
monotonicity of the sequence {u¥}, we obtain by arguing as

in [5], along the characteristic curve passing through (&, 0),
the solution

t
WX 60,00, 0) = uo (bEB(E0) + [ B (6:5)
0

X [F(h()X (3 €0, 0), 5, K (X (53 0, 0),5), P@* " (,5)))
+Mu*=1(X(s; &, 0), 5)]ds

converges to

t

UK (: &, 0), £) = uo(bE)B(; 0) + f B (t;5)
0

X [F(h(s)X(s; &, 0),5,u(X(s; &, 0),5), PU(-5s)))
+Mu(X(s; o, 0),5)]ds

uniformly and monotonically for 0 <t < T, where

B(t;s) = exp(—M(t — ) — f % (h()X(5;€,))ds)

On the other hand, along the characteristic curve passing
through (0, t,), the solution
t
B (t;s)

to
X [F(R($)X(5; 0, o), 5, u* "1 (X(5; 0, o), ), B " (-, 5)))
+Mu*1(X(s; 0,t0),5)]ds

u (X(£0,t0), ) = R“"1(to)B(t; to) +

converges to
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u(X(t; 0, t,0),t) = R(t)B(t; to) + f ‘B (;s)

X [F(h(s)X(s; 0,t0),s,u(X(s; 0, to),s), P(u(:, 5)))
+Mu(X(s;0,t,),s)]ds

uniformly and monotonically for 0 <t < T, where

h(t)

R@®) = V)

1
[ Bt vz,

Thus, we have

uy(bX(0;€,£))B(t; 0) + f B(t;s)
0

X [F(R()X(s; €, 6), 5, u(X(5; £, £), 5), P(E(-, 5)))
+Mu(X(s; ¢, 1), 5)]ds, t< G();
R(t(0;€,£))B(t; T(0; €, 1)) + fr B(t;s)
T(O;f.tN)
X [F(R($)X(s5; €, 6), 5,u(X(s; €, £), 5), P(E(-,5)))
+Mu(X(s;&,t),s)]ds, t>G(8).

u($,t) =4

Similarly, we have

uy(bX(0;¢,t))B(t; 0) +J- B(t;s)
0
X [F(h(s)X(s; ¢, t),5,u(X(s; €, 1), 5), P(u( 5)))
T = +Mu(X(s;¢,t),s)]ds, t<G(O);
R(t(0;&,t))B(t;7(0;¢,t)) +J- B(t;s)
T(O;f,t:}
X [F(h(s)X(s; ¢, t),5,u(X(s; €, 1), 5), P(u( 5)))
+Mu(X(s;¢,t),s)]ds, t>G(8).
where by choosing ¢(&,t) = 1 of (5), where
— h 1 Co = h(t)é) + A(¢,t) + h(t)B(E, b)].
R(t) = %f B (h(D)EVT(E, )dE. 0 Hll)_é;X[/?( (0)8) + A, t) + h(D)B(E, )]
_ _ Owing to Gronwall’s inequality, we conclude w(&,t) =0
We now ShO_W that u(¢, ¢) =u($,t). Let w =u(,t) = in p,, i.c. w = u. Defining this common limit by u, we find
u(é,t). Since u($,t) 2 u(,t), w(§,t) 20 and w(§,0) =  that u satisfies the following. For any point (¢,t) with
0. Hence w satisfies t <G,
f w (¢, t)dé = f f B (h(s)$w(S, s)déds u(&, t) = ug(bX(0;&,t))B(t; 0) + ftB (t;s)
0 0 Jo 0
e X [F(R(X(5: €, 8),5, (X (38, 0), ), P(u(-,5)))
|, J, 4G o s HMu(X (53§, ),9)]ds
t (1
+f f B (¢,s)P(w(:,s))déds and for any point (¢, t) with t > G(§),
C MRS _ R(s(0: (0. ‘ .
[ [ s pasas, u(f, ) = RE(0;E DB T(0:6,0) + f ICD
< X [F(h(s)X(s; €, t),s,u(X(s; €, 1), 5), P(u(-,5)))

Co fo fo w (&, s)dsds +Mu(X(s;€,t), 5)]ds
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Remark 3.1. We can also obtain that, along the characteristic
curve  passing  through (§,0) , the solution
uk (X (t; &y, 0),t) converges to u(X(t; &, 0), t) uniformly and

WX (8560, 0), 1) — u (X (t; 60, 0), 1)

monotonically for 0 < t < T, by using the Cauchy criterion of
uniformly convergent of functions. Actually, we have

- f B (65 5) x [Q4(5) + MuF(X(s; £, 0),9)]ds — f Bt 5) X [Q51(5) + MUk (X(s; &0, 0)), $)]ds
0 0

= fB(f:S)X[Qk(S)—(Qk_l(S)—M(Ek(X(S:s‘o.O).S)—zk_l(X(S:fo,O),S)))]dS
0

[ B@sxi0*e - @t + ( o)

. + ﬁgk)]ds = 0.

V(h(®)$) —Er'(0) uk> h'(®)

by comparison principle. From the monotonicity of the sequences {u*}y-, and {ﬂk},?zo, we get > u¥ in Dy, and hence
P (-, t)) = Pu (- t)) for 0 <t < T, in view of the hypotheses (C4), we have Q¥ (s) < T*(s), where

Q¥1(t) = F(R(D)X (8 o, 0), £, uF 1 (X (£ &, 0), ), P@" " (-, 1)),
T*1(t) = F(h(O)X (; €0, 0), £, w* (X (£ 60, 0), ), P (, 1)),

Then, we find that

|Ek+1(X(t; EO'O)’t) —Ek(X(t, E(), 0),t)| - 0’ as

Proceeding in a similar manner, the uniform convergence
can also be obtained analogously along the characteristic
curve passing through (0, t;).

3.2. Uniqueness of the Solution

Using arguments in [16], we can establish P(ﬁ(-, t)) is
continuous. Hence, we claim @ is unique.

Actually, we suppose #;(&,t) and i,(¢,t) are two
nonnegative solution of (3). If P(&i; (-, t)) = P(fi,(+, t)) for
0<t<T, then #;(§t) =1,(t) . Without loss of
generality, we assume that

{P(ﬂl(-. £) = P(uy(- 1)), for0 <
P(u (- 1)) > P(uy(+t)), forty <

t07

t<
t <ty

where 0 < t, < t; < T. We have
F(h()$,t,u, P (-, 1)) < F(h(2)S, 8,17, P(1z (1))
and

F(h(t)$, t, 1z, P(@2 (1)) 2 F(h(6)S, L, i, P(1 (-, 1))

by (C4). Then @i, (&,t) and 1i,(&,t) are a lower and an
upper solution of (3) on D, respectively. By comparison

principle, we get @i;(§,t) < ©i,($,t) a.e. in Dy, and hence
P, (-, t)) < P(ii,(-,t)) for 0<t<t; , which is a
contradiction.
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