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Abstract: Helmholtz equation is widely applied in the scientific and engineering problem. For the solution of the three-
dimensional Helmholtz equation, the computational efficiency of the algorithm is especially important. In this paper, in order
to solve the contradiction between accuracy and efficiency, a fast high order finite difference method is proposed for solving
the three-dimensional Helmholtz equation. First, a traditional fourth order method is constructed. Then, fast Fourier
transformation are introduced to generate a block-tridiagonal structure which can easily divide the original problem into small
and independent subsystems. For large 3D problems, the computation of traditional discrete Fourier transformation is less
efficient, and the memory requirements increase rapidly. To fix this problem, the transformed coefficient matrix is constructed
as a sparse structure. In light of the sparsity, the algorithm presented in this paper requires less memory space and
computational cost. This sparse structure also leads to independent solving procedure of any plane in the domain. Therefore,
parallel method can be used to solve the Helmholtz equation with large grid number. In the end, three numerical experiments
are presented to verify the effectiveness of the fast fourth-order algorithm, and the acceleration effect to use the parallel method
has been demonstrated.
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1. Introduction

finite difference method and other iterative methods [1-4].
However, the accuracy of the finite element method reduces
rapidly with the increasement of the wave number. In
addition, finite difference method is not competitive for
solving the Helmholtz equation with large wave number if no
fine mesh provided. Therefore, some high order finite
) difference method were proposed for solving the two-
dimensional Helmholtz equation in [5-10]. This method is

In this paper, we consider the following Helmholtz
equation

Au(x,y,z) + k*u(x,y,z) = f(x,y,2),in Q, # )
with Dirichlet boundary condition

u(x,y,z) = ug(x,y,z),on 00, #

where k is the wave number. Helmholtz equation is widely
applied to wave propagation and acoustic scattering problem,
viscous and heat transfer problems and electromagnetic
scattering problems.

In recent years, there has been tremendous interest in
developing algorithms for solving the Helmholtz equation.
The precise numerical solution of Helmholtz equation is of
great importance. Most algorithms were initially developed
for the two-dimensional case, such as finite element method,

prevalent since they can offer a high accuracy solutions with
less computational cost. There have been applied for solving
the three-dimensional Helmholtz equations. Braverman et al.
proposed a fast spectral Helmholtz solver which incorporates
the application of the FFT with a preliminary subtraction
technique in [11]. Lu presented a fourth-order compact
difference scheme based on the Laplace operator in [12]. A
noniterative solver based on the domain decomposition was
developed in [13] for solving the three-dimensional
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Helmholtz equation. Sutmann combined different high order
finite difference schemes and proposed a more efficient
algorithm in [14, 15]. Furthermore, Gordon et al. extend the
sixth-order finite difference method to high and variable
wave number k with CARP-CG algorithm in [16, 17]. Due to
the heavy computational cost the efficiency of the algorithm
for solving three-dimensional Helmholtz equation is
especially important. The Fourier method has many
advantages for solving the Helmholtz equation. Together
with the symmetry of the high-order finite difference
operator, the Dirichlet problems can be solved easily with
sine transformation.

In this paper, our aim is to discretize the Helmholtz equation
with fourth-order finite difference method and build a fast
algorithm using the discrete Fourier-sine transformation. On
the other hand, the traditional Fourier transformation in three
dimensions needs considerable memory requirement especially
for large wave number equations. In views of this problem,
twice Fourier transformation are applied for the discrete
Helmbholtz equation.

The paper is organized as follows. In Section 2, a fourth-
order finite difference method was proposed to discrete the
three-dimensional Helmholtz equation. In Sections 3 and 4, a
fast high algorithm is developed for solving the three-
dimensional Helmholtz equation. Section 5 describes the
parallel implementation for the three-dimensional Helmholtz
equation. Moreover, three numerical examples prove the
validity and feasibility of the proposed method. The paper is
concluded in Section 6.

k2h? h2
(14+55) (62 + 62 + 62wy + = (5267 + 6262 + 6262y 1, + kzul-_,,l#

= f+ 15 (5205 + 8267 + 53021 + O(h).

. . o . . . h?
Figure 1 depicts the contributions to the 19-points stencil in an given axes, where p; = 1 + ——,p, =

2. The Fourth-Order Finite Difference
Method

We consider a fourth-order finite difference method of (1),
where () is the model domain and 91 is the boundary of the
domain. f(x,y,z) is an given continuous function. In this
paper, a cubic domain Q = [0,a] x [0,b] x [0,c] is

considered as the solution field. Firstly, the uniform partition

M+1,N+1,L+1 .

is define as {xi,y]-,zl} in (0. Without loss of

i,j,=0
generality, we consider the case of h = Ax = Ay = Az since
it can be extended to the general situation. For any point
(xi,¥j,2;) in Q the standard second order central difference

operator can be written as

Uip,j — 2U 50 + Ui_q

2 —
Sxuiji = W )
52 Wi~ 22U U g
yUijr = h2 '
52 _ Uijaer — 2Ugj0 Ui
zUWij1 = h? ’

whereui‘j,l,i =12,..,.M,j=1,2,..,N,l =1,2, ..., L refers
to the fourth-order finite difference solution of the three-
dimensional Helmholtz equation. refers to the fourth-order
finite difference solution of the three-dimensional Helmholtz
equation.

The fourth-order finite difference form can be obtained in
the interior of Q.
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Figure 1. The 19 points stencil of fourth-order finite difference method for 3D Helmholtz equation.
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Moreover, (3) can be written in the matrix form

2,2
(1+55) A @Iy ® L+ 1y ® Ay ® I, +1y ® Iy ® A,)U
2
+h?(AM® Av@L+1Iy® Ay® AL+ Ay ® Iy ® ADU + kU + Uph (4)

2
P+ Ay @Iy ® [ +1y ® Ay ® I, +1y ® Iy ® AF +Fy,

where

Ay

“h? 2

T

U= (ul,l,li""ul,l,L'ul,Z,lr'“'ul,Z,L: '“:ul,N,L""'uM,N,L) ,
T

F= (fl,l,l:"':fl,l,L:fl,Z,lr'“'fl,Z,L'""fl,N,L""rfM,N,L) ,

and the symbol ® represents the Kronecker product. Iy, Iy, I,
and Iy, are identity matrices, and the subscripts denote their
dimension. Ay, Ay and A; are M X M,N XN and L XL
tridiagonal matrices respectively. Uz and Fp contain
boundary values subtracted from U and F.

3. The Explanation of the Boundary
Parts

The boundary part Ug consists 18 parts which are related to
six surfaces and twelve edges of the domain, they

are Sp top’ Sp bottom’ Sp left’ SBright‘ SBfront' Sp back’
Ep t1’ Ep t2’ Ep t3’ EBt4-’ EBcl’ EBcz' EBc3' EBc4' EBb1' EBbz'
Eg,s Eg,, In this section, only the detailed discussion of
SBie - and Ep,, will be given, the other items can be deduced
in similar way.

For a point (x,¥;,2) in the domain, points on the left
(X(),y]', Zl)' (xOJYj'Zl+1) ’
(xo,yj, zl_l), (xo,yj_l, zl), (Xo,yj+1,Zl) will generate the
boundary part Sz, e A8 shown in Figure 2.

surface of the domain

(o, Yjs 21+ 1)

1
1
1
» (0, Yj+1,21)
1
1
1

(zo, yj, z1-1)

Figure 2. The corresponding points ofSBleft'

can be written as follows

SBleft

1 1 1
tridiag(1, —2,1), Ay = — tridiag(1, —2,1), A, = — tridiag(1, —2,1),

hZ

SBlepe = (pzaml QAy ® I, + pray, @Iy ® AL)Us..

#(5)
+(p1aM1 ® Iy ® I,)Uy,.
where ay, = hiz (1,0, ...,00%,.
Analogously, Ep,, is related to three points
(xi+1, Vi zl), (xi_l, Vs zl), (xi, Vi zl+1). Therefore, we have
Eg,, = (p21M®aN1®aL2)U:,O,L+1' # (6)

1 1
Where aN1 = ﬁ(l,o, ...,0)17:], aLZ = h_z(0,0, ...,1){.

Moreover, the boundary part BF includes six parts. Fz can
be written as follows

Fp = FBtop + FBbottam + FBleft + FBright + FBfront +
FBback# ™

where

FBt‘op =p1Uy ® Iy ® ai2)F. . 141,
Fgportom = P1Un ® Iy ® a;1)F. .o,
FBleft =p(ay; @Iy ® IL)Fo,;,;.

Fgrigne = P1(anz @ Iy @ I.)Fyy1,,,
FBfmm =pi(Iy ®ay; ® IL)F;,o,;,
FBback =D (IM ®ay, ® IL)F:,O,:

1
0,0,...,1)%,

a =5 (10, w01, Ay = 2

1 T
aNZ = ﬁ (0,0, ""1)1\/'

4. The Fast Algorithm for 3D Helmholtz
Equation
For the tridiagonal Toeplitz matrix A, and Ay, we have

SMAMSM = Al = dlag(ll, 2.2, ""AM)’
SnANSy = Ay = diag(uy, ty) -, fin),

where
_ 2 . m
(Smdij = m(sm M+1)' " ®)
2 .
/11':_4(M+1) . g im 1<ij<M,#
a 2(M+1)
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Sy and Sy are discrete Fourier-sine transformation  (8). Multiplying Sy ® Sy @ I, on both side of (4), the
matrices. Sy and u;, t = 1,2, ..., N can be defined similarly as following formula can be obtained

2p2 —
1+ ) M @@ L+ @M ® I, +1y ® Iy ® A4,)T
2 — — —
M@ N @+ ® A ® A+ A ® Iy ® AT + k2T + Up# 9)
— 2 — —
SF+o (M@ @ L+ ® A ® I +1y ® Iy ® ADF + Fp,

Where I._, = (SM ®SN ® IL)U,F = (SM ® SN_® IL)F, UB = (SM ® SN ® IL)UB'FB = (SM ® SN ® IL)FB'
Multiplying Sy ® Sy & I, on each part of Uy, there follows

Shrop = [P2(A1 ® Iy ® arz) + pa(ly ® Ay ® ap) +pi(ly @ Iy ® a0, 141,
Seportom = P28 @ Iy @ 1) +p2(Iy @ A, @ agy) +p1 Iy @ Iy @ ay)]U.
§Bfmnt = [p2(AL @ Sy ® 1) + oIy ® Sy @ AL) + p1 Iy ® Sy ® 1))V,
Sepack = P2(A @ Sy @ 1) + p(Iyy ® Sy ® A) + p1 Iy ® Sy ® 1)U, ns1,
§Blgft = (S ® 4, ® 1)Uy, + P2 (Sy @ Iy ® 1)Uy, + p1 (Sy @ Iy ® 1)U,
Sbyigne = P2(Su ® Az ® 1)Upy; + P2 (S ® Iy ® 1) Uny; + 91 (Syy ® Iy ® 1)Uy
EBll =p2(Su ® Sy ® 1) Upyp, EBlz =p;(Sy @ Sy ® 1) U410,
Epy; =p2(Sy ® Sy ® 1) Uysains1,0 Epyy = P2(Su @ Sy @ 1) Up s,
Epy =02y ® Sy ® a12) Uyo 141, By, = 02Ty ® Sy ® ar1) U041
EBt3 =p(Sy ® Iy ® a;,) U:,N+1,L+1' EBtg =p, Sy ® Iy ® ay) U:,o,L+1,
Egey =02(Sy @ Iy ® a11) Uo0,Es gy = P2(Su @ Iy @ ar1) Unrya 00
EBC3 =p(Iy ® Sy ® a;;) U:,ON+1,O'EBC4 =p,(Iy ® Sy ® a,q) UO,:,Oa
where

Uo,:,: = (ay1 ® Sy ® 1)U, ., I-=’0,:,: = (am1 ® Sy ® AU,
UM,;,: = (apmz ® Sy ® I)Upy, UM,:,: = (apmz ® Sy ® AUy,
Multiplying (Sy ® Sy &® Iy) on Equation (6), there holds

FBtop =pily ®Iy ® aLZ)F‘:,:,L+1'FBbo“0m =pily ®Iy ® aLl)F':,:,O'
FBleft =pi(ay ® Iy ® IL)FO,:,:'FBn'ght =pi(ay, ® Iy ® IL)FM+1,:,:'
FBfmnt =piy ®ay, & IL)F:,O,:'FBback =piy ®ay, ® IL)F:,O,:'

Equation (9) is transformed into block-tridiagonal system, therefore, we can transform the original problem into the
following equations

2p2 2 _ _
(1 %) (Ailu + il + AL) + %(Azﬂjh + AL + LAL) + kzIL] Oij: + Usy

+
A (10)
=Fyji+Fay i =12, M;j=12,..,N.

. . One error measurement is used to weigh the difference
5. Numerical Experlments between u; . and u; j ., where u; ; , denotes the real solution
5.1. Preparation for the Numerical Experiments of the three-dimensional Helmholtz equation.
Define the error measurement as follows
In this section, the algorithm is applied for three numerical
experiments. And the performance of the algorithm is

described using MATLAB on an eight processor computer.
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M,N,L 2

H3
error = W Z

ijl=1

% 2
Uijk — ui,j,kl

For different kinds of meshes, the convergence order can
be written as

der =1 error(n)
oraer =109, error(n + 1)

5.2. Parallel Implementation

After deriving U by (10), the solution U of the three-
dimensional Helmholtz equation is calculated by U =
(Sy ® Sy ® I,) U. Due to the special form of the coefficient
matrix, the computational procedure is independent for each
z;,1 =0,1,...,L. Therefore, the fast algorithm proposed in
Section 3 is well adapted for the parallel computation. The
implementation under n processors is shown in Figure 3.

Figure 3. Partition of the three-dimensional mesh among n processors.

Example 1. Consider the problem

sin(my) sin(nz)

sin(v2m)
. [2 sinh(v/2mx) + sinh (\/711(1 - x))],

uln ) = # (11)

with Dirichlet boundary conditions, where Q = [0,1] X
[0,1] x [0,1] is a unit cubic.

u(x,y,z) = sin(my) sin(wz),x =0,
u(x,y,z) = 2sin(my) sin(nz) ,x =1,

The numerical results for solving U and U are displayed in
Table 1. Here CPUgz and CPUy denotes the computational
time (s) for solving U and U respectively. After deriving U,
we need to multiply Sy ® Sy ® I, on the left side of U to
compute the numerical solution of the Helmholtz equation.
As we can see from Table 1, CPUy time is notably less than
CPUy time especially for large gird points. Moreover, the
comparison of the computational time of three times Fourier
transformation and twice Fourier transformation are given in
Table 1. Here Sy ® Sy ® S and Sy ® Sy & I, represent
two different transform operators.

0,v,z € {0,1},
Table 1. CPU time (s) and error for solving U and U.
M SuR@Sy® S, SuR@Sy 1,
CPUg time (s) CPUy time (s) CPUg time (s) CPUy time (s)

8 0.0381 0.0449 0.0499 0.2240

16 0.0634 0.8158 0.1947 0.2717

32 0.4535 28.6402 0.7144 0.4436

64 1.5009 1052.0414 3.2476 3.1560

128 9.0472 46725.2783 14.0811 60.283293

If the practical problem only needs some of the solutions
of the Helmholtz equation, the algorithm can provide more
precious numerical solutions on one of the surfaces. The

numerical solution on the face z = % with 1024 x 1024 X

1024 meshes are presented in Figure 4. Color depicts the
value of numerical solution.
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y 0 o X

Figure 4. The numerical solution on the face z = % with M = 1024.

Example 2. Consider the problem
Au+k?u=f,k=5,inQ,
with boundary conditions corresponding to the exact solution
u = sin(mx) sin(wy) sin(nz) . # (12)

Figure 5 illustrates the numerical solution of (12) with
512 x 512 X 512 meshes.

0 o

Figure 5. The numerical solution of Equation (12) with M = 512.

The behavior of the parallel implementation was examined
in Example 2. The results are displayed in Table 2. The
results again verify the efficiency of the parallel processor.
Moreover, we test the convergence order of the proposed fast
high algorithm. The last column of Table 2 demonstrates the
fourth-order convergence of the proposed algorithm. The line
in Figure 6 is fitted by log(error) and log(M) and its slope is
4.0545.

-10 T T T T

log(Error)

-8 -7.5 -7 -6.5 -6

5.5 -5 -4.5 -4 -3.5 -3
log(h)

Figure 6. log-log picture of log(error) and log(M) and the slope of the fitted line is 4.0545.
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Table 2. CPU time (s) and error for solving U and U.

CPUy time (s)

M CPUyg time (s) 1 core 8 cores error order
8 0.0313 0.0162 0.2392 1.0145¢-04

16 0.1008 0.1902 0.3019 5.6505¢e-06 4.1662
32 0.6519 3.2303 0.4358 3.3522e-07 4.0752
64 2.8458 56.5750 3.1811 2.0439¢-08 4.0357
128 12.4757 1020.6792 50.2228 1.2621e-09 4.0174
256 56.7871 12472.1685 909.4857 7.8732e-11 4.0027

Example 3. Consider the problem
Au + k*u=0,in Q,
with boundary conditions corresponding to the exact solution

sinh 5z
sinh V57

u(x,y,z) = cos(2x) cos(\/l + kzy) H# (13)

The figures of the numerical solutions U with different
wave number in Figure 7 and Figure 8. As shown in Figures
7-8, the solutions of the Helmholtz equation is highly
oscillating for large wave number.

<10

02 é/ D

y 0 o X

Figure 7. Numerical solutions on the face z =% with M = 512 when
k = 8m.

02 /

<10
2
1 15
0.8 N 1
0.6 / Y 05
N / N

0.4 » 0
0.5
-1
~ -15

1
2

¥ 0 o X

Figure 8. Numerical solutions on the face z =§ with M = 1024 when
k = 16m.

6. Conclusion

In this paper, we proposed an fourth-order fast algorithm for
solving the three-dimensional Helmholtz equation. By
multiplying the Fourier transform operator, the large system
becomes some small independent systems. Moreover, in view
of the special format of the coefficient matrix, we utilize the
parallel processors to solve the equation. This implementation
is especially efficient for solving the numerical solutions on
one of the surfaces. Three numerical experiments have
demonstrated the validity of the fourth-order fast algorithm.
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