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Abstract: Let G be a simple connected graph, the vertex- set and edge- set of G are denoted by V(G) and E(G), respectively.
The molecular graph G, the vertices represent atoms and the edges represent bonds. In graph theory, we have many invariant
polynomials and many invariant indices of a connected graph G. Topological indices based on the distance between the
vertices of a connected graph are widely used in theoretical chemistry to establish relation between the structure and the
properties of molecules. The coefficients of polynomials are also important in the knowledge some properties in application
chemistry. The Schultz and modified Schultz polynomials, Schultz and modified Schultz indices and average distance of

Schultz and modified Schultz of Cog-complete bipartite graphs are obtained in this paper.

Keywords: Schultz and Modified Schultz Polynomials, Cog-Complete Bipartite Graphs, Topological Indices,

Boundary Average Distance

1. Introduction

Suppose that G = (V(G),E(G)) is a simple undirected
connected graph of order p = p(G) and size q = q(G). A
graph G is called an n-partite graph, n = 2, if it possible to
partition vertex— set V(G) in to non empty subsets
Vi,V,, ..., V, (called partite sets) such that every element of
E(G) joins a vertex of V;. to a vertex of Vi, for all r # t for
n = 2, such graphs are called bipartite graphs. A complete
bipartite graph G is a 2- partite graph with petite sets V; and
V, having the added property that if u € V; and v € V,, then
uv € V(G) with two partite sets V; and V, denoted by K, ,
(or K(m,n), where |[V;|] =m and |V,| =n. The distance
between any two vertices u and v of G is the length of a
shortest (u,v)-path in a connected graph G, denoted by
d(u,v) . In particular, if u=v , then d(u,v)=0.
Topological indices in biology and chemistry was used for
the first time in 1947 when chemist Harold Wiener [1]
introduced Wiener index to demonstrate correlations between
physicochemical properties of organic compounds of
molecular graphs. The Wiener index is represent the total
distance of a connected graph G, ie.
W(G) = Yuveve) d(u, v), in which the summation is taken
over all unordered pairs {u, v} of distinct vertices of G. The

diameter of G is the greatest distance in G and will be
denoted by 6. The number of pairs of vertices of G that are
distance k is denoted by d(G, K). Distance is an important
concept in graph theory and it has applications to computer
science, chemistry, and a variety of other fields [2-6].

For the definitions of concepts and notations used in this
papers, vertices with distance k such that |Dy (G)| = d(G, k)
and Y9_,d(G, k) = (7’2’), where (723) is representation the
number of unordered pairs of distinct vertices in G.

In chemical graph theory, there are two important
polynomials are distinguished. Introduced:

The Schultz polynomial of a graph G is defined as:

Sc(G;x) = Zu,vEV(G)(6u + 5v)xd(u,v),
and modified Schultz polynomial of a graph G is defined as:
Sc*(G;x) = Zu,veV(G)((?uSV)xd(u'v) .

These based structure descriptors and their polynomials
were extensively studied and computed before [7-9].

The molecular topological index (Schultz index) was
introduced by Harry P. Schultz in 1989 [10] and the modified
Schultz index was defined by S. KlavZar and 1. Gutman in
1997 [11].
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The Schultz index is defined as:
S¢(G) = Xuvev(e)(6u + 8,) d(w,v),
and modified Schulttz index is defined as:
Sc*(G) = Luvev(e)(0uby) d(w, v).

where the summation for all above are taken over all
unordered pairs of distinct vertices in V(G).

The indices of Schultz and modified Schultz can be
obtained by the derivative of Schultz and modified Schultz
polynomials with respect to x at x = 1, respectively, i.e.:

. P
sc(G) = dec(G,x)|x=1, and S¢*(G) = =Sc (G,x)|x=1.

The average distance of a connected graph G with respect
Schultz and modified Schultz are defined as:

Sc(G) = Sc(6)/(%), and Sc*(G) = Sc*(6) /().

In 2005, Gutman find many relations between Hosoya,
Schultz and modified Schultz polynomials of a tree graph
and some properties [12]. Bo Zhou [13], find some lower and
upper bounds for the Schultz index of a graph G.

The Schultz and modified Schultz polynomial of some
special graphs are summarized in the following theorem (See
[14]). In addition, we have found the Schultz and modified
Schultz polynomials of some Cog- special graphs which it
under publication.

In 2013, Hassani et al. computed the Schultz polynomials
of isomeres of C;o( Fullerene by GAP program [15].

The Schultz indices have been shown to be a useful
molecular descriptors in the design of molecules with desired
properties, reader can be see the papers [16-18].

Finally, Farahani found Schultz and modified Schultz
polynomials and topological indices of benzene molecules
PAHS, coronene polycyclic aromatic hydro carbons and some
Haray graphs [8, 19, 20] in 2017, Guo and Zhow studies the
propeties of degree distance and Gutman index of uniform
hypergraphs [21].

2. Main Results

Definition: A Cog- complete bipartite graph Ky, , is the
graphconstructed frombipartite complete graph K,, ,, m,n = 2,
of vertices set {uy, Uy, ..., Uy, V4, V3, ..., Vp} withm +n — 2 of
additional vertices {w;,Wy,...,Wi_1,Y1,Y2,---»Yn-1}, and
2m+2n—4 of additional edges {w;u;, wiu;44:i = 1,2,...,m —
1}V {y;v;, vivier:i = 1,2, ..., n — 1}, see Figure 1.

Y1 Y2
Figure 1. A Cog- complete bipartite graph Ky, ,,.

Yn-1

From Clearly that p(K,fm) =2m+2n-2, q(K,fm) =
mn+2)+2(n—2) and § =diamKg;, =4, for all
mn = 4.

Theorem 2.1: For all m,n = 4, then

Sc(Kgmx) ={mnm+n+8)+4(m+n—-5kx+2m?*(n+ 1)+ (mn—-4Hn+1) +mn+3)(n—-1)x*+
m*(n+4)+mn? —2n—16) +4(n?> — 4n+ N}x3 + 2{m(m — 5) + n(n — 5) + 12}x*. (1)

Sc*(Kfn; x) = {mn(mn + 2m + 2n + 8) — 20}x + {mn(mn + (7m/2) + (7n/2) — 4) + 2m(m — 4) + 2n(n — 4) +
2}x2 +2{m2(n+2) +n?(m+2) — 2(mn+ 4m + 4n — N}x3 + 2{m(m — 5) + n(n — 5) + 12}x*. (2)

Proof: For all vertices z;z, € V(KS.,,), there is d(zy,2,) = k, k = 1,2,3,4.

From clearly that ¥}, |D;| = 2m + 2n — 3)(m + n — 1).
We will have four partitions for proof:

P1.1fd(zy,2,) = 1, then |D;| = m(n + 2) + 2(n — 2) and is equal to q(K,, ), we have ten subsets of it:

PLL |{(U1my Watm-1)): Suygmy + Buwymony = 1+ 3 & By Buwy ey = 20+ DJ| = 2.

P1.2. |{(Wi,ui+1): 8Wi +68

Uj+1

=n+4&3§,,6

Uj+1

=2n+2),1<i<m-2}|=m-2.

PL3. |{(Wi,u): 8y, + 8y, =N+ 4 &8,,.8,, =2(n+2),2<i<m-1}|=m-2.

P14, |{(v1(n),y1(n_1)): Sury + Syany =M +3&8y, By =2(m+ 1)}| =2

PLS. [{(yi, Vie1): 8y, + 8y, =m+4&8,8,, =2(m+2),1<i<n-2}=n-2

P1.6. |{(yi, vp): 8y, +8,,=m+4&6,8,, =2(m+ 2),2<i<n-— 1} =n-2.
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PLT. |{(u;v)): 84, + 8, =m+n+28&8,8, =(m+ D0 +1),i=1mj=1n}|=4.
PLS. |{(ui,vj):8ui +8, =m+n+38&8,8, =(m+Dn+2),2<i<m-1j= 1,n}| =2(m-2).
PLY. |{(u;v)): 8y, + 8y =m+n+3&8,8, =m+2)Mm+1),i=1m2<j<n—1}| = 2(n-2).
PL10. [{(upv): 8y + 8y, =m+n+4&8,8, =(m+2)(+2),2<i<m-1,2<j<n-1}| = (m-2)(n-2).

P2.1fd(zy,2,) = 2, then |D,| = (4mn + m(m — 1) + n(n — 1) — 8)/2, we have twelve subsets of it:

P21 {1, yisn): 8y, + 8y, =4 &85y, =41<i<n-2}=n-2.

Yi+1

P22 |{(Wi, Wit1): 8, + 8wy, = 4 &8y, 8y, =4 1<i<sm-2}=m-2.

P2.3. [{(vy,v): 8y, + 8y, =2(m + 1)&8,,8,, = (m+ 1?}| =1.
P24 |{(viv;): 8y, + 8y, = 2m +3& 8,8, = (m+ D(m+2),i=1L,n2<j<n—1}| =20 -2).
P25 |{(vi,v;): 8, + By, = 2(m + 2)& 8,8, = (M +2)2,2<i<n-2,i+1<j<n—1}|=(-20-3)/2.
P2.6. [{(uy, up): 8y, + 8y, =2(n+ )&, 8, = (n+1)?}| =1.
P27 |{(upw): 8y, + 8y, = 20 +3 &8, 8, = M+ D +2),i=1,m2< j<m—1}|=2(m-2).
P2.8. |{(upw): 8y, + 8y, = 2(n +2)& 8y, 8y = (M1+2)%2< i<m=-2i+1<j<m—1}| = (m-2)(m-3)/2,
P2.9. |{(vi,w;): 8y, + 8, = m+3 88,8, =2(m+1),i=1n1< j<m—1)|=2m-1)
P2.10. [{(vi, w): 8y, + By = m + 48 8,8, =2(m +2),2<i<n-1,1< j<m—1}|=(m- D@ -2).
P2IL |{(upy)): 8y, + 8y, =n+38&8,8, =2m+1),i=1m1< j<n-1)|=2m-1).
P2.12. |{(up;): 8y, + 8y, =n+4&8, 8, =2 +2),2< ism-1,1<j<n—1}|=m-2)(-1).
P3.1fd(z,,2,) = 3, then |D3| = mn + m(m — 4) + n(n — 4) + 5, we have seven subsets of it:
P31 |{(uy, w)): 84, + 8y =1 +38&8,,8, =20 +1),2<j<m—1}[=m-2.
P32 |{(ums W;): Supy + Sy =N +3 &8, 8, =2 +1),1<j<m=-2)|=m-2.
P33 |{(us wj): 8y, + 8 =N+ 4& 8,8y, =200 +2),2<i<m-11<j<m—-1i-jl # 01} = (m—2)(m - 3).
P34 |{(vyy;): 8y, + 8y, =m+38&8, 8, =2(m+1),2<j<n-1f|=n-2
P3.5. [{(vn,yi): 8y, + 8y, =m+3&8, 5, =2(m+1),1<i<n-2}=n-2
P3.6. |{(vi,yj): 8y +8, =m+4&5,8, =2(m+2),2<i<n-1L1<j<n-1l]i—j# o,1}| = (n—2)(n-3).
P3.7. {(Wi,y;): u, + 8y, = 4& 8,8y, =41<i<m-1,1<j<n—1}| = (m-D@-1).
P4.1f (24, z,) = 4, then |[D;| = (m(m — 5) + n(n — 5) + 12)/2, we have two subsets of it:
PAL|{(Wi, w;): S, + By = 4 & B8y =41 <i<m=3,i+2<j<m—1}| = (m—2)(m-3)/2.

P42 |{(vi yis2): 8y, + 8y, =4 &8y,8,,,, =41<i<n-3}|={m-2)(n-3)/2
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From P1-P4 and after the computational processes we get the two equations (1) and (2).
Corollary 2.2: For all m,n > 4, then

Sc(KS,) = 8m*(n + 3) + 8n%(m + 3) + 10mn — 96(m + n) + 144. 3)
Sc*(Kfn) = 3mn(mn — 8) + 3m?(5n + 8) + 3n%(5m + 8) — 104(m + n) + 188. 4)
Proof:
To get equations (3) and (4), we derivative the equations (1) and (2) with respect to x and then compensation of the value of
x by 1.

Corollary 2.3: For all m,n > 4, then
1. Sc(Kfn) = (8m2(n + 3) + 8n?(m + 3) + 10mn — 96(m + n) + 144)/(m + n — 1)(2m + 2n — 3).
2. Sc* (K& ) = Bmn(mn — 8) + 3m?(5n + 8) + 3n?(5m + 8) — 104(m + n) + 188)/(m + n — 1)(2m + 2n — 3).

Proof: obvious
Corollary 2.4: For all m = n = 4, then

Sc(KGn;x) = 2(m3 + 4m? + 4m — 10)x + 4(m® + 2m? — 3m — 2)x% 4+ 2(m® + 3m? — 16m + 14)x® + 4(m — 3)(m — 2)x*. (5)
Sc*(Kfn; x) = (m* 4+ 4m® 4+ 8m? — 20)x + (m* + 7m® — 16m + 2)x? + 4(m® — 8m + 9x® + 4(m — 3)(m — 2)x*.  (6)

Proof: from possible to obtain formulas (5) and (6) from
formulas (1) and (2) by equality n,m (m =n) and after
simplified processes.

Corollary 2.5: For all m = n > 4, then

1. Sc(K,,) = 16m® + 58m? — 192m + 144.

2.Sc*(KG,n) = 3m* + 30m® + 24m? — 208m + 188.

Proof: similar to proof corollary 2.2.

Corollary 2.6: For all m = n = 4, then

1.14.5 < Sc(Kf5n) < 2m + 10.

2.26.7 < Sc* (K& n) < 3(4m? + 45m + 87)/32.
When n = 2 and n = 3 for all m = 4, we obtain the same Y1
formulas in the Theorem 2.1 and corollary 2.2 after off
setting the value n =2 and n =3 for all m >4, in the

Figure 2. A Cog- complete bipartite graph Ky, ,.

Theorem 2.1 and corollary 2.2 respectively. Theorem 2.7: For m = 4, then
As special case, if n = 2,m = 4, then Ky, , is shown in
Figure 2.

Sc(KE 2 x) = 2(m? + 12m — 6)x + 2(3m? + 5m — 6)x + 2(3m? — 8m + 6)x% + 2(m — 3)(m — 2)x*.  (7)
Sc* (K25 x) = 4(2m? + 6m — 5)x + (13m? — 2m — 6)x% + 4(2m? — 6m + 5)x° + 2(m — 3)(m — 2)x*. (8)

Proof: For every vertices z,z, € V(Ky, »), there is d(z,2,)=k, k=1,2,3.,4, and obvious YDl = 2m+ 1)(m+1).
We will have four partitions for proof:
P1.1fd(z,,2,) = 1, then |D;| = 4m and is equal to q(K,fLZ), we have six subsets of it:

PLI. |{(u1(m),w1(m_1)):8u1(m) B = 5 & Buy oy Owa ) = 6}| =2.
P12 |{(Wi, u): 8y, + 8y, = 6 &8y, 0y, =8,2<i<m—1}| =m-2.
=81<i<m-2}|=m-2.

P13, |{(Wi, Uj1): Sy, + By, = 6 & By, d

Uj+1 Ujt+1

P14, |{(ui,vj):8ui +8y, =m+4&8,8, =3m+ 1),i=1mj= 1,2}| = 4.
PL5. |{(ui,v,-):ésui +08,, =m+58&8,5, =4m+1),2<<m-1,j= 1,2}| = 2(m - 2).
PL6. |{(y1,vi): 8y, + 8y, = m+3 &35, =2(m+2),i=12}| =2

P2.1f d(z,2;) = 2, then |D,| = (m? + 7m — 6)/2, we have eight subsets of it:
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P21 |{(Wi, Wig1): 8y + Oy, = 4 &Sy 8w, = 41<i<m-2}=m-2.

Wit1 Wit1
P22 |{(viyw;): 8y, + By =M+ 3 &3y, 8, = 2(m+1),i=12,1< j<m—1}| =2(m-1).
P2.3. |{(us, y1): 8y, + 8y, = 5 &8y, dy, = 6,i = 1,2} = 2.
P2.4. |{(u;,y1): 8y, + 8y, = 6 &5, 0y, =82 <i<m-—-1}=m-2.
P2.5. |{(uy, um): 8y, + 8y, = 6 &8y,8,, =9} = 1.
P2.6. |{(uy0): 8y, + 8, =7 &8, 8y =122 <i<m—1j=1m}|=2m-2).

P27 |{(up0y): 8y, + 8y =B &5, 8y =162 <i<m-2i+1<j<m—1}|=(m-2)(m-3)/2

P2.8. [{(v,v2): 8y, + 8, = 2(m + 1)&3,,8,, = (m + 1)?}| = 1.

P3.1fd(zy, z,) = 3, then|D3| = (m — 1)2, we have four subsets of it:
P31 |{(y1, wi): 8y, + 8y, =4 &3y, 0y, =41<i< m—-1}|=m-1.
P3.2. |{(uy, W) 8y, + 8y, =5 &80y, =62<i<m-1}|=m-2.

P3.3. |{(um, Wi): 8y, + 8w, =5&3,, 0w, =61 <i<m-2}=m-2.

P3.4. |{(ui,wj):6ui + 0y, = 6&5, 0y, =82<i<m-11<j<m-1l]i—j # 0,1}| = (m - 2)(m — 3).

P4.1f(zy, z,) = 4, then |D5| = ((m — 2) + (m — 3) + 12)/2, we have:

[{(wi, w,): Su, + 80 = 4 & BBy =41 <i<m=3,i+2<j<m—1}[ = (m—2)(m-3)/2

From P1-P4 and after the computational processes we get
the two equations (7) and (8). Also we can obtain the same
formula when compensating the value of n by 2 in the
Theorem 2.1.

Corollary 2.8: For m > 4, we have:

1. Sc(Kf,2) = 4(10m? — 11m + 12).

2.Sc*(KS, ,) = 2(33m? — 46m + 38).

Corollary 2.9: For m > 4, we have:

1.11.3 < Sc(Ky, ,) < 20.

2.16.9 < Sc*(Ky,,) < 33.

Theorem 2.10: For m > 4, we have:

1. Sc(Kf3x) = 3m? + 37m — 8)x + (8m? + 24m —
8)x% + (7m? — 13m + 16)x3 + (2m? — 10m + 12)x*.

2. Sc*(Kf 3 x) = (15m? + 42m — 20)x + {(43m? + 23m —
8)/2}x? + (10m? — 22m + 24)x3 + 2m? — 10m + 12)x*.

Proof: By the same way proof the Theorem 2.1.

Corollary 2.11: For m = 4, we have:

1. Sc(Kg 3) = 48m? + 6m + 72.

2.8c*(Kf3) = 96m? — 41m + 92.

Corollary 2.12: For m > 4, we have:

1. 14 < Sc(Kf, 5) < 24.

2.25 < Sc*(Kf, 5) < 48.
Remark:
1. SC(K{Z;x) = 44x + 32x% + 4x3.

Sc(K§,;x) = 78x + 72x% + 18x°.

SC(K§3;x) = 130x + 136x2% + 40x3.
2. Sc*(KZC‘Z;x) = 60x + 42x% + 4x3.
SC*(Kﬁz;x) = 124x + 105x2% + 20x3.

Sc*(K$4;x) = 241x + 224x% + 48x5.

3. Conclusion

In this paper we managed to find the Schultz and modified
Schultz polynomials and Schultz and modified Schultz
indices of Cog- complete bipartite graph Ky, of order
2m+ 2m — 2, m,n = 2. Also, we given the boundary lower
and upper of average distance of Schultz and modified
Schultz of Cog- complete bipartite graph K, ,,.
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