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Abstract: Let 7 be an arbitrary odd prime number greater than eleven and 4 be the mod 7 Steenrod algebra. In this

paper, it has proved that the product h0k05;,+4 DExt;”’*(Z »»Z,) is nontrivial and converges to @/5,0,4 nontrivially of

order P in 7Tq[(s+4)p3+(S+3)p2+(S+4)p+(s+3)]_75 , where 0ss<p-4 g=2(p-1) by making use of the Adams spectral

sequence.
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1. Introduction

Let 4 be the mod P Steenrod algebra and S be the
sphere spectrum localized at an odd prime number P . To

determine the stable homotogy groups of spheres 7&S is

one of the central problems in homotogy theory. One of the
main tools to reach it is the Adams spectral sequence (ASS):

Ey' =Exty"(Z,.Z,)=T_S,

where the E;"t — term is the cohomology of 4. So far, not

so many family ¢ #2007, S for n22 and is

P'qtq=3

represented by  hyb,_ DExtj’p”‘”q (Z2,,Z,) has been

detected in [1] in the ASS, where g =2(p—1).

To determine the stable homotopy groups of spheres is one
of the most important problems in algebraic topology. So far,
several methods have been found to determine the stable
homotopy groups of spheres. For example, we have the
classical Adams spectral sequence (ASS) (cf. [2]) based on

the Eilenberg-MacLane spectrum KZ,, whose E, —term is

Ext'(Z »»Z,) and the Adams differential is given by

T st s+rt+r=1
d EY - E

where A denotes the mod p Steenrod algebra.

There are three problems in using the ASS: calculation of
E, —term Ext:;’* (Z,,Z,), computation of the differentials

and determination of the nontrivial extensions from £, to the

stable homotopy groups of spheres. So, for computing the
stable homotopy groups of spheres with the classical ASS,

we must compute the £, —term of the ASS, Eth’* Z,.2,).
Throughout this paper, p denotes an odd prime and

q =2(p-1). The known results on Ext;’*(Zp,Zp) are as

follows. Extg’*(Z »»Z,) s trivial by its definition. From [3],

Exti;* (Z,,Z,) has Z,—basis consisting of
ay OExty (Z,,Z,), b DExt'7(Z,.Z,,)

for all i20 and Extj (Z,,Z,) has Z,~ basis
consisting of @, , a3 , aph; (i >0) , g,(i 2 0) , k;(i 2 0),
b(i=20)and Hh;(j2i+2,i20) whose internal degrees are
2g+1, 2, p'q+1, p™Mg+2p'q. 2p™ g+ p'gand p'g+p'y
respectively.

Let M be the Moore spectrum modulo a prime number
p = 3 given by the cofibration

SiSiMiZS-
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Let a:Z‘fM — M be the Adams map and K be its

cofibre given by the cofibration
a i J'
DM MK M

where ¢ =2(p —1). This spectrum which we briefly write as
K is known to be the Toda-Smith spectrum V(1) . LetV(2)
be the cofibre of ,B’:Z (P*DIg K given by the
cofibration

z (p*Dyq g iK ; V(2) i Z(P*'l)qﬂK .

Let yzzq(p2+p+l)V(2) - V(2) be thev; —map. As we
know, for >0, the @~ element @, =ja'i, the B~
element B = jj'B'i'i, the V™ elementy, = jj’j/ii'i .

In [4], we have the following results:

()For p23and t21,a,#0in 7%S.

(2)For p25 and ¢t21,5,#0in 7&S.

(3)For p=7 and t21,),#0in 7&S.

Studying higher-dimensional cohomology of the mod 2

Steenrod algebra 4 is an interesting subject and studied by

several authors. For example, In 1980, Aikawa [5]
determined Extf{*(Zp,Zp) by A- algebra. Liu and Zhao
[6] prove the following theorem.

Theorem 1.1 For p=11 and 4<s<p, the product

hoby0, #0 in the classical Adams spectral sequence, where

d. is given in [7].

s

2. The May Spectral Sequence

The most successful method to compute Ext;’*(Zp,Zp)
is the MSS. From [8], there is a May spectral sequence (MSS)
{Ef’t’*,dr} which converges to Ext;’t(Zp,Zp) with E; -
term

* ok %
)y

E"" = E(h,;|m>0,i=0)0P(b,,;|m>0,i20)0P(a,|n=0) (1)

where E( ) is the exterior algebra, P( ) is the polynomial

algebra, and

12(p"-D)p' 2m=1 2,2(p"-Dp™ , p2m-1) 1,2p"=1,2n+1
hy OE ,b, UE] ,a, JE

One has
d . Est _, gt 2)
and if xOES" and yOES"", then
d.(x.y)=d () +(=1)x[d,(y) A3)

In particular, the first May differential d; is given by

d(h ;)= z B i ,
0<k<i

di(@)= Y Bk dy(b, ) =0 )

0<k<i
There also exists a graded commutativity in the MSS:

xO=(=)*"y& for %,y =h,;.b, or a,.

For each element xOE™" , we define dimx =s,
degx =¢,M(x) =u . Then we have that

dimh, ; = dimg, =1,
dimb, ; =2,dega, =1,
degh, ; =q(p™/ ™ +..+ p/),
degh, ; =q(p™ +..+p’™), (5)
dega; = g(p ™+ )+,
M ;) =M(a;)=2i-1,
M, )= Qi-)p,

where i121,j20.
Note that by the knowledge on the 7~ adic expression
in number theory, for each integer #=0, it can be expressed

uniquely as ¢ =g(c, p" +cn_1p”_1 +..toptey)te
where 0<¢; <p(0<i<n),p>c,>0,0<se<gq.

For the convenience of writing, we make the following
rules:

() If i>j,weput @ on the leftsideof a;;

(i) If j<k,weput % ; onthe leftside of %, ;
(iii) If i>w, weput 7 ; on the left side of A, ;;
(iv) Apply the rules (ii) and (iii) to &; ;.

3. Proof of the Main Theorem

Before showing the main theorem, we first give some
important lemmas which will be used in the proof of it. The

first one is a lemma on the representative of 5; +4 1nthe May
spectral sequence.

Lemma 3.1 [7] For p211 and 0<s<p-4 then the
fourth Geerk letter vy DExt ™" ,2,) is
represented by

element

K s+4,1 (s5),*
a4h4,0h3,1h2,2h1,3 UE

inthe E; — term of the May spectral sequence, where 5; +4

is actually dgﬂ and

H(s)=ql(s +D)+(s+2)p+(s+3)p> +(s +4)p’) +s.
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By (2), we know that to prove the non-triviality of the
product /iykyJ.,,, we have to show that the representative of

the product cannot be hit any May differential. For doing it,
we give the following two lemma.
Lemma 3.2 Letp 211 and 0<s<p—4_ Then we have

the May E; —term El‘“é”(‘v)’* =0, where
(s)=ql(s +3) +(s+4)p+(s+3)p° +(s+4)p’) +s.

Now we give the proof of the above lemma.
Proof Consider /=xx,..x, JE™*" in the MSS,

where X; is one of &.h,.; or b,. ,0<k<4, 0<r+j<4,

0su+z<3, r>0,j20, u>0, z=0. By (5) we can
assume that

_ 3 2
degx; =q(c;3p” t¢ Pt ptep)te

where ¢; =0 or 1,¢ =1 if x;=a,, or ¢ =0 It
follows
that dim h =) dimx; =s+6 and

i=1

degh = ideg X;

i=1
= Q[(Z Ci,3)P3 + (Z Cin P+ (Z Gp+t (z cio)l+ (Z €)
i=1 i=1 i=1 i=1 i=1
=ql(s+4)p’ +(s+3)p> +(s +H)p+(s +3)]+s

Note that dimhi,‘,' =dimg; =1, dimbi,_/ =2, and 0<s

m
<p-4. From dimh=2dimxl- =s5+6, we can have

i=l
m<s+6<p+2.

Using 0<s+4,5+3,5<p and the knowledge on the P
-adic expression in number theory, we have that

m
E e =s;

i=1

Co=st3;

I

i=1

c

NgE

=St (6)
T

-

Cip =8+3;
1

1

m

D=t

i=1

By ¢2=0 or 1, one has m=s+4 from

chﬂ =s5s+4.

i=l
Note that m<s+6.Thus Mmay equal s+4,s+5, 5+6,
Since ¢, =s, degh,; =0(modq) (i>0,/20),

i=1
dega, =1(modg)(i = 0) and
(i>0,7=0), then by the graded commutativity of ﬁ*** and

degb, ; =0(modg)

degree reasons, we can assume that s =aya’ aﬁaéc aih' with

h =X, X1, , Where
0<x,y,z,k,l<s, x+y+z+k+] =5
Consequently, we have 7' =x_,,x ,,...x,, DEI6 BT
where
L) =qls +4=Dp’ +(s+3-1-k)p” +
(s+4=I-k=z)p+(s+3=I=k=z=y)]

Form (6) we have

M=

e =0;
i=s+l
m
Co=st3-l-k-z-y;

s+1

Gy =s+td-l-k-z (7

[V

+1

D g, =531~k

i=s+1

1

3 4

m

Z:ci’3 =s+4-1

i=s+l

By the reason of dimension, all the possibilities of 4" can
be listed as yj.--Vg, V1---VaZ1, V1V22122, 212,23 where the

is in the form of %, ;, 0<r+;<4,7>0,j20 and zis in

the form of b, ,,0<u+z<3,u>0, z20.
s+4
Case 1. m=s+4. From ZC’E3:S+4_Z in (7), we
i=s+1
s+4
have that [/ =s+4- Z €328 .Thus! =s , x=y=z=k=0.

i=s+1

r= 6.4(4p*+3p* +4p+3)* i
SO h' =X, XX 43X, U E , and it must

be in the form of »,),z;z, . But because the constant
coefficient in #,(s) is 3, &' is impossible to exist in this
case. Then % doesn't exist either.
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s+5
Case 2. m=s+5. From Zcm =s+4-=1 in (7), we
i=s+1
s+5
have that [=s+4- ZC"J =2s—-1. Thus I=s-1 or §,
i=s+l

and
I =y..v4z DElé’ZZ(S)’*.
() If /=s-1,then
L) =ql5p" +(O)p* +()p+(s+3=1-k=z=y)]
Because  the 3

I =047 DEI(”IZ(S)’* ,

coefficient of p is 5

hygshs sl ol and some b, (u+z=3,u>0, z=0))
must be contained in/4'. So the constant coefficient in, (s)
should be 1, this is conflict with s+3-/—-k—-z—-y=3.

h' 1is impossible to exist and then A doesn't exist either.

() If 1=+, thent,(s)=q[4p’ +3p> +4p+3].

Because A’ =y..p,z7 DEf”Z(S)’*, the coefficient of p° is

4 and the constant coefficient in % (s) is 3, no matter

whether the equation of u+z=3 in 2z =b,, is

established or not, 4’ is impossible to exist in this case and
then / doesn't exist either.

Finally, in order to express this result more intuitively, we
list all the possibilities of case 2 in the following table 1.

Table 1. m=s+5.

possibility 1 x y oz K gHR M "

The st s-1 1 0 0 0 Ef’q(SPS HaptHSpraL* 0 Nonexistence

The 2nd s-1 0 1 0 0 Ef’q(5p3 +4pP+5pe3)* _ 0 Nonexistence

The 3rd s-1 0 0 1 0 Elﬁ"f(sly3 +4p’+4p+3).* =0 Nonexistence

The 4th s-1 0 0 0 1 Elﬁ"f(slv3 +3p7+dp+3)* =0 Nonexistence

The 5th S 0 0 0 0 Elﬁ"1(4p3 +3p7 +4p+3)* =0 Nonexistence
s5+6 5+6

Case 3. m=s+6. Fromzcm:S+4—lin(7),wehavethat l:S+4_ZCIF3 2s5=2 .Thus I=s5s-2,s—lor §,and

i=s+1

B =y..ys 0 Ef”z(‘“)’* . The coefficient of p®in #,(s) is greater than or equalto 4. So /40.551.55,/ 3 must be contained

inh'.

When /=s-2ors—1, the coefficient of p> in £,(s) is 6 or 5 and A'= V-V DEIG”Z(S)’* is impossible to exist. &

doesn't exist either.

When /=5 ,¢t(s)= q[4p® +3p* +4p+3]. Because /' =NV DEf’tZ(S)’* ,

similarly.

h4,09h3,1,h2,2,h1,3 must be contained in A’

But degihy 15 05} = g[4 p3 +3 p2 +2p+1], in this case #' is impossible to exist. Then # doesn't exist either.

We list all the possibilities in the following table.

Table 2. m=s+6.

possibility 1 X y z k n

The 1st s-2 2 0 0 0 Elé’q(ép3 +5p” +6p+5),* =0 Nonexistence
The 2nd s-2 0 2 0 0 1516"1(6”3 +5pP+6pHR)* 0 Nonexistence
The 3rd s-2 0 0 2 0 1516"1(6”3 +SptHApH3)* 0 Nonexistence
The 4th s-2 0 0 0 2 1516"1(6”3 #3ptHape)* 0 Nonexistence
The 5th s-2 1 1 0 0 Elé’q(ép3 +5p?+6p+4).* =0 Nonexistence
The 6th s-2 1 0 1 0 Elé’q(ép3 +5p?+5p+d)* =0 Nonexistence
The 7th s-2 1 0 0 1 Elé’q(ép3 +4p? +5p+d)* =0 Nonexistence
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possibility 1 X y z k n
3 2

The 8th s-2 0 1 1 0 Elé"I(ép +5pT+5pHd)r Nonexistence
3,42

The 9th s-2 0 1 0 1 Elé’q(ép +ApTH5p+3)F _ Nonexistence
3,42

The 10th s-2 0 0 1 1 Elé’q(ép +HApTHap+3)F _ Nonexistence
3,42

The 11th s-1 1 0 0 0 Elé’q(sl’ HApTHSpHF _ Nonexistence
3 2

The 12th s-1 0 1 0 0 Elé"I(Sp +HpT+5p+3)F _ g Nonexistence

The 13th s-1 0 0 1 0 Nonexistence
3,42

The 14th s-1 0 0 0 1 Elé’q(SP +3pTH+ap+3)F _ ) Nonexistence

The 15th s 0 0 0 0 Nonexistence

According to above mentioned analysis, Lamma 3.2
follows.

Lemma 3.3 Let p211 and 0<s<p-4 then in the
cohomology of the mod P Steenrod algebra A4 , the product

hokoOyvq D Exts (2 ,,7,)
is nontrivial, where
H(s) = ql(s +3) +(s+A)p+(s +3)p* +(s +4)p 1 +s.

EE S

Proof Since g, Moo/ and ayhy ohs by b3 OE " are
permanent cycles in the MSS and converge nontrivially to /4 ,

ko, 0,14 DEth’*(Zp,Zp) for n=0, so

ooy @3y ohs iy oy s DB
is a permanent cycle in the MSS and converges to
hokoO,sq DExty " (Z,,2,).
From Lamma 3.2, we see that E; 641" = ), where

() = ql(s +3)+ (s +4)p+(s+3)p” +(s +4)p") +5.
Then we can have
E5+6,q[(s+3>+<s+4>p+(s+3>p2+<s+4>p3],* =0 for r>1.
Thus the permanent cycle
hl,ohz,ohl,laih4,0h3,1h2,2h1,3 U Ef”’t(s)’*
does not bound. That is to say,
oy ol yahy ol hy ol 5 D E, e
can not be hit by any differential in the MSS. It follows that
hl,ohz,ohl,laih4,0h3,1h2,2h1,3 U Ef”’t(s)’*

is a permanent cycle in the May spectral sequence and

converge nontrivially to hokyOurs O Ext$"(Z poLpy).

It follows that
5 $+7,q[(s+3)+(s+4) p+(s+3) p2 +(s+4) p° J+5,*
h0k055+4¢0|:|Ext:1 ql(s+3)+(s+4) p+(s+3) p” +(s+4) p” I +s (ZP’ZP)
and the theorem is proved.

Lemma 3.4 Let p211,0ss<p-4 and 2<r<s+7,
then the groups

+7-7,[(s+3)+(s+4) p+(s+3) p* +(s+4) p’ [+s-r+1 —
Extj r,q(s S P s 4 S 4 S=r (ijzp)_().

Proof The proof is divided into two parts.
Case 1. r =s+7 . In this case,

Ext;v4+7—r,q[(s+3)+(s+4)p+(s+3)p2 +(s+4) pP 1Hs—r+l (Zp, Zp) =0
by gl(s+3)+(s+)p+(s+3)p° +(s+4)p’]-6>0 (cf.
[3]).

Case2. 2<r<s+6.

To prove that Exty’ "' (Z,.Z,) =0, it suffices to prove

that £ =0 in the MSS [9, 10], where
1" =ql(s+3)+(s+A)p+(s+3)p* + (s +4)p 1 +s-r+1

Consider = x,x,..x,, DE """ in the MSS, wherex,
is one of @.h.; or b,,,0<k<4, 0<r+;<4,

0<u+z<3, r>0,720, u>0, z>0.Assume that
_ 3 2
deg x; =q(c;3p” tciop” +eptep)te
where ¢;; =0 or 1, ¢ =1 if x;=a;, or ¢=0_ It

follows that dim /=Y dimx; =s+7~r and

i=1

degh = idegx,-

i=1

= q[(i Ci,3)P3 + (Zm: Cin )’ + (Zm: ¢pt (Zm: co)l* (Zm: &)
pur = i=1 = =1

=ql(s+4)p> +(s+3)p” +(s+Ap+(s+3)] +s-r+]
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Note that dimx; =1 or 2, we get that
m<dimh=s+7-r<s+5<p-5+5=p.

By the knowledge about P ~ adic expression in number
theory, we have

m

m m
chﬂ =s+4,z“cl-’2 =s+3,z“cl-’1 =s+4,
i=l i=l

i=1

m

m
Zci,o =s+3,2ei =s—-r+l.
i=1

i=1

When r >3, wecanget dimh=s+7-r<s+4,
m
Meanwhile, we have m=s+4 from Zcm =s+4, s0

i=l
dim/ = s+4  This is a contradiction.
When =3, we can get dimh=s+7-r=s+4 By an
argument similar to that used in the proof of Lamma 3.1,
we can show that

E1S+4,q[(s+4)p3+(s+3)p2+(S+4)p+(s+3)]+(s—2),* =0.
When r =2, then we can get dimh=s+5, m<s+5.

m
But from Zcm =s+4, we get that m=s+4. There are
i=l
two possiblities: m=s+4 or m=s+5 . By an argument
similar to that used in the proof of lamma 3.2, we can prove
that Es+adls+H)p +(s+3)p* +(s+) pH(s+I+(s-D* —
| =0.

4. Conclusion

Theorem Let p 211 then in the cohomology of the mod
P Steenrod algebra A4, the product

hokoOyvq 200 Exts ™ (Z,,2,)

is a permanent cycle in the ASS and converges to @15,0,44
nontrivially of order 7 in

TL (544 +(5+3) p2+(s+4) pHs -7 »

where 0ss<p-4 g=2(p-1).
Proof First, by Lamma 3.3 we know that

5 $+7,q[(s+3)+(s+4) p+(s+3) p> +(s+4) p> I+5,*
h0k00;+4¢ODExt; ql(s+3)+(s+4) p+(s+3) p” +(s+4) p” I +s (ZP’ZP)

Next, it is known that 7,k DEth’* (Z,,Z,) converge

nontrivially to the @ — element @; and the B~ element

B, in the ASS respctivly. The J-— element Oy, is

represented by

3 2
g O Ext 40P R0 v (7 7y i

the ASS (cf [11]). Then the map a,30.,,U%S is

represented by /ioko0,.4 % 00 Ext’ ') (Z »Z,) , where

1) =ql(s +3)+(s+H)p+(s+3)p> +(s+4)p’) +5.
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