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Abstract: We firstly give out the formulas for calculating the upper and lower approximation strict left (right)-conjunctive left
(right) semi-uninorms of a binary operation. Then, we lay bare the formulas for calculating the upper and lower approximation
implications, which satisfy the order property, of a binary operation. Finally, we reveal the relationships between the upper
approximation strict left (right)-conjunctive left (right) arbitrary V-distributive left (right) semi-uninorms and lower
approximation right arbitrary A-distributive implications which satisfy the order property.
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1. Introduction

L3

In fuzzy logic systems (see [1-2]), connectives “and”, “or
and “not” are usually modeled by #norms, ¢-conorms, and
strong negations on [0,1] (see [3]), respectively. Based on

these logical operators on [0,1], the three fundamental
classes of fuzzy implications on [0,1], i.e., R-, S-, and
QOL-implications on [0,1], were defined and extensively

studied. But, as was pointed out by Fodor and Keresztfalvi [4],
sometimes there is no need of the commutativity or
associativity for the connectives “and” and “or”. Thus, many
authors investigated implications based on some other
operators like weak t-norms [5], pseudo #-norms [6],
pseudo-uninorms [7], left and right uninorms [8],
semi-uninorms [9], aggregation operators [10] and so on.
Uninorms, introduced by Yager and Rybalov [11], and
studied by Fodor et al. [12], are special aggregation operators
that have proven useful in many fields like fuzzy logic, expert
systems, neural networks, aggregation, and fuzzy system
modeling. This kind of operation is an important
generalization of both #-norms and 7-conorms and a special
combination of -norms and ¢-conorms. But, there are real-life
situations when truth functions cannot be associative or
commutative. By throwing away the commutativity from the

axioms of uninorms, Mas et al. introduced the concepts of left
and right uninorms on [0,1] in [13] and later in a finite chain

in [14], and Wang and Fang [8, 15] studied the left and right
uninorms on a complete lattice. By removing the associativity
and commutativity from the axioms of uninorms, Liu [9]
introduced the concept of semi-uninorms, and Su et al. [16]
discussed the notions of left and right semi-uninorms, on a
complete lattice. On the other hand, it is well known that a
uninorm (semi-uninorm) U can be conjunctive or
disjunctive whenever U(0,1) =0 or 1, respectively. This fact

allows us to use uninorms in defining fuzzy implications.
Constructing fuzzy connectives is an interesting topic.
Recently, Jenei and Montagna [17] introduced several new
types of constructions of left-continuous #-norms, Wang [18]
laid bare the formulas for calculating the smallest
pseudo-#-norm that is stronger than a binary operation and the
largest implication that is weaker than a binary operation, Su
et al. [16] studied the constructions of left and right
semi-uninorms on a complete lattice, Su and Wang [19]
investigated the constructions of implications and
coimplications on a complete lattice. and Wang et al. [20-22]
studied the relations among implications, coimplications and
left (right) semi-uninorms, on a complete lattice. Moreover,
Wang et al. [23-24] investigated the constructions of
conjunctive left (right) semi-uninorms, disjunctive left (right)
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semi-uninorms, strict left (right)-disjunctive left (right)
semi-uninorm, implications and coimplications satisfying the
neutrality principle.

This paper is a continuation of [16, 19, 23-24]. Motivated
by these works in [16, 19, 23-24], we will further focus on this
issue and investigate constructions of the upper and lower
approximation strict left (right)-conjunctive left (right)
semi-uninorms and the upper and lower approximation
implications which satisfy the order property.

This paper is organized as follows. In Section 2, we give out
the formulas for calculating the upper and lower
approximation strict left (right)-conjunctive left (right)
semi-uninorms of a binary operation. In Section 3, we lay bare
the formulas for calculating the upper and lower
approximation implications, which satisfy the order property,
of a binary operation. In Section 4, we reveal the relationships
between  the upper  approximation strict left
(right)-conjunctive left (right) arbitrary [ -distributive left
(right) semi-uninorms and lower approximation right arbitrary
U -distributive implications which satisfy the order property,
and find out some conditions such that the lower
approximation strict left (right)-conjunctive left (right)
semi-uninorm of a binary operation and upper approximation
implication, which satisfies the order property, of left (right)
residuum of the binary operation satisfy the generalized
modus ponens rule.

The knowledge about lattices required in this paper can be
found in [25].

Throughout this paper, unless otherwise stated, L always
represents any given complete lattice with maximal element 1
and minimal element 0; J stands for any index set.

2. Strict Conjunctive Left and Right
Semi-Uninorms

In this section, we firstly recall some necessary concepts
about the strict conjunctive left (right) semi-uninorms on a
complete lattice.

Definition 2.1 (Su et al. [16]). A binary operation U on L
is called a left (right) semi-uninorm if it satisfies the following
two conditions:

(U1) there exists a left (right) neutral element, i.e., an
element e, UL ( ey UL ) satisfying U(e;,x)=x
(U(x,ep)=x forall xOL,

(U2) U is non-decreasing in each variable.

Clearly, U(0,0)=0 and U(1,1) =1hold for any left (right)
semi-uninorm U on L.

If a left (right) semi-uninorm U is associative, then U is
the left (right) uninorm [8, 15]on L .

If a left (right) semi-uninorm U with the left (right)
neutral element e; LIL (ep [JL) has a right (left) neutral

element ep OL (eL L), then e, =U(e;,ep)=ep . Let
e=¢; =ep.Here, U is the semi-uninorm [9].

For any left (right) semi-uninorm U on L, U is said to
be left-conjunctive and right-conjunctive if U(0,1) =0 and

U(1,0) =0, respectively. U is said to be conjunctive if both
U(,0)=0 and U(1,0)=0 since it satisfies the classical

boundary conditions of AND.

U is said to be strict left-conjunctive and strict right-
conjunctive if U is conjunctive and for any
xOL,UKXx,1)=0< x=0 and U(lLx)=0< x=0 |,
respectively.

Definition 2.2 (Wang and Fang [8]). 4 binary operation U
on L is called left (right) arbitrary [ -distributive if

U( DjIZIJ xj,y):DjDJU(xj,y) ij,yDL

(U(xa D_j[u y]'):D_j[L]U(xa y]') Dx,ijL); (1)
left (right) arbitrary O -distributive if

U( Dj[[‘] X )= DJDJU()C]-, y) Ux,,y0L

(U(x,DjDJyj)=DjDJU(x,yj) Elx,ijL). 2)

If a binary operation U is left arbitrary O -distributive (-
distributive) and also right arbitrary [0 -distributive (U
-distributive), then U is said to be arbitrary [-distributive
( O-distributive).

For the sake of convenience, we introduce the following
symbols:

UX (L) : the set of all strict left-conjunctive left

semi-uninorms with the left neutral element e,on L;

U (L) : the set of all strict right-conjunctive right

semi-uninorms with the right neutral element e, on L ;

Ut (L): the set of all strict left-conjunctive left arbitrary
O -distributive left semi-uninorms with the left neutral
element e, on L;

U:x (L) : the set of all strict right-conjunctive right arbitrary

0 -distributive right semi-uninorms with the right neutral
element e, on L.

Below, we illustrate these notions by means of two
examples.
Example 2.1. Let e; UL,

0 ifx=0ory=0,
Udy(x, )=y if 0<x<e;,y#0,

1 otherwise,
y ifxze,
Ugiy(x,y)=10{a0L|a#0} if 0<xnot=e;,y=1,
0 otherwise.

where x and y are elements of L . By Example 2 and
Theorem 8 in [20], we see that U)*(L) and UJ:(L) are

two join-semilattices with the greatest element U, . When
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e, #0 and O{faOL|a#0}#0, it is straightforward to

verify that U% is the smallest element of U *(L).

csW
Moreover, assume that [{aOL|anot=e, }not=e, .
Ut is left arbitrary U -distributive and the smallest

element of UJ%(L).
Example 2.2. Let ep L,

0 ifx=00ry=0,
Ugy(x,y)=qx if 0<y<ep,x#0,

1 otherwise,
X if y2e,,
Uk (x,y)=y0{a0L|az0} if 0<ynot2e,,x=1,
0 otherwise.

where x and y are elements of L . By Example 3 and

Theorem 8 in [20], we see that U*(L) and U (L) are
Ux

csM

Similarly, When ¢, #0 and O{aOL|a#0}20, UZ,
is the Ur(L) .
{aOL|anot=e,}not=e, , then
element of UX(L).

Constructing aggregation operators is an interesting work.
Recently, Jenei and Montagna [17] introduced several new
types of constructions of left-continuous f-norms, Su et al. [16]
studied the constructions of left and right semi-uninorms on a
complete lattice, and Wang et al. [23-24] investigated the
constructions of conjunctive left (right) semi-uninorms and
disjunctive left (right) semi-uninorms on a complete lattice.
Now, we continue this work and give out the formulas for
calculating the upper and lower approximation strict left
(right)-conjunctive left (right) semi-uninorms of a binary
operation.

It is easy to verify that [, U, 0UZ*(L) for any
nonempty subset {U,|jUJ} of UZ*(L). If ¢, #0 and
{aOL|az0}20,then U)*(L) isacomplete lattice with

two join-semilattices with the greatest element

smallest element of Moreover, if

UX, is the smallest

the smallest element U)% and greatest element U, by
Example 2.1. Thus, for a binary operation 4 on L, if there
exists UDOU* (L) suchthat A<U, then

QU |4<sU0,00U0 (L)} 3)

is the smallest strict left-conjunctive left semi-uninorm that is
stronger than 4 on L, we call it the upper approximation
strict left-conjunctive left semi-uninorm of 4 and write as
[A); if there exists U DU* (L) suchthat U < A4, then

U |U < 4,U DU (L)} )

is the largest strict left-conjunctive left semi-uninorm that is

weaker than 4 on L, we call it the lower approximation
strict left-conjunctive left semi-uninorm of A4 and write as

(AL -

Similarly, we introduce the following symbols:

[A)x : the upper approximation strict right-conjunctive
right semi-uninorm of A4 ;

(Al : the lower approximation strict right-conjunctive
right semi-uninorm of 4 ;

[A)5E : the upper approximation strict left-conjunctive left
arbitrary [ -distributive left semi-uninorm of A4 ;

(AI%: « the lower approximation strict left-conjunctive left
arbitrary [ -distributive left semi-uninorm of 4 ;

[A)X: : the upper approximation strict right-conjunctive
right arbitrary [ -distributive right semi-uninorm of 4 ;

(AL -
right arbitrary [ -distributive right semi-uninorm of 4 .

Definition 2.3 (Suetal. [16]). Let A be a binary operation
on L . Define the upper approximation aggregator A, and

the lower approximation strict right-conjunctive

the lower approximation aggregator 4,, of A as follows:

A, y)={Aw, v)|lusx,v<sy} Ox,y0OL, )
A,(x, y)=0{4A,v)luzx,v=y} UOx,y0L. (6)
Theorem 2.1 (Su et al. [16]). Let A, BOL”". Then the
following statements hold:
4,<A<4,. 7
(408B),, =4, 08B, and
(40B), =4,08B,. (8)

A4, and A4, are non-decreasing in its each variable.

If A isnon-decreasing in its each variable, then

Aua = Ala = A : (9)

Theorem 2.2. Let A DLLXL.
() If A is left (right) arbitrary L -distributive, then
A is left (right) arbitrary [ -distributive.

ua

(2) If A is left (vight) arbitrary |-distributive, then

A

la

is left (right) arbitrary | -distributive.

Proof. We only prove that statement (1) holds.
If 4 is left arbitrary [ -distributive, then A is
non-decreasing in its first variable,

Aua(xﬂ J’):D{A(M,V)MSx,vsy}

={A(x,v)|v<sy} Ox, yOL, (10)
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A, Oy x;, ) =AM, x, v) [vs y)
=0, A(x,,v) v yb =05, {UA(x,, v) | v< y}
=0y A, (x;, y) Oxy, yOL(GOJ),

ua J

(11)

1e., A

ua

is left arbitrary [ -distributive.
Similarly, we can show that 4 is right arbitrary U

-distributive when A is right arbitrary [ -distributive.

The theorem is proved.

Below, we give out the formulas for calculating the upper
and lower approximation strict left (right)-conjunctive left
(right) semi-uninorms of a binary operation.

LXL
Theorem 2.3. Suppose that AUL ) , ¢ #0 and
{aOL|aZz0}£0.
(1) If ASUZ, , then [A) =U 0A,,;

cs

if U;:VLV < A, then (A]zf‘ = Uij 04, .

(2) If O{aOL|anot=e jnot=ze, , A<U?, and A
is left arbitrary [-distributive, then
(A5, =U.y 04, - 12)

Moreover, if A is non-decreasing in its second variable,
then [A)s: =U*, 04 .

Oes csW
Proof. Assume that e, #0 and {aOL|a #0} #0 . Then
Ul and U, are, respectively, the smallest and greatest

elements of U (L) by Example 2.1.

(1) Let U, =U 04, . If A<U%, , then A<U, ,
Aua = (UCESLM )ua = UCHSLM . Thus’
UE:W S(]1 < USVLM . (13)

It implies that U,(1,0)=U,(0,1)=0 and U,(e,,y)=y for
any oy - IF Uik D) =0, then U (x,1)=0 and so

x=0,1ie., U, is strict left-conjunctive. By Theorem 2.1(3)

and the monotonicity of U™: , we can see that U, is

csW 2

non-decreasing in its each variable. So, U, OU (L) . If
A<U and ygu'(L) . then 4,<U,=U and

U, =U 04, <U . Therefore,

csW

[ =Usy U4, (14)
Let U,=U%, 04, .1f UL <A, then
Uy =(U5), s 4, and UG, sU,sUZ, . (15)

Thus, U,(1,0)=U,(0,1)=0 and U,(e,,y)=y for any
yOL and U, is strict left-conjunctive. By Theorem 2.1(3)

and the monotonicity of UZ , we know that U, is

oM

non-decreasing in its each variable. So, U, U *(L). If

Us<4 and ypouX(r) ., then U=U,<4, and
U<sUx, 04, =U,. Therefore,
(A% =uk, 04,. (16)

(2) When {aOL|anot=e; }notze, , U and U2,
are, respectively, the smallest and greatest elements of
UZt(L) by Example 2.1. Let U, =U% 04, .1f ASUY,,
then U,0U;*(L) by statement (1). Noting that A is left
arbitrary [ -distributive, we can see that A4, is also left
arbitrary U -distributive by Theorem 2.2(1). Thus, U; is left
arbitrary U-distributive and U, OU3:(L). By the proof of
statement (1), we have that [4);% =U % 04 .

Moreover, if A4 is non-decreasing in its second variable,
then 4, =A by Theorem 2.1(4) and so

[ =Us B4 )

The theorem is proved.

Similarly, for calculating the wupper and lower
approximation strict right-conjunctive right semi-uninorms of
a binary operation, we have the following theorem.

Theorem 2.4. Suppose that AOL™ , e, 20 and

KaOL|aZz0}20.
(1) If A<US%,, then [A)™ =U% OA,; if UR <4,

then (A]Zis =UR 04,.
(2) If Q{a0L|anot=eyjnot=e,, A<UZ, and A
is right arbitrary [-distributive, then

[A):[:L = U:f;V DAua ° (18)

Moreover, if 4 is non-decreasing in its first variable,
then [A)* =U>, 04 .

3. Implications Satisfying the Order
Property

Recently, Su and Wang [19] have studied the constructions
of implications and coimplications and Wang et al. [23-24]
further investigated the constructions of implications and
coimplications satisfying the neutrality principle on a
complete lattice. This section is a continuation of [19, 23-24].
We will study the constructions of the upper and lower
approximation implications which satisfy the order property.

Definition 3.1 (Baczynski and Jayaram [26], Bustince et
al. [27], De Baets and Fodor [28], Fodor and Roubens [1]).
An implication I on L is a hybrid monotonous (with
decreasing first and increasing second partial mappings)
binary operation that satisfies the corner conditions
10,00=1(1,1) =1 and I1(1,0)=0.

An implication [ is said to satisfy the order property
with respect to e (w.rt. e, for short) when X<y if and
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onlyif I(x,y)=e forany x,y0L.

Note that for any implication / on L , due to the
monotonicity, the absorption principle holds, i.e.,
10, x)=1(x,1)=1 forany xOL.

For the sake of convenience, we introduce the following
symbols:

I7¢(L) : the set of all implications which satisfy the order
property w.r.t.eon L ;

I7°(L) : the set of all right arbitrary [ -distributive
implications which satisfy the order property w.r.t.eon L .

Clearly, /(L) and [°(L) are all meet-semilattices.

Definition 3.2. Let U be a binary operation on L . Define
11k oIPE as follows:

15(x, ) =0{z0L|U(z, x) <y} Ox,yOL, (19)

IX(x,»))=0{zOL|U(x,z)<y} Ox,yOL. (20)

Here, 1 and I} are, respectively, called the left and right

residuum of the binary operation U .
When U is non-decreasing in each variable, it is easy to

seethat I, and I areall decreasing in the first variable and

increasing in the second one by Definition 3.2.
Example 3.1. For some left and right semi-uninorms in
Examples 2.1-2.2, a simple computation shows that

0 if x=1and y =0,

Ty (6 3) =7 1
Ka O L|anot = e, } otherwise,

if x<y,

lifx=0ory=1,
Iéq (x,y)=1e¢, if 0<x< y<l,

0 otherwise,
0 if x=1and y =0,
Ly (%, 3) =4 1 if x<y,

{aOL|anot = e, } otherwise,

lifx=0ory=1,
15‘* (x,y)=1e,if 0<x=<y<l,

0 otherwise,

where x and y are elements of L . By the virtue of
Theorem 8 in [20], we see that IIL/L,L is the smallest element
ofboth /7% (L) and I7*(L).

When e, #0 and O{aUL|anot=¢, jnot 2¢,, it is easy

L
to see that 7,
oW

is the greatest element of 77 (L) .
Moreover, assume that ({faOL|a#0}#0. [ LL/L is the

greatest element of /7 (L) .

Similar conclusions hold for /** (L) and I7*(L).

It is easy to verify that if J # @, then

LOI™(L)G0J = Oy [ 0I7@L). Q)

When e, 20 and O{eUL|anot=e jnot=e, , we see
that /% (L) is also a complete lattice with the smallest

element IL‘,L and greatest element ILM,L by Example 3.1.
Ussie Ui

Thus, for a binary operation 4 on L , if there exists
10717 (L) suchthat A<1,then

I | A<I, 1017 (L)} (22)

is the smallest implication that is stronger than A and
satisfies the order property w. r. t. ¢, on L . Here, we call it
the upper approximation implication, which satisfies the order
property w. 1. t. e, ,0of A4 and write as [4)7* . Similarly, if

there exists 7 7%% (L) suchthat 7 < A, then

O{ | 1< A, 1017 (L)} (23)

is the largest implication that is weaker than 4 and satisfies
the order property w.r.t. e, on L .Here, we call it the lower
approximation implication, which satisfies the order property
w.I.t. e, ,0f 4 and write as (A4]7*.

Likewise, for a binary operation 4 on L , we may
introduce the following symbols:

[A)?* : the upper approximation implication, which
satisfies the order property w.r.t. e,,0of 4;
(Al : the lower approximation implication, which

satisfies the order property w.r.t. e,,of A4;
[A4)7" ([A)?*="): the upper approximation right arbitrary

[ -distributive implication, which satisfies the order property
w.r.t e (e),of 4;

(A]7*:" ((A]**"): the lower approximation right arbitrary
U -distributive implication, which satisfies the order property
wr.t e (e,),of 4.

Definition 3.3 (see Su and Wang [19]). Let A be a binary
operation on L . Define the upper approximation implicator
A, and the lower approximation implicator A, of A as

ui

follows:

A, (x,y)=0{4(u,v)|luzx,v<sy} Ox,y0OL, (24)
A, (x, y)=0{A,v) lu<x,v=2y} Ox,y0OL. (25)
IxL

Theorem 3.1 (see Su and Wang [19]). Let A, BOL .
Then the following statements hold.:

A, <A< A, (26)

(A0B),, = 4,08, and
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(A0B), =4, 0B, . @7

A, and A,

» are hybrid monotonous.

If A is are hybrid monotonous, then A, = A, = A.

L
Theorem 3.2. Let A DLLX .
(D) If Ais right arbitrary [ -distributive, then A, is
also right arbitrary [ -distributive,

D =15 (T < T (28)

4,0, (x y) <y OryOL (29)
(2)If A is right arbitrary Ll-distributive, then A, is

also right arbitrary | -distributive.
(3) If Ais left arbitrary [ -distributive, then,

(L) =15, . (I, ST,

ui

(30)

4, ), x)<y O, yOL.

ua

(€2))

Proof. We only prove that statement (1) holds.
Assume that A4 is a right arbitrary [ -distributive binary

operation on L . Clearly, A4, is also right arbitrary [
-distributive. By Definition 3.3, the monotonicity of 4 and
1%, and the right residual principle, we have that

IR (x y)=0{zOL|A4,(x,2z)< y}

=0z0L | O{A(u, v) |lu < x,v<z} < y}

=0zO0L | O{A(u, z) |[u < x} <y}

=0{zOL| A(u, z) < y Ou < x} (32)
=0{zOL|z<I%(u, y) Ou < x}
= DieOL |25 0 1w )
=0, 15w, y)Ox, yOL,
(1) (e, ) = 0L I, v) [u < x,v 2y} (33)
=0, y) lusx} =0, 15 (u, p) Ox, yOL.
Thus, (1), =1} . Similarly, we have that
(1), (x, ) =04 (u, y) |u 2 x} O, pOL, (34)
A, (x,z) = O{Au,, v) |u, 2 x,v =z} 35
=0{A(w,, v)|u, 2x} Ox, zOL, (35)
I )(x,
( Am)( ») (36)

=0{z0L|O{A(u,, z)|u, = x} < y} Ox, y O L.

If u=x,let z=15(u,y), then

A(u,z) = A(u, 0{cOL | A(u,c) £ y})

= A, 0) | A(u,c) < yy <y, (37
Of{A(uy, z) |uy 2 x} < A(u, z) < y.
So, (IM),(6 <X )xry) for any xy0OL , ie,

(If )u[ = If,”

[ -distributive and hence

. Moreover, we know that A4 is right arbitrary

Au,, (% (L)) = 4, (x, 1y (x,9)
A,(x, U{zUL[4,,(x,2)< y})
=0{4,(x,2)|4,(x,z) sy} <y lx, yOL.

(3%)

The theorem is proved.
Below, we give out the formulas for calculating the upper
and lower approximation implications which satisfy the order

property.

L
Theorem 3.3. Suppose that A DLLX , ¢ %20 and
faUL|anot=e¢, }not=e, .
(1) If A<[D o, then (A7 _IL U4,
if Az, then (A" =1, O
) If HaOL[aZ0}20, 42 1% and A is right
arbitrary U-distributive, then
(At =1 LWL 04, (39)

Moreover, if A is non- decreasing in its first variable,
then (A17" =1 LSLL
Proof. Assume th%.t D{a OL|anot=e,inot=¢, and

e, #0. Then IU(L and ISWL are, respectively, the smallest
oM oW

and greatest elements of /°“ (L) by Example 3.1.

(If AL let 1y =15, D4, then A<I, and

L L

Lya, SH STy (40)
Thus, 7,(0,0)=7,(1,1)=1 and 1,(1,0)=0 . If x<y ,

then A(%)’)Zlézéw(x»ﬂzﬁ ; if I(x,y)=2e, , then

[,i\_-:k (, )21 (x,y)2€, andso x<y,ie., I, satisfies the
order property w. r. t. ¢, . By Theorem 3.1(3) and the hybrid
monotonicity of 1, 53‘” , is hybrid
monotonous. So, [, 01%*(L). If A< and [07"*(L),
then 4,<1,=1 and I, =1 LL,b U4, I Therefore,

we know that I

[y =1, 04, 1)
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If 421, let L =1, 04 then I, <4,

L — gL L L
Ali Z(IU“L ) IuL ’[ UL, SIZ SIU“,‘%/ .

(42)

Thus, we can prove in an analogous way that [, 01 7/”* (L)
and (4] -IL DA”.

(2) When D{a OL[a#0}#0 , Iy, and I are,
respectively, the smallest and greatest elements of 1,”* (L)
if A21,

by Example 3.1. Let 1 1 o 04 . ., » then

1,017t (L) by statement (1). Noting that A
arbitrary [ -distributive, we can see that A4, is also right
arbitrary U-distributive by Theorem 3.2(2). So, I, is right
arbitrary U-distributive, i.e., I, 01,"% (L) . By the proof of
statement (1), we know that (4] =1 by 04

Moreover, if 4 is non-decreasing in its ﬁrst variable, then
A, =A by Theorem 3.1(4) and so

is right

(Al =1t 04 3)

The theorem is proved.
Analogous to Theorem 3.3, we have the following theorem.

40t

Theorem 3.4. Suppose that e, 20 and
{aUL|anot=e,}not=e,.
() If ASLy , then [ =15, 04,
. ope, R
if Az1), then (A]"™ 1
Q)If DfaOL|a#z0}#20, 4 21(’;,z and A is right
arbitrary []-distributive, then
(A1 =1, 04 . (44)

.:vl

Moreover, if A lS non-decreasing in its first variable,
then (A1 = OA.

URS
cvW

4. The Relations Between Strict
(Right)-Conjunctive Left (Right)
Semi-Uninorms and Implications

In this section, we reveal the relationships between the
upper approximation strict left (right)-conjunctive left (right)
arbitrary [l -distributive left (right) semi-uninorms and lower
approximation right arbitrary [l -distributive implications
which satisfy the order property.

L

Theorem 4.1. Suppose that A DLLX

H{aOL|az0}#0.

(DHIf faOL|anot=e inot2e,, A<U,

left arbitrary []-distributive, then

e ,e, 20 and

and A4 is

=7t

[AgL -

(IL ope; O (45)
2)If {aOL|anot=ezinot=e,, A<UX, and A
is right arbitrary []-distributive, then

(IR opep 0 _IR

(&

(46)

Proof. We only prove the statement (1) holds.
Assume that A<U?, and A is left arbitrary [
-distributive. Then it follows from Theorem 4.6 in [8] and

Definition 3.2 that Iéq <I, and I} is right arbitrary [

-distributive. Thus, (/%]7" =15WL 0(%), by Theorem

3.3(2). Moreover, it follows from Theorems 2.2(1) and 2.3(2)
and the left residual principle that

It () = Oz 0L |[A)2 (2,0 < )
=0z 0L| (U D4,)(z 0 < )

= 0z0L| U (2, 0) 04, (2. 0 S 3}

= Oz0L|US (2,0 S y, 4,(2, ) < 3}

=0{z0L|z<1), (v, »),2< 1, (x,9)}

(47)

=0z0L|z< 1", (6 ) OL% (5, 7))}

= (Iéff;'i/ DI/LIM )x,y) Ox, yUOL,
I[LA) o —15% Dlim . By Theorem 3.2(3), we know that
(ahH, =1 i . Therefore,
(141" —IL D(IL)h —IL Dlj’ —ILA)Ef (48)

The theorem is proved.

Finally, we give out some conditions such that the lower
approximation strict left (right)-conjunctive left (right)
semi-uninorm of a binary operation and upper approximation
implication, which satisfies the order property, of left (right)
residuum of the binary operation satisfy the GMP rule.

LXL
Theorem 4.2. Suppose that AUL
{aOL|aZz0}%£0.
(HIf {aOL|anot=e inot=e, , U, <4 and A

is non-decreasing in its second variable and left
arbitrary [J -distributive and /) and e, are

then

, e,e, 20 and

comparable (see [25]) when 0<x<y<l,

(AL and [I%)% satisfy the GMP rule in the form
(AL (L7 (x, p), x)< y Ox, yOL. (49)
2)If {aOL|anot=ze,jnot=2e, , UF <A and A4

is non-decreasing in its first variable and right arbitrary
Ll-distributive and 7% and e, are comparable (see
[25]) when 0<x<y<l, then (4]* and [I%)¥
satisfy the GMP rule in the form
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Satisfying the Order Property

(AL (e, L) (x, ) S y Ox, yO L. (50)

Proof. We only prove the statement (1) holds.
Assume that U)% <A, A isnon-decreasing in its second

variable and left arbitrary U -distributive. Then, 4, =4,

1 j Slém s Ij is non-increasing in its first variable by

Definition 3.2 and right arbitrary [ -distributive by Theorem
4.6in[8], (I%), =1I" by Theorem 3.1(4),

AT (5, ), %) = AO{zOL | A(z, x) < p}, x)

51
={A(z,x)| A(z, x) < y} <y Ux, yO L. D)
By the virtue of Theorem 2.3(2), we see that
A se; IL opey X, X
(AL ()7 (x, ), x) (52)

= UL, ()7 (x, ), ) DAL (x, ), %)
By Example 3.1 and Theorem 3.3(1), we know that

)7 (e ) = 1L, (36 9) DL, )

1 ifx=0ory=1,
={e, Ol (x,y) if0<x<y<l,
Ih(x, ») otherwise.

Thus,

(AT LD (x, p), %)
Uz, (1,00 041, 0) if x=0,
U, (1, x) DA, x) if y=1,
U, (e, 015 (x,¥),%) OA(e, 01 (x,y),x)if 0<x <y <],
U, (L5 (x, »), x) DA (x, p), x)

otherwise.

When 0<x<y<l noting that I“(x,y) and e, are
comparable, we see that

U, (e, DI (x, y), x) OA(e, OI(x, ), x)
< U (e, x) =x if Ij(xa y)<e,
AL (x, ), %) i I (x, p) <e,.
So, when 0<x<y<I,

Ushy (e, 0L (x, ), x) OA(e, O (x, ), x) <y . (53)

Therefore, (A] ([15)7 (x,y),x)<y for all x,yOL
ie., (A and [1%)7* satisfy the GMP rule.
The theorem is proved.

5. Conclusions and Future Works

Constructing fuzzy connectives is an interesting topic.
Recently, Su et al. [16] studied the constructions of left and
right semi-uninorms, and Wang et al. [19-20, 22, 24]

investigated the constructions of implications and
coimplications on a complete lattice. In this paper, motivated
by these works, we give out the formulas for calculating the
upper and lower approximation strict left (right)-conjunctive
left (right) semi-uninorms of a binary operation; lay bare the
formulas for calculating the upper and lower approximation
implications, which satisfy the order property, of a binary
operation; reveal the relationships between the upper
approximation strict left (right)-conjunctive left (right)
arbitrary []-distributive left (right) semi-uninorms and lower
approximation right arbitrary [J -distributive implications
which satisfy the order property.

In a forthcoming paper, we will further investigate the
constructions of left (right) semi-uninorms and
coimplications on a complete lattice.
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