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Abstract: In this paper we have estimated some direct results for the even positive convolution integrals on C,,, Banach space
of 2m - periodic functions. Here, positive kernels are of finite oscillations of degree 2k. Technique of linear combination is used
for improving order of approximation. Property of Central factorial numbers, inverse formulas, mixed algebraic —trigonometric

formula is used throughout the paper.
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1. Introduction

Consider the singular positive convolution integral,

(E(n,n)f)(x) = (f * g(n))(x)
= %fgznf(f)g(n)(x —t)dt, n€ Nand x € R (1)

where, a kernel n = (g(n)):=1’ is a sequence of positive even
normalized trigonometric polynomial [1].

For non-negative trigonometric polynomials g, (t) of
degree atmost nand Eq,,yf = f * gy

Here, f € Cy,, Cy; being the Banach space of 2m —
periodic functions f continuous on real axis R with usual
sup norm,

Iflle = sup {If WI:u€R}

Clearly, E is abounded linear operator from C,, into itself,
ie.,
E € [C,,], we use the notation,

NEN ) = sup {HEfIlc: Iflle <1}
Philip C. Curtis Jr., [2] showed that,
|Eqmf = fll = 0™

which implies that f is identically constant provided,
Im(0) —1=0(n7?)

Where, g (k) = ifozn Gay(®)e ¥ tdt

P. P Korovkin [3] states that there exists an arbitrary often
differentiable function, f € C,,, such that,

T sup 7| B () = FO| > 0

Above result led to the fact that convolution integrals
associated with these type of kernels has a better rate of
convergence than 0(n™2).

Using extension of Korovkin Theorem [4], if we multiply
our positive kernel n by a trigonometric polynomial, then
approximation rate would be 0(n~2%2), where, 7 is a kernel
of finite oscillation of degree 2k,k € N,. Here, g, (t) has
2k sign changes on (0,2m) for each n € N.

In this paper, we will consider linear combination of
positive kernels thus of convolution integrals for improving
rate of approximation. Earlier, several authors [5-9] has
worked on the special cases. Here, we will introduce rather
general method for obtaining better rate of approximation.

Ifn= (g(n)):=1 is a positive kernel, we shall consider

linear combinations, y = {X(n)}new’ given by,
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X ®) = 251 VwInan XD, x €R )

with coefficients y,, the a, being certain given naturals.
Here, kernel n = {g(n)}:=1

trigonometric polynomials of degree atmost m(n) = 0(n),
which are normalized by,

— [ g (®)dt = 1 (3)

be a sequence of even

ie.,
Iy () = Xpe Paemye™ = 1+ 2 X0y Paeny cOs kx (4)

Thus, gay(x) = 0 and gy (x) € N, with p_kn) = P
and p(O,n) =1.

Here, Fourier cosine coefficients p( ) are defined as usual
by,

Pim = {(1/27T)f g(n)(()t)kcisrlrc;z:ll)t 0<k<mn) 5)

Here, Fourier cosine coefficients are referred to as
convergence factors.
The Lebesgue constants are given by,

1 2r
Lowm =52 fo lgen (@] dt

In order (1.1) defines an approximation process on C,, i.e.,

lim
n — oo

IEqumy (F) = FO|| = 0, f € Can

it is necessary and sufficient for the kernel 7 to satisfy,

L(n’n) = 0(1)
lim
n — Pk m=1 (6)

This is due to the well-known theorem of Banach and
Steinhaus.

In view of Bohman-korovkin theorem, for positive kernel,

ie, gmy(x) =2 0,n € N,x € R, (1.6) reduces to,

lim
n — oo

pan@®m =1 (7

2. Some Definitions
Definition 2.1. [9] Let for x € R,

n-1
26— 1) +n

i=1
1,n=0

Here, x[™ denote the central factorial polynomial of
degree n.

The central factorial numbers of first kind ¢} is uniquely
determined coefficients of the polynomials,

n
xn = z thxk
k=0

Similarly, central factorial numbers of second kind T} is
uniquely determined coefficients of the polynomials,

n
x" = T x k]
k=0
where n € Ny, x € R.
Some properties of these numbers are,
1) to _TO —5n0,nEN0
i) tfp=Tg=0n<k

i) 2t =2, =T =T, =0,n € Ny, k €N,

)yt g o ymestn g g o)
Ny, m € N,
v TR=L3k (1)1<)(“’) ,0<k<neN,

Definition 2.2. [10] Let 1 be a kernel for, o € Ny,

1 21 t 20
T(n,n,ZG) = E_L (2 sin E) Im) (t) dt
is called trigonometric moment of order 2¢.

We can also write,

oO(n™™),1<o<u
Tnze) = {0 (n_T(ZMH/Z)) M<ao

either for t=1or 7 = 2.
The algebraic moment of order 2a, ¢ € N,, is defined by,

1 2
M(n,n,za) = fg " tZJg(n) (t)dt (®)

Here, trigonometric as well as algebraic moments of odd
order vanish, since kernel is positive.

For, (t/m) <sin(t/2) < (t/2),0<t <,
one deduces for positive kernels immediately the estimate,

(Z/H)ZUM(n,n,ZU) < T(n,n,Za) < M(n,n,Za)' g € Ny, )

By the well-known inverse formulas,

t 20
(25in—) 20 +ZZ (- 1)k
2 k=1

k t 20 1 o-1
coskt = 1+Z (-1)° (ZSin—) —1_[ (k* —i?),t€R
=1 2) 2a1l 1,

and the property (v) of the central factorial numbers, the
trigonometric moments can be expressed in terms of the
convergence factors and vice-versa.

In fact,

)coskt teER

2
T(n,n,Za) =2 Zg=1(_1)k+1 (0 _Uk) (1 - p(krn)(r]))’ gEN
(=1)o+1 _m20) Ttnn20)

(1-punm) =Y. o

We can reduce our study of the asymptotic behaviour of the
trigonometric moments to the asymptotic expansion of the

g
4 tZZ{’kZl,O <k <m(n)
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difference (1 = Plin) (n)) in the negative power of n. i) = ) Ciiji (10)
In order t(.). derive approx1mat10.n theoremé, we have to for C;; = C;;() €R

replace (6)(ii)) by an asymptotic expansion of (1 - Mostly known kernels belong to a class S@H).

Pleny())-

Definition 2.3. [11] A kernel 5 is said to have the 3. Auxiliary Results
expansion index u € N i.e, n € S®H_if for all k € N, there
holds an expansion,

(1 - P(k,n)(n)) = Z:=1(_1)j+1 Jn +0 (n_f(2u+1/2))

Lemma 3.1. [12] [13] Let t=1 or =2 and p € N.
The following assertions are equivalent for a kernel:

i) n e s,
. P . _(2u+1
@S, DI 5L, etz + 0 () 1 <o <k
ii) T(n,n,Za) = 2u+1
O(n_f( /2)>,u<a
the C;; being given as in definition 2.3.
Lemma 3.2. [14] [15] Let s€ N and a; <a; < ......... <a; be s different naturals. The unique solution of
Vandermonde system of equations,
Yeoina,” =8, where, j = 0,1, .o, s — 1
is given by,
G -
vi= 0 1_[1/:1 a” 1_[15].<V$S(avf -
v#Q jv=#i
where i = 1,2, ... ... ... ,S
Here, system-determinant Q is given by,
1 ai® S
Q= : #0
1 45" ST+
Also,
As= (DM B nway =[h=1a” (11)

Let us suppose, n € S W with t=1o0ort=2, u€N,tobea positive kernel, we set,

1/n+) 1<s<upu
Ans) = ( (12)
1/n w+(r/2)),s =u
We consider linear combination, y = {X(”)}new of even trigonometric polynomials of degree (na,), as,
Xn(x) = Zf/:l yvg(nav)(x) ,XER (13)

Lemma 3.3. For linear combination y convergence factors associated with positive kernel 1 admits the expansion,

1= pay () ={ s(0)/n™} + 0(agns)

Proof. Using (13) and lemma 2.1, we have,
Pk,n) (X) = fo:l WP(kna,) (77) = 2?/:1 W+ Zi‘tzl(_l)]’ j(k)n_rj 151=1 yva;‘[s + O(Q(n,s)) =P+Q+ O(a(n,s)) (say)

Here, P =1,

Q=0,for, 1<j<(s—1),

Collecting all but the first non-vanishing term (j = s) into the O term, we have the lemma.
Lemma 3.4. The trigonometric moments for the, y = { X(n)}neN’ admits the expansion,
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S
. 3 —n"s(—l)”(Za)!AsZ' CisTH + 0(ams) 1 <0 <s
(nx20) — t=g
O(a(nrs)),s <o

Proof. Using definition 2.2,

Tnx20) = 22;1(_1)“1 (Jz_ak) (1 — P(k,n) (X))

Now, by lemma 3.3,

Tony20) = 22;1(—1)"“ (,27,)Cs0/n) + 0(ags)

Again using definition 2.3, we have,

g
Tong20) = zn—fSAszkzl(—nk“ (J_ ) s(K) + 0(ams) = 2n™A Z ’Szk 1( 1)k+1( k) k% + 0(ams))

Using property (v) of central factorial numbers, we have the lemma.

4. Direct Results

Kernels defined by linear combination satisfy (6), so, the corresponding convolution integral defines an approximation process
on Cyy.
Here, we will try to improve order for,

tim [P {Emy(F) = FO} = kf PO =0 (14)

n — oo

where f € C2 with k = k(1) € R
using linear combination x,(x) = ¥3=1¥y9(na,)(*), X € R.

Theorem 4.1. Let y be a linear combination for the positive kernel n € S#) with s < . Then there holds for

fe Cz(frs)the following expansion:

M 1w (B (F) = FO} + A Zier (DX Ceef OO = 0 (15)

n —> o

Proof. A mixed algebraic-trigonometric Taylor’s formula for Cz(is) is,

FO+D) — ) = Db im0 penet) 4 g G () 3, (— 1) (—1)) 2k o (2sm )Zj—i-r(s)(f,x,t) (16)

k=0 (2k+1)!

where the remainder term is given by,

£2R ) £39 () £@9 ()
r(s)(fx £) = Xk= 1 (2K)! e("s)(t) (t —25= 2)+ (2s)! L%~ (2s)! £ a7

Here, O, ) denotes a continuous function independent of f and ¢ lies between x and (x + t).

T(n)(Z]) +— o f_ X(n) (t)r(s)(f X, t) - Hl + HZ (18)

(B f) @) = F(0) = Tier f OO (0) Bjmi -1/ (= 1)5(2 L

Here,

(_1) S S , s ) s
H, = s ASZ f(2k) (x) Z ) (—1)k1:22,1c Z _Cistzjl + O(Q(nrs))z f(zk) (x)
n k=1 j=k i=j k=1

According to Landau,

“(n S)

.B(ns) -
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So,
Hy = 204, 551 (D G f O () — 0(Bnsy) Tien fP0 (1)) (19)
Now, with the help of (18) and (19), we can see,
Hy

—HAEanf) ) = FOO} + Ag Tisy (1 Cesf 2O (x) = 0(Bensy) B f PO () + % (20)

Now, we will estimate H,,

F@0w)| (1Y p2n 1 (1) p2n B
H| < B Lo (32) 13 252000 ey (O] dt + 5 (52) 110 @) = £ 00| [y (O]£%dt = ] + K (say)

Using (8), (9) and (13), we get,

s ”f(Zk)” R
J = Mgy 2542) E @0 8¢s |l = O T y2612) E £
fe=1 ’ k=1

So, using lemma 2.1, we see that,
0(Bns)
] = n(rs ) z:§€=1”f(2k)” (21)

Now,

1 /1y (" 1 1y (2"
BT (E) fo w(CZWf(ZS), t)t25|)((n) (t)| dt < —(Zs)!zvzllyvl (E) fo (o(Cme(ZS)’ t) £25 Gy ()t

K <

For inequality § > 0,
t t?
0(Com, f?9, ) < (1 + 5) 0(Com, f@9,8) < (14 5 o(Con, 39, 6)
Taking, § = ,/B(n,s), and using (9),

(2s) $ T(nav,n,ZS)
K= 0(1) ® Cme ’ ﬁ(n,s) T(nav,r],ZS) +
v=1 :B(n,s)

This implies,
K=0 (%) w(CZTE' f(zs)' WV B(n,s)) (22)

Now using (19), (21), (22), we have,

w7 (B f)O = O+ Ay, (D Cf WO = 0(0) . 1)+ 00(Cor 49, [Bans))

As, n - o, B, &y = 0, we have the theorem.

Theorem 4.2. [16-18] Let  be the linear combination of a positive kernel n € S™®) with § < u as in,
Xn(%) = X3=1WI(na,) (*). Then there holds on estimate:

”(E(n.)()f)(') - f()” = 0(1)(;)25(6‘2”, £, n(—r/z))

1 <j < k, we have,

Proof. For j,k € N and € ¢

2m >

f " FO ) du = FO ) — fO(-m) = 0

-7

There exists & € (—m,m) with fU*D (&) = 0 and so,

|f(j)(x)| = ‘L FUDWdu| < |(x — €)|||f(j+1)(u)|| < 2n||f(j+1)(u)||
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Iteratively, we get,

IFP @] < 2| FOw)| (23)

(2mk

for j = k, we can easily show (23),
Using (23) and (20), we can easily prove,

1B ) = FOll = 0@n™|IF 9|, where, f € ;29 (24)
Using, L) = 0(1) and (24), we have the theorem.

5. Conclusion

By taking linear combination of suitable positive kernels,

N
00 =) Knap() X ER,
=

We have raised the approximation order of (E(n,x) f) on
CZT['

The trigonometric moments of 1 upto order 2u grow in a
linear manner, whereas, the moments of linear combination y
upto order 2s behave asymptotically all like O(n™").
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