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Abstract: Bifurcation behaviors are very important for the design of sensors. Using the sub-harmonic Melnikov method, the
sub-harmonic bifurcation of single-walled carbon nanotube based mass sensor is investigated in this paper. The parametric
conditions for sub-harmonic bifurcation of this system are obtained. It is presented that when the ratio of the excitation amplitude
to the damping coefficient crosses a critical value, sub-harmonic bifurcations of m order (odd) can occur. The stability conditions
of the bifurcation solution for the system parameters are also obtained by using the affection-angle transformation and average
method. The result can provide some guidance for the design of this class of sensors.
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1. Introduction

Carbon nanotubes have caused wide public concern over
the recent years due to their anisotropic structures and
outstanding electrical and mechanical properties since a
carbon nanotube was first produced by lijima in laboratory in
1991 [1] and have been considerable used to fabricate
molecular devices [2, 3]. So far, canbon nanotubes have
proved to be priming materials for a variety of applications
such as flat panel ficld emission displays [4], nano-electronic
devices [5], chemical sensors [6], and batteries [7]. In
numerous recent papers, carbon nanotubes were assumed to
behave as perfectly straight beams or straight cylindrical
shells [8]. However, images taken by transmission electron
microscopes for carbon nanotubes show that these tiny
structures are not usually straight, but rather have certain
degree of curvature or waviness along the nanotubes length
[9, 10]. The curved morphology is due to process-induced
waviness during manufacturing processes, in addition to
mechanical properties such as low bending stiftness and large
aspect ratio.

Nonlinear dynamical behaviors have been investigated
widely in recent years. Employing the atomic-scale finite
element method, Guo et al [11] studied bending buckling of

single-walled carbon nanotubes. It was shown that the
appearance of kinks associated with the large deformation
nearby reduced the slope of the strain energy curve in the
post-buckling stages and hence increases the flexibility of the
SWNTs. Wang and Cao [12] studied self-sustained terahertz
current oscillation and chaotic dynamics in semiconducting
single-walled zigzag carbon nanotubes using the
time-dependent drift diffusion equations. The appearance of
different nonlinear oscillating modes, including periodic and
chaotic, was attributed to the competition between the natural
oscillation and the external driving oscillation. Joshi et al [13]
investigated nonlinear vibration of a wavy single-walled
carbon nanotube based mass sensor. They also studied
chaotic responses of single-walled carbon nanotube due to
surface deviations with numerical methods [14]. With the
Melnikov method and the Preissmann discrete method, Hu et
al [15] investigated chaos in an embedded single-walled
carbon nanotube. Applying the nonlocal elastic theory and
numerical methods, Kuo [16] investigated chaotic vibrations
of the single-walled carbon nanotubes on elastic medium. It
was shown that the period-three oscillation, the chaos and the
period-one oscillation were excited by the different excitation
amplitudes. Using the direct perturbation technique, Fang [17]
studied chaotic behavior and its control in the single-wall
carbon nanotube. With theoretical and numerical approaches,
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Kim and Lee [18] discussed the dynamics of an
electrostatically actuated carbon nanotube cantilever. It was
presented that high electrostatic excitation could lead to
complex nonlinear responses such as softening, multiple
stability changes at saddle nodes, or period-doubling
bifurcation points in the primary and secondary resonance
branches. By using the generalized multi-symplectic method
and numerical method, Hu and Deng [19] investigated chaos
in an embedded fluid-conveying single-walled carbon
nanotube under transverse harmonic load series. It was
shown that with the increase in the length of the nanotube
and the increase in the number of the transverse load series,
the chaotic region respected to the flow velocity decreases
obviously. Using the consistent couple stress theory,
Fakhrabadi [20] analyzed the small-scale effects on the
nonlinear dynamic mechanical and electromechanical
behaviors of the carbon nanotubes

In this paper, the sub-harmonic bifurcation of
single-walled carbon nanotube based mass sensor is
investigated by the sub-harmonic Melnikov method. The
parametric conditions for sub-harmonic bifurcation of this
system are obtained. The stability conditions of the
bifurcation solution are also presented by using the
affection-angle transformation and average method.

2. Formulation of the Problem

The single-walled CNT based mass sensor investigated in
this paper is shown as in Figure 1.

Figure 1. Schematics of a CNT based mass sensor.

Using the Lagrange equation and the Hamiltonian
principle, the equation of motion is as follows [13]:

0*u 0’u 0’u
EIF+,0A m, e = F cos(ax)
EA ¢t 0z Ou 1 Ou, 214 0’z
TR+ ()2 1dx % 1
[t S (] ( o) M
with the boundary conditions
du
M(O)——(O)‘ (L)——(L):O 2

is the mass attached to the CNT, @ is the

frequency of the transverse load applied due to the attached
mass, E is the Young’s modulus, 7 is the second moment of
the area, p 1is the density of the nanutobe, 4 is the cross

where m,

section area, F' is the spatial distribution of the transverse
load, L is the length of the nanotube.
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Considering the first mode of vibration and implementing
the separation of variables technique

u(x,1) = p(x)8(1) )

Where V and 6
respectively.

The first mode shape of a doubly clamped wavy CNT is
given as

represent the space and domain,

Y(x) = 0.816(1 - cos(%) )

Applying the Galerkin approach, the equation of motion of
a doubly clamped wavy CNT under condition of primary
resonance is as follows [13]:

(1+M)G+ a0+ BE° +56° = 0816 pj —cos(@n) (5
where
4 2
a=(53327 47745 ﬂiE):wj,
PAL poL
4
B= 4352“73E, e=089"%,
pL pL
m
M= 6
2pAL ©

Introducing damping in Eq.(5) in order to make the
equation of CNT motion more realistic [14] and normalizing
the equation wusing the parameters ¢=1/w, as a

characteristic time and r =d

out

as the characteristic length,
the non-dimensional form of the equation becomes

& = icos(al) (7)

ra

B . 2
(1+M)G+286+0+5
a

Considering A =0, i.e., the case of straight CNT, then the
equation of motion is

A+ M) 0+250+0+ 2700+ =L cosany 8
a a ra

Using the variable transformations

0=—o=O =1+ M1 ©)

Jer1a’
then Eq.(8) becomes
X +Cx +x+x’ = j_‘cos(cTt)

(10)

where '=dx/dr is the differential with respect to the
dimensionless time 7, and
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J=L o=
1+ M ra

1+M

(1D

Assume the damping and excitation terms ¢ and]7 are

small, setting ¢= 55,/7 =& f (€ is a small parameter),
then Eq.(6) can be written as

X +ECx +x+x :£fcos(dt) (12)
When & =0, the unperturbed system is
X, =X
{ T (13)
X, ==(x, +x7)
System (9) is Hamiltonian with Hamiltonian function
2 2 4
X, xS X
H X, X, = 2 +; +L 14
(X, %, Tty (14)

and (0,0) is the unique equilibrium point which is a center;
there exist closed periodic orbits around (0,0) with the
expressions

2
5 (1) =2 en(—— k)
V-2 -2k s
\2K? T T
r)= k) dn(——— .k
x2k() =2k sn( ,—1—2/(2 ) dn( '—1—2/(2 )

See Figure 2, where sn, cn, dn are Jacobi elliptic functions.
The period of the closed orbit is 7, = 4v1-2k> K (k), where
K(k) is the complete elliptic integral of the first kind, and
k satisfies

2 4
po 2, 16
121 (1-26)
Obviously, when 4 — oo, it follows k — ——.T(k) - 0;

V2

when # - 0, it follows that
k - 0,T(k) - 2,
and

dr(k) _

0,
dk

ie., T(k) is decreases monotonously for A[(0,1/ \/E) ,
therefore 7'(k)[(0,277), the smaller the period is, the larger
the kinetic energy.

N/ "

Figure 2. The phase-portrait of system (13).

3. Sub-harmonic Bifurcations

In this section, sub-harmonic bifurcations of system (10)
are investigated with the sub-harmonic Melnikov method
[21]. It can be computed that the sub-harmonic Melnikov
function for the periodic orbits (15) satisfying the resonance
condition m7T =nT, is

M (1) = [, (D=5, (1) + [ cos@XT +7,)d 7]
= =C1,(m,n) + f1,(m,n)sin o, (a7

where

T:2_7T

~

mT 2
L(mmy=[" x5, (17

_ 8m 1-k* _
L —2k2)[1—2k2 Kk -E®),

mT
I,(m,n) = —IO x,, (T)sinwrdr

0,n #1or mis even;
= 2\/5
cosh(@K 1-2k%)

n=1and m is odd (18)

Letting

_1(m]) _
T L(ml)

41 -k*)K (k) —(1-2k")E(k)] oK 1= 252
h(@K 1-2k
32mn(1- 27 cosh( )

_ 8k 1-k* _ mit
= —Zx/znlm [1 RpYE K(k)— E(k)]cosh( 2K

R (m,n)

K (k) (19)



100 Liangqiang Zhou et al.:

When

> R, (m), (20)

A~

there exists a simple zero point for M""(z,) for

rd(0,2m). Therefore, when the inequality (20) is satisfied,

sub-harmonic bifurcations of 7 (odd) orders for system (12)

will occur, consequently periodic vibrations will occur.
Denoting [&)] is the integer part of @, therefore, when the
frequency @ of the external excitation is fixed, the
numbers of sub-harmonic bifurcations of odd orders for the

I
perturbed system is no more than ! 2[0)] .

Remark:

(1) when k - ,1.e, — o, R (m) — oo;

1
V2
. - . 0,m=1
(2) when k - 0,ie, @ - m, hle(m)={
k-0

oo,m=3,5,7...
(3) Further analysis presents that as the increasing of 4
z

from 0 to o, no sub-harmonic bifurcations occur for system
(12) while w[1(0,1) ; sub-harmonic bifurcation with 1 order
27/ @) occurs while @0O(1,3) ;
sub-harmonic solutions with 1 and 3 orders will occur for

(i.e., the periodic is

(3,5, and as the increasing of 4 , sub-harmonic
¢

bifurcation with 1 order first occurs, and then sub-harmonic
bifurcation with 3 order occurs. Similar results can be
obtained for @[(5,7), et al.

4. Stability of the Sub-harmonic
Bifurcations

In this section, the stability of the sub-harmonic
bifurcations is investigated with the affection-angle
transformation and the second order average method.

Using the affection-angle transformation

I=1(x,x,) 1)
v =v(x,X,)
System (8) can be written as
I'=0
: (22)
v =Q()
where
Q) = oH _2n1 (23)
o T,

and system (12) can be written as
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I= g:—l(‘f cos(@r) - ¢x,) 2 eF(1,v,T)
v (24)
Vv =Q() + ga—v( f cos(@r) - ¢x,) 2 G(I,v,1)

Xy

Consider the perturbation of the sub-harmonic orbit with
period T, =27mm/n,(m=1,3,5...)

{1 =1* +eh

25
v=QUNt+p=Qlt+o 23

where [° is the affection variable. Instituting (21) into (20),
and expanding (16) to o(&), one can obtain that

_Ne e @
h _mxzk(t E)[fCOSat Cx, (2 ?)]

+£% FUI*,Q t+@t)h+0(e"?)

2Q .,
)
dQ 7 (
¢Jv:\/zg(]k)h+£[le (26)
+G([k’th+¢’t)]+0(£3/z)
Denote
Q(]k)ka(f—§)[fcosﬂ—fx2k(t—§)]
:M”I(Q_gij*-ﬁ(@t)’ (27)

where M™ (qo/ Qk) is the Melnikov integration of system

(12) along the sub-harmonic orbit, the period of F(g) is

T =277/ &, and average value of F(g,¢) is 0.

Using the average transformation

h—h+e[F@odt, ¢ @ (28)
Eq.(26) can be written as
h':iM'"(Q—q‘Z)w[%F(ﬂ,kaw,t)
dQ .70 - 3/2
+—=(I"Yh— [ F di]+O(e
T wj 1+0(e™)
i I")h

dQ - g
'=NJE— ([ ) ht+ H———
¢ J‘d[m = 29

+G(I5, Q" +@1)] +%(1k)jl:"dt] +0(£7?)
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The mean value of I Fdt and ai _[ Fdt is also 0 since
@

the mean value of I} is 0.

Applying the average theory to (25), using the

transformation ¢ — \/Et, and denoting (h,p) as (h,),
one can obtain that

h= M7 () +EF (@h+0(e)
T Q

IHh
dQ d21
= =S (Y e [H———
9= Jel :

+G(@]+0(e) (30)
where

- _ 1 (mro b o~k
F =— | —F{",Qt+@rt)dt
@=—"] 5 i)

—— T
G@=—|" GUu".Q't+qnr (31)
mT 70

Then the hyperbolic or elliptic fixed points of system (29)
are corresponding to the sub-harmonic orbits of m orders for

system (12).
Noting that in the affection-angle transformation,
%=—ﬂ is hold, so we have
ol Ox,
F'(@—_&) ZZH_{Lx (t_ﬁ)
2mmde ol Q) T QF

[jCOSC:I _ﬁxzk (t _§)]} ‘1=1k dt

27Im Yo o/

L7 cos @G (= 2001} | (32)

Q
When (il_t<°°’ & is small, the stability condition of

sub-harmonic orbits can be determined by the trance of the
linearization of system (29). The linearization matrix of
system (29) is

NETIr R R VPl
27T 0@
A= q 7 5 — (33)
@(1 HX/EW(I )h \/;a—q)G(@

The trance of 4 is

traced =EF (@) +E %}Wo) (34)

When trace4 >0, the sub-harmonic orbit is saddle or
source type; while traced <0, it is saddle or sink.
Using the following results:

0Q_  mk  mE-(1-k)K)
ok (1-2k)Y"K 2K%k\1-2k2 (1-k?)

dK(k) _ E(k) _K(k) dE(k) _ E(k)—K(k)
dc kQ-k*  k  dk k

dK (k) _ _E -K'K
dk k(1-K%)

(35)

27mm

Io ° iXZk (t- Q_(ak) cos cordt = i]z (m,1) cos(d)Q—(ok) (36)

Q
ill(m,1)= 8k(2E(k) —2K2(k)) (37)
ok 3(1-2k%)

3 \/Emﬂsinh(ﬂ)
_[2 (mal) = 2K
ok coshz(mﬂK ) 38
K (38)

AE —KK)K +(E-(1-k)KK
k(1-1)K>

Substituting (35)-(38) into (34), the stability conditions for
the sub-harmonic conditions can be obtained.

The result can provide some guidance for the design of this
class of sensors. For example, while design the sensor, we
should chose the system parameters suitable, such that they
belong to the stable region, otherwise the periodic solutions
are unstable and chaotic motions may occur, which can bring
some damage to the sensors.

5. Conclusions

The sub-harmonic bifurcation of single-walled carbon
nanotube based mass sensor is investigated with the
sub-harmonic Melnikov method in this paper. The parametric
conditions for sub-harmonic bifurcation of this system are
obtained. It is shown that when the ratio of the excitation
amplitude to the damping coefficient crosses a critical value,
sub-harmonic bifurcations of m order (odd) can occur. The
stability conditions of the bifurcation solution for the system
parameters are also obtained by using the affection-angle
transformation and average method. It provides some
inspiration and guidance for the analysis and dynamic design
of this class of system. For example, we should chose the
system parameters suitable so that the periodic solutions are
stable; otherwise chaotic motions may occur and damages to
the sensors may happen.
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