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Abstract: In this article, we use a Chebyshev spectral-collocation method to solve the Volterra integral equations with
vanishing delay. Then a rigorous error analysis provided by the proposed method shows that the numerical error decay
exponentially in the infinity norm and in the Chebyshev weighted Hilbert space norm. Numerical results are presented, which

confirm the theoretical predicition of the exponential rate of convergence.
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1. Introduction

The Volterra integral equations (VIES) arise in many
modeling problems in mathematical physics and chemical
reaction, such as in the heat conduction, potential theory,
fluid dynamic and radiative heat transfer problems. There are
many methods to solve VIES, such as Legendre
spectral-collocation method [1], Jacobi spectral-collocation
method [2], spectral Galerkin method [3,4], Chebyshev
spectral-collocation method [5] and so on. In this paper,
according to [5], we use a Chebyshev spectral-collocation

method, where the collocation points are Chebyshev Gauss,
Chebyshev Gauss-Radau, Chebyshev Gauss-Lobatto points
to solve Volterra integral equations with vanishing delay.

2. Definition

The Volterra integral equations with the vanishing delay
are defined as

y(1)= £ (0)+ [ R (1.6) (&) de+ [ R, (r.1)y(n)dn. TO[0.T], (1)

where 0<T <+oco, and

f(ryocr([o.r]), R(z.é)oC"(Q), R, (r.7)0C"(Q,), m=1, )

where lez{(r,.{):Os.{srsT}, Qz:z{(r,/]):Osr]st]r2 srsT} ,

and ¢ isaconstant, 0<g<lL.

3. Chebyshev Spectral-Collocation
Method

For ease of analysis, we will transfer the integral interval
[0,7] and [0,97*] to fixed interval [-1, 1].

3.1. The Changes of Variables

Firstly, we use the changes of variables

T:Z(1+X)’ xleT—L
2 T

I =2
5—2(1+s), s: T{l,
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_£(1+t) 1=2n-1 ¢ Yk T |
TER K (n) =28 (S0 509

Then (1) becomes

u(x)=g(x)+] K, (x,5)u(s)ds +_[_17(]+X)-_1 K, (x.0)u(r)de x0O[-11], (3)  3.2. Set the Collocation Points

N
where u(x) ::y[z(1+x)} o(x)= f[z(Hx)j, Now wc.a assume that {x,}_, (see,e.g., [6]) are the set of
N +1-point Chebyshev Gauss, or Chebyshev Gauss-Radau,
or Chebyshev Gauss-Lobatto points, then (3) holds at X, :

u(x) =g () + [ K (as)u(s)ds+ [ 2" K, (var)u(e)dr 0SS V. “)

3.3. Linear Transformation

We make two simple linear transformations

S, (z): x;lz+x2—1’ ZD[-l,l],

tx(v):§(l+x)2v+%(l+x)2—l, va[-L1].

Then (4) becomes

u(xl.) = g(x,.)+'|‘_11K1 (xl.,z)u(sx, (z))dz+J‘_11K2 (x,.,v)u(tx’ (v))dv, i=0,L---N, 6)

x+1

xtl g aT (1+x)" -
where K, (x,z):= TKI (x.5,(2) K, (x,v)=——

2 K, (x,tx(v)).
Applying appropriate N +1—point Gauss quadrature formula, we can obtain that

N

u(x,.) =g(x,.)+ﬁ:Kl (x,.,zk)u(sx’_ (zk))@ +Z:K2 (x,.,v,{)u(txi (vk))ag(, i=0,1---N,

k=0 k=0

where z, =V, are the N +l-point Legendre Gauss, or  where F,(x)isthe j—th Lagrange basic function.
Legendre Gauss-Radau, or Legendre Gauss-Lobatto points,

di ight @, k=0,1---N , e.g.[6]). W . . S
corresponding wel.g o . (see, e.g.[6]). We First, deal with YK, (xl.,zk)u(sx‘ (z, ))wk,
use U, to approximate the function value u(x,.) and use k=0

N
N
uN(x) :ZZquj (x) to approximate the function u(x), ;Kl (xl.,zk)u(sxl (Zk))wk
J=0

N

K, (xz’Zk )Z“/F/ (Sx, (Zk ))w’ﬂ

J=0

K, (x[’Zk )(“oE) (le (Zk ))a)k teetu F (sx, (Zk ))a)k)

Il
M- 1M 1M

N

K, (x[’Zk)uoE) (le (Zk ))a)k +"'+ZK1 (xi’Zk)uNFN (sx‘ (Zk ))wk
=0

K, (xfazo)”oE) (Sx, (Zo))% +eot K, ('xi720)uNFN (Sx, (Zo))

+K, (xfszl)uoE) (le (Zl))a‘] +ot+ K (x,-,Z1)“NFN (Sx,. (Zl))['q *ee

+K, (xi7ZN )”OE) (Sx, (ZN ))wN +ot K (xi7ZN )uNFN (Sx, (ZN ))%

-
JIi
o

,
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N N
= uozKl (x[’Zk )E) (SA (Zk ))a’}f T +MNZK1 (x,’Zk )FN (SA (Zk ))a’}f
k=0 k=0
N N
=D u; ) K (x.2,) F, (SA (2 ))a)k
Jj=0 k=0
N N N
Similarly, ZKz (x,.,Vk)u(tx’ (vk ))(q{ = Z”/‘ZK2 (x,,vk)F/ (tv (vk))@ ,
k=0 j=0 k=0
then
N N
u; = g(x,-)"'zujz(‘% (Kl (xiazk)Fj (Sx, (Zk)) +K, (xfa"k)Fj (tx, (Vk)))’ i=0,L--N. (6)
=0 k=0
The Chebyshev spectral-collocation method is to seek

N N

u, = g(xi)+2u‘/.2wk (K1 (x[,zk)Fj (sx‘ (z, ))+K2 (x,.,vk)F_/. (tx, (v, )))’ i=0,1,-N.  4"(x) such that {ui}fio satisfies the
=0 k=0

above equation.

3.4. Implementation of the Spectral Collocation Algorithm

4. Convergence Analysis
(6) can be written in matrix form: U =G + AU,

where [ := [”09”1”"’”1\/], , 4.1. Some Spaces
! . .. akV k
G = [g(xo),g(xl)’...,g(xlv)] , For simplicity, we denote w (x) by axv(x) ,
0<k<m.
A :Z(a[j) . . .
(N+1X(N+1) For  non-negative  integer m ,  we define

., H (-10):={v=0v0 2, (-11).0<k<m}  with the
ay =Y @ (K (3.2) F (s, () + K (5.0 ) F (1, (w)))

=0 m . 5 2
norm as .= .
. . . ||V||11{"'},_ﬁ(—1,1)' Z_: 0.y 2, (1)
We now discuss an efficient computation of k=0

F ( s) Considering Chebyshev function For a nonnegative integer p7, we define the semi-norm

J

P

F, (S) = Zap’ij (S), 7 |V|H2j,‘?b (-11) = ( i ‘

Y 2, -1y | 2
k=min(m,N+1) P

where a, ; is called the discrete polynomial coefficients of — p a=£=0, we denote szj,{yv(_lal) by H"V(-L1).

F;. The inverse relation (see, e.g., [6]) is 1 '
When a=p04= —5 , we denote «f by ;7.

1 & :
4y, :7;1:/'()9)7; (x)af =7, (x)af 1y, (3) The space L°(-L1) is the Banach space of the
! measurable functions u:(—1,1) - R thatis bounded outside

and & is the weight corresponding to x;, i=0,1,---N, a set of measure zero, equipped the norm

N mp=0, "” () f T eSS, sup|u (x)| . Py is the space of all
and ¥, =).T2(x)f =17 In  addition L
g Pt I=1<p<N. " polynomials of degree not exceeding N .

2

. 4.2. Lemmas
VY Z%T if { x,-}:i , are the N +1-point Chebyshev Gauss,

Lemma 1. [67] If wOH}(-L1), m21 |

or Chebyshev Gauss-Radau points, y, =77 if {xi}lo are .

the N +1-point Chebyshev Gauss-Lobatto points. Iyv:= V(xi) i (x), vD C([_l’ 1])’ then

i=0

oo =Ll 1y S OV il 1 ©)

2, (-L1)
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1
SCN? ' |u|

L7 (-1,1) (1) (10)

where I,
N +1-point Chebyshev Gauss, or Chebyshev Gauss-Radau,

is the interpolation operater associated with the

or Chebyshev Gauss-Lobatto points {xl.} N

i=0 "

‘J_llu (x)\lJ (x) of (x) dx —iu (x‘,. )W (xj ) o

J=0

> )

J=0

\Iﬁl () (x) i -

where X, is the N +1-—point Chebyshev Gauss, or
Chebyshev Gauss-Radau, or Chebyshev Gauss-Lobatto point,
o, j=0L--Nand z;is N+I
-point Legendre Gauss, or Legendre Gauss-Radau, or
Legendre Gauss-Lobatto point, corresponding weight «f ,
j=01--N .

Lemma 3. If FJ(X) , J=01,---\N
Lagrange interpolation polynomials associated with the
N +1-point Chebyshev Gauss, or Chebyshev Gauss-Radau,
or Chebyshev Gauss-Lobatto points , then

12y

corresponding weight

are the j—th

N

aZ| (%)=

- =0

O(logN).

Lemma 4. [1,8] (Gronwall inequality) Suppose u(x)

(-1=x<l1) is a non—negative locally integrable function
satisfying u +L.[ dT where L=20 is a

constant, v(x) is a integrable function, then there exists a

constant C such that

u(x)<v

Lemma 5. Assume that e(x) is a non-negative integrable
function and satisfies

e(x)sv

+CJ‘ T)dT ”u(x)" -1,1) _C"v "

L)

“e(6)d6 -

+Mj dt+MI
(0 M, M, <+w),

where v(x) is also a non-negative integrable function, then

e(x) <v(x)+ ] v(z)r, le(®-.,y S V)]

L2(-11)

-
"u -u" (x)"Lm(_l’l) <CN? (|M|Hm

where K= maX|K,- (X, m%(ﬂ), 1,2.

—l=sx<l

155

Lemma?2.[6,7]If «OH" (=11), vOH" (-11), m=1
and WOP,
N such that

, then there exists a constant C independent of

<CN~

I’ (-11)° and

u|112‘f(—1 1

SCN™ | | " (-L1) "w"f(—l,l)'

Proof. Since

qr’ =%(l+x)2 —-1<x

Then

e(x)<v(x)+(M, +M2)Ijle(9)d9.

Lemma 6. [9] For all measurable function /=20, the
following generalized Hardy’s inequality
1
([ ) <[ a(af ot i
and only if
b - l

sup(f)a%(’)d’)q(r@ ”dt) <, p'= 1r1<p5q<°°
a<x<h “ p-
where T  is an operator of the form
() (x) = [, & (). (1)

Lemma 7. [10] For every bounded functionVv(x), there
exists a constant C independent of V such that
Sl;/p"INv"de (-11) < C"v"L""(—l,l) .

4.3. Theorems

4.3.1. Convergence Analysis in [ (-1 Space
Theorem 1. Suppose u(x) is the exact solution to (3) and
u” (x) is the approximate solution obtained by using the

spectral collocation schemes (6). Then for N sufficiently
large, there is

(-11) +(KID+K2D)"M L"“(-l,l))’ (11)
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Proof. Subtracting (6) from (5) gives
u (x,. ) —u, = J‘_IIK1 (x,.,z)u (sx‘ (zk ))dz +J‘__11 K, (xl.,v)u (tx, (vk ))dv
.J:IIK1 (x,z)u” (Sx, (z, ))dz —J: K, (x,v)u” (tx, (v, ))dv
+J._11K1 (xl.,z)uN (sx‘ (zk )) dz+.|‘__11K2 (xl.,v)uN (tX, (vk ))dv

_2%%@1@ (xl.,Zk)Fj (le (Zk))—iujﬁ:a_%l(z (xia"k)Fj (tx, (Vk))

=0 k=0

.

-
11

o

Then

By Lemma 2,

15,6 281 () o 0

2(-11)” |J2 (x)| <CN™ |K2 (x, [)111”’-“‘(—1,1) "uN (tx ([)1)||L2(—1,1) - (13)

Multiplying #,(x) on both sides of the error equation (12) and summing up from i=0 to i=N yield

ﬁ:F;' (x)e(x) = iF[ (x)J‘_llK1 (x,.,z)e(sx’ (z))dz +2Fi (x)J._lle (x,.,v)e(tx’ (v))dv+iF[ (x), (x) +§:E (), ()

=1, [ K (x.2)e(s, (2))dz+ 1, [ K, (xov)e(r, (v)) v 1, (5) + 17, ().

besides,
> ()= 3o fuls) =) F () = () ()= Do (o) = Ly
So
Lyu—u" :INJ:IIK1 (x,z)e(sx (z))dz+1N£1K2 (x,v)e(tx (v))dv+INJ1 (x)+1,J, (x). (14)

Consequently,
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ex) =u(x)-u"(x) = 1 u(x) —u” (x) +u(x) —1u(x)
=1 L K (xoz)e(s, (2))dz+ 1, [ K, (xov)e (e, (v))dvo+ £, (x) + 1, (x) + () = L)
= [ K, (x.2)e(s, (2))dz+ [ K, (xv)e(r, (v))dv+uln) = L) + 1,0, (x) + 1T, (x)+ J )+ J () (15)
where J, = u— I u,
Jy= 1, K (vz)e(s,()dz= [ K, (v.2)e(s, () dz. T, =1, [ K, (xv)e(t,00)dv= K, (x.v)e(t, () dv.
By Lemma 5, we get
el =€ (IIJolllm(fl,l) Iy T ey 150y + 1 ||Lm(71,1))~ (16)

Using Lemma 1 for J, (x) yields

1
<SCN? ' ul (17)

"JO (x)”Lm(_“) :”u _INu 7 (-1,1) H:;N(—l,l) ’

Using Lemma 7 and (13), we have

Ji (x)| < CN™"K, 'max

—-1=x<1

o (5 Oy <N KT

<N K e o) (8)

max

—l=x<1

°(-1,1) 7 (-11) + "u

By Lemma 3,
"INJI (x) (-11) s ||IN °(-1,1) ||J1 (x) o) SCN™ (IOg N) KID("e L7 (-1,1) +||u L7 (-1,1) ) (19)
Similarly,
”INJZ (x) (-1,1) <CN™ (10g N) KZD("e L°(-11) +||u £°(-1.1) ) (20)
According to Lemma 1 with m =1 to J, (x) yields
-1 1 —rx =
(A oy SCN 2 ,[_IKI (x.2)e(s, (z))dz o CN 2 J' K, (x,s)e(s)ds o
- . d -
=CN ?|K, (x,x)e(x)+j e(s)—K, (x.s)ds
- Ox 2 (-11)
- -
<SCN ?|K (x,x)e(x) +CN ? I e(s)iK1 (x,s)ds
2 (-1,1) B ox 2o(-11) Q1)
Bl R
=N (@), oy + N[ els)ds 2, (1)
L
<CN ? "e(x) (1)

Similarly,

1

1 ﬂ( wxPol ~
Wy = CN 2|2 K (el

-1

LN (_
HY (-1,1)
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1
e T T
v Kz(x,q—(l ) -1}(‘1_(1 ) -1j(qt(1+u))du
-1 2 2 v
HYY (-11)
. 162 (x,%(l+x)2 —lje(%(l+x)2 —lj(qt (l+x))
- 1
SCN* <CN 2| (22)
+'[xe(£(l+x)2 _lj(qt(l-'-x))iKz (x’ﬂ(l.'_x)z_ljdx || °(-11)
2 0x 2 2 ()
So LI
O O
” "e L7 (-L1) <CN? Ou H:f“\'(—l,l) +(K1 +K2 )"u L°(-1,1) j
€|~
(=) This completes the proof of this theorem.
1 2
3 -m 4.3.2. Convergence Analysis in L (-1.) Space
<CN? |u|H”"N(—l,l) +CN (lOg N) (KID +K2D)"u L7 (-1,1) (23) 8 ‘ . P .
o Theorem 2. Suppose u(x) is the exact solution to (3), and
i N"log" . log" _ u” (x) is the approximate solution obtained by using the
Since !, N%*m T N% =0, then, for N spectral collocation schemes (6). Then for N sufficiently

large, we have
1
sufficiently large, - log" < N2 "

Hence

<CN™" (K[ +KD+ 1)("14'

11) +||u 1 (-1,1) +lu |Hd~ j,

2e(-

where KiD:: max|K,.(x,E)1H (1)’ i=12.

m
—1<xs<1 o

Proof. Applying Lemma 5, it follows from (15) that
e(x) S C[ Iy (6)+ 10, () + 1T, (2) + T () + 7, (e + o (x) + £ () + 1, () +5 () + 1, ()

By Lemma 6, we have

STl (A PR [ PR TAA PSP VA ISR A P |
Using Lemma 1 for J,(x) yields
175 (x) 2 ot = 1, 2y SOV |u ) (24)
With Lemma 7, we get
[ () < € sl () O Kl g+l ) ©3)
From Theorem 1, let m =1, then (11) becomes
lell g = OO, oy + (KE+ Kl ),

This makes (25) become

"INJl (x)

s CN_mKID(”u'"Li};(fl,l) + (KID + KZD + 1) "u °(-1,1) ) (26)

2o(-L1)

Similarly,
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||1NJ2 (x)"L’w( (-L1) = CN_mKZD("u'hi(,(—l,l) * (KlD +K2D +1)||u”L“(—1,1))' (27)

As the same analysis in (21), we obtain that ||J3 (x) 2 (-11) <SCN™ "e"L“’(—l,l) :

From Theorem 1, we get

—l—m
<CN ? KZD(|u|

|V ()

e KT+

LZC(—I,I) HZ;““ L‘”(—l,l)j' (28)

Similarly,

Vs ()

(KK o

2e(-11) HY

_l_ﬂl
<CN KZDOu ()j (29)

—m 0 O ’
Hence, we have "e o(-11) sCN (Kl +K, +1)(|“|H":’/“N(—1,1) +||u |Li}c(—1,1) +||”||L"“(—1,1) )
This completes the proof of this Theorem.
We use the numerical scheme (6).Numerical errors versus
. several values o are displayed in Table 1 and Figure (.
5. Examples I values of N are displayed in Table 1 and Figure @
These results indicate that the desired spectral accuracy is
5.1. Example 1 . . . .
obtained. Figure @) presents the approximate solution
From (D), let (N =24)and the exact solution, which are found in excellent
= e _ o 1 (x+ (ot agreement.
K, (x,s) =e" K, (x,t) =0, g(x) =¢’ +m(e () 2)) .

The corresponding exact solution is u(x)=e™, xO[-L1].

. . . o 2
Table 1. The errors 1 —y"  versus the number of collocation points in [” and L ¢ norms.

N 6 8 10 12 14
L’ —error 2.4058e-004 2.0357e-006 1.3388¢-008 6.6231e-011 2.5646e-013
Lza; —error 2.6350e-004 2.3946¢-006 1.5653¢-008 7.9650e-011 3.1722¢-013
N 16 18 20 22 24
L’ —error 2.1316e-014 7.9936e-015 7.9936e-015 7.1054e-015 1.1546e-014
Lif —error 1.3511e-014 1.0471e-014 1.4066e-014 1.2207e-014 1.6227¢-014
10 ' ' ' ' ' ' ' ' Exact solution 3
— - L[*error r #  Approximate solution
4 .
L N — U=~ L =-error 7
N i
w8, _
“ i
10° | B, . i
A
107} “6 ] |
A
107} , i |
@ -
-, i
10 B, GroiBro oo
0 , , , , , , , , 4 08 06 04 02 0 02 04 06 08 1
6 il 10 12 14 16 138 20 22 24
BEN =24 . . . . N
Figure 2. Comparison between approximate solution y" and the exact
Figure 1. The errors y —uN versus the number of collocation points in solution U .

2
[ and L ¢ norms.
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5.2. Example 2

From (1), let

Volterra Integral Equations with Vanishing Delay

R (1,&)==(t+&), R, (r.n)=~(-n) T=2, qT:%TZ’,f(T):—2TcosT+2T+2sinT+(%T2—TJCOS(%TZ)—Sin(%TZ).

The corresponding exact solution is y(T) =sin7, 10 [0, 2].

Figure 3 plots the errors for 2< N <20 in both ,“and £, norms. The approximate solution (N =20) and the exact
solution are displayed in Table 2. As expected, the errors decay exponentially which confirmed our theoretical predictions.

2
Table 2. The errors versus the number of collocation points in | and L ¢ norms.

N 2 4 6 8 10
L’ —error 2.9023e-002 2.3295e-004 9.6846¢-007 2.6571e-009 5.8210e-012
de‘ —error 3.5380e-002 2.6275e-004 1.0136e-006 2.8130e-009 5.8353e-012
N 12 14 16 18 20
L” —error 8.9928e-015 3.3307e-015 2.5535e-015 2.2204e-015 2.1094e-015
Lff —error 8.8042e-015 2.1409¢-015 1.7146e-015 2.4297e-015 2.4104e-015
" 6. Conclusion
b, — o [™error We successfully solve the Volterra integral equation with
N — o Ly=-error vanishing delay by Chebyshev spectral-collocation method
‘& and provide a rigorous error analysis for this method. We get
107 N | the conclusion that the error of the approximate solution
% decay exponentially in ;" norm and £, norm. We also carry
AR out the numerical experiment which confirm the theoretical
Yo predicition of the exponential rate of convergence.
\
107} S .
el
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