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Abstract: The integral representation is developed for linear initial and boundary value problems. The fundamental 

solution is defined by the linear differential equation with constant coefficients and plays a key role in obtaining the integral 

representation. This becomes a very strong constraint in developing the theory to nonlinear problems. In the present paper, an 

innovative generalization of the integral representation or generalized integral representation is proposed. The numerical 

examples are given to verify the theory. 
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1. Introduction 

Wu [1] and Uhlman [2] obtained integral representations 

for Navier-Stokes equation using the fundamental solution 

for Laplace operator and showed clearly how to apply the 

integral representation method to nonlinear problems. Wu 

verified his theory through a series of numerical calculations. 

Isshiki, Nagata and Imai [3] has applied Uhlman’s idea to a 

viscous flow around a circular cylinder successfully. 

In the present paper, an innovative generalization of the 

integral representation or Generalized Integral 

Representation (GIR) is proposed. The idea is applied to the 

problem of advective diffusion. Ordinary, we define the 

fundamental solution first and then apply it to obtain the 

integral representation. On the other hand, in the generalized 

theory, the fundamental function is chosen first, and the 

differential equation satisfied by the fundamental solution is 

defined properly reflecting the fundamental solution and the 

boundary value problem [4]. For example, we can use the 

Gaussian function as the generalized fundamental solution. 

This approach can extend the applicability of the integral 

representation method. 

We conduct numerical calculations of 1D and 2D 

problems and demonstrate the effectiveness of Generalized 

Integral Representation (GIRM). Stable and precise results 

are obtained in an admissible time. 

2. Generalized Integral Representation 

in Diffusion Problem 

2.1. Generalized Reciprocity 

The advection-diffusion equation is given by 
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where x  and t  are the coordinates and time, C , u , 

κ  and σ  are the density of material, advection velocity, 

diffusion constant and source of material, respectively. For 

convenience, we rewrite Eq. (1): 
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where q  is the flow of the material. 

We consider two systems P  and Q : 
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and 
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Now, we have 
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Rewriting Eq, (5), we obtain 
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where 

1=−= QPPQ εε .                  (7) 

Equation (6) expresses the dynamic reciprocity between 

P  and Q . 

2.2. Generalized Integral Representation or 1-Step 

Generalized Integral Representation (1-GIRM) 

Let’s define two solutions q  and q~  as 
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where δ~  is a given function. Applying Eq. (6), we obtain 
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Rewriting 
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Exchanging x  and ξ , we obtain a generalized integral 

representation (GIR): 
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where γ  is assumed constant, but it could be a function of 

ξ . If we apply the theory to a numerical procedure using an 

irregular mesh, we must consider as )(ξγγ = . 

Then, we have 
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Furthermore, when ),,(
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where ),( ξxδ  is the Dirac’s delta function 
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At an internal point (IP), the left-hand side of Eq. (12) 

becomes 
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At IP, the right-hand side of Eq. (12) 
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Hence, the generalized integral representation, Eq. (12), 

tends to the differential equation, Eq. (1), at IP. 
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Furthermore, if we assume Eq. (13), Eqs. (14) and (12) are 
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2.3. Further Generalization of the Integral Representation 

or 2-Step Generalized Integral Representation 

(2-GIRM) 

We call the integral representation derived in 4.2 as 1-step 

integral representation. We further generalize the theory and 

derive 2-step integral representation. Now, we rewrite Eq. (2) 
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where a new variable )t,( xθ  is introduced. The, we 
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Rewriting Eq. (30), we obtain 
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Transforming the second and forth integrals on the 

right-hand side of Eq. (31), we derive 
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Exchnging x  and ξ  in Eq. (32), we obtain 
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Equation (33) is a GIR replacing the differential equation 

(24c). 

We can obtain the solution using the following steps: 

Solution: From Eq. (29), ),(),( ttC xθx → ; from Eq. 

(24b), ),(),( tt xqxθ → ; from Eq. (33), 

ttCttC ∂∂→ ),(),(),,( xxqx ; ),(),( dttCttC +→∂∂ xx ; 

repeat 

3. Numerical Results by 2-Step 

Generalized Integral Representation 

(2-GIRM) 

Since numerical examples using 1-GIRM are given in Ref. 

[4], we discuss only the applications of 2-GIRM. We 

consider initial value problem in infinite region. We assume 

the boundary values at infinity are zero. For simplicity, Eq. 

(21) is assumed. The time evolution is calculated explicitly. 

More specifically, we use Euler method. The material source 

σ  is assumed zero. We use the Gaussian type fundamental 

solutions in Appendix A. 

From Eqs. (29), (24b) and (33), we have 
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VV

dVtGdVtC ξξ ξθxξxξδξ ),(),(
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),(
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),( ,   (34) 

),(),( tt xθxq κ−= ,              (35) 
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ξ
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respectively. 

3.1. 1D Problem 

We approximate the infinite region by a finite one 

LxL <<−  and discretize the finite region as 



142  H. Isshiki:  Theory and Application of the Generalized Integral Representation Method (GIRM) in  

Advection Diffusion Problem 

M

L
dx

2= ,   dxiLxi +−= ,   Mi ,,1,0 ⋯= ,  (37a,b) 

),()( ndtxCC i

n

i = , ),()( ndtxi

n

i θθ = , ),()( ndtxqq i

n

i = . (38a,b,c) 

The discretization of Eqs. (34), (36) and (35) is given for 

1,,1,0 −= Ni ⋯  by 

∑∫∑∫
−

=

−

−

−

=

−

−
−=

1

0

)(
2

2

1

0

)(
2

2
),(

~
),(

~ N

j

n

j

dxjx

dxjx
i

N

j

n

j

dxjx

dxjx
i dxGCdx θξξξξδ , (39) 
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Rewriting, we have for 1,,1,0 −= Ni ⋯  
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respectively, where the matrices D , G  and H  are given 

by 

∫
+

−
=
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2
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~dxjx

dxjx
iij dxD ξξδ ,            (45a) 

∫
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−
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The matrix G  is nonsingular. Hence, if the algebraic 

vector )n(C  is known, we can obtain the algebraic vector 
)n(θ  solving Eq. (42). Then, the algebraic vector )n(q  is 

determined by Eq. (43). Now, the algebraic vector 

( ) )n(
t∂∂C  is obtained solving Eq. (44), and the algebraic 

vector )1( +nC  is obtained explicitly by 

dt
t

n

nn

)(

)()1( 








∂
∂+=+ C

CC .           (46) 

If we use the implicit method, the solution would be much 

more stabilized. However, for simplicity, we adopt the 

explicit solution or Euler solution for the numerical 

examples below. 

The initial condition is given by 



 ≤≤−

=
otherwise0

442|when)43(1
)0,(

LxLL
xC .    (47) 

or 



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otherwise0
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The exact solution for this problem is known as 

∫
∞

∞−

−−−
= ξ

πκ
ξ κ

ξ

de
t

C
txC t

Utx
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2)(

2

)0,(
),( .          (49) 

The spurious oscillation or numerical oscillation is 

reduced using the additional calculation at every time step 

given by [6] 

),(
),(

),(
2

2

dttxC
dx

dttxCd
dttxC +→+++ α ,    (50) 

where α  is a parameter to reduce the spurious oscillation. 

More specifically, we have 

( ) )1()1()1()1(

2

)1( 2
1 +++++ →+−+ n

i

n

i

n

i

n

i

n

i CCCC
dx

C α .  (51) 

A temporal value of )1( +n

iC  calculated by Eq. (46) is 

corrected by Eq. (51) before advancing to the time step 

1+n . 

The parameters for the numerical calculations are shown 

in Tab. 1. The numerical results are shown in Figs. 1-3. As 

shown in Fig. 1, if the number of division N  is increased, 

the computational errors are reduced, and the numerical 

solution converges to the exact one. Figures 2 and 3 show 

the effect of the noise reduction parameter α . The results 

are compared with those by the upwind differencing. The 

upwind differencing usually gives an excessive artificial or 

numerical diffusion. GIRM with noise reduction parameter 

α  gives more reasonable result. 

Table 1. Parameters for numerical calculation. 

Symbol Definition Value 

L  
Half length of computational 
region 

6 

N  
Number of division of 

computational region 
21,41,81,161,321 

κ  Coefficient of diffusion 0.01 

U  Advection velocity 1 

γ  
Scale of GFS (Genelarized 

Fundamental Sol.) 
gam ≈ dx 

0.48,0.24,0.12,0.06,0.03 

α  Noise reduction parameter 0,0.00000625,0.000025 

dt  Time increment 0.00025 
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Figure 1. Solution by GIRM ( 0=α ; (a) 21=N , 48.0=γ ; (b) 41=N , 24.0=γ ; (c) 81=N , 12.0=γ ; (d) 161=N , 06.0=γ ; 

(e) 321=N , 03.0=γ ; (f) exact solution) 

 

Figure 2. Comparison among GIRM, FDM (upwind differencing) and exact solutions  ( 41=N , 24.0=γ ; (a) GIRM, 0=α ; (b) GIRM, 0=α , 

6.1=t ; (c) GIRM, 000025.0=α ; (d) GIRM, 000025.0=α , 6.1=t ; (e) FDM (upwind differencing); (f) FDM (upwind differencing), 

6.1=t ) 
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Figure 3. Comparison among GIRM, FDM (upwind differencing) and exact solutions  ( 81=N , 24.0=γ ; (a) GIRM, 0=α ; (b) GIRM, 0=α , 

6.1=t ; (c) GIRM, 00000625.0=α ; (d) GIRM, 00000625.0=α , 6.1=t ; (e) FDM (upwind differencing); (f) FDM (upwind differencing), 

6.1=t ) 

3.2. 2D problem 

Before the discretization, we introduce a mapping of 

numbering from 2D numbering 1,,,1,0 −= Mi ⋯ , 

1,,,1,0 −= Nj ⋯  to 1D numbering 1,,,1,0ˆ −= MNi ⋯ : 

iMji +=ˆ ,                 (52a) 

[ ]Miii /ˆˆ −= , [ ]Mij /ˆ= .         (52b) 

We approximate the infini te region by a finite region 

LxL <<− , ByB <<−  and discretize the finite region as 

M

L
dx

2= ,  
N

B
dy

2= ,             (53a) 

dxiLx
i

+−=ˆ ,  dyjBy
i
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The values at node î  are defined as 

)ndt,(CC
î
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î
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i xqq = . 

(54a,b,c) 

The discretization of Eqs. (34), (35) and (36) is given for 

1,,1,0 −= Mi ⋯  by 
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Rewriting, we have for 1,,1,0ˆ −= MNi ⋯  

∑∑

∑∑
−

=

−

=

−

=

−

=

−=

−=

1

0ˆ

)(
ˆˆ̂

1

0

)(
ˆˆ̂

1

0ˆ

)(
ˆˆ̂

1

0ˆ

)(
ˆ̂

MN

j

n

jyji

MN

j

n

jjiy

MN

j

n

jxji

MN

j

n

jjix

GCD

GCD

θ

θ
,          (58a,b) 



Applied and Computational Mathematics 2014; 3(4): 137-149  145 

 

)(
ˆ

)(
ˆ

n

ix

n

ix
q θκ−= , 

)(
ˆ

)(
ˆ

n

iy

n

iy
q θκ−=         (59a,b) 

∑∑

∑∑

−

=

−

=

−

=

−

=

−








∂
∂=

+

1

0ˆ

)(

ˆˆˆ

1

0ˆ

)(

ˆ

ˆ̂

)(

ˆ

1

0

ˆˆ
)(

ˆ

1

0

ˆˆ

MN

j

n

jji

MN

j

n

j

ji

n

jy

MN

j
jiy

n

jx

MN

j
jix

CHU
t

C
G

qDqD

,       (60) 

respectively, where the matrices  ( yx,=ρ ),  and  

are given by 
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The matrix G  is nonsingular. Hence, if the algebraic 

vector )n(C  is known, we can obtain the algebraic vector 
)n(

ρθ  solving Eq. (55). Then, the algebraic vector )n(
ρq  is 

determined by Eq. (56). Now, the algebraic vector 

( ) )n(
t∂∂C  is obtained solving Eq. (57), and the algebraic 

vector )1( +nC  is obtained explicitly by 
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If we use the implicit method, the solution would be much 

more stabilized. However, for simplicity, we adopt the 

explicit solution or Euler solution for the numerical 

examples below. 

The initial condition is given by 
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The exact solution for this problem is known as 
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The spurious oscillation or numerical oscillation is 

reduced using the additional calculation at every time step 

given by [6] 
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where α  is a parameter to reduce the spurious oscillation. 

More specifically, we have 
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A temporal value of )1(

ˆ

+n

i
C  calculated by Eq. (62) is 

corrected by Eq. (67) before advancing to the time step 

1+n . 

The parameters for the numerical calculations are shown 

in Tab. 1. The numerical results are shown in Figs. 4-7. As 

shown in Fig. 4, if the numbers of division M  and N  are 

increased, the computational errors are reduced, and the 

numerical solution converges to the exact one. Figures 5 and 

6 show the effect of the noise reduction parameter α . The 

results are compared with those by the upwind differencing. 

The upwind differencing usually gives an excessive artificial 

or numerical diffusion. GIRM gives more reasonable 

artificial diffusion. 

Table 2. Parameters for numerical calculations 

Symbol Definition Value 

L , B  
Half length and breadth of 

computational region 
6 

M , N  
Number of division of 
computational region 

21,41,61 

κ  Coefficient of diffusion 0.01 

U  Advection velocity 1 

γ  
Scale of GFS (Genelarized 
Fundamental Sol.) 

gam ≈ dx, dy 

0.48,0.24,0.16 

α  Parameter for noise reduction 
0,0.0000125,0.0000
25 

dt  Time increment 0.00025 
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Figure 4. Solution by GIRM ( 0=α , 0=y ; (a) 21=N , 48.0=γ ; (b) 41=N , 24.0=γ ; (c) 61=N , 16.0=γ ; (d) Exact solution) 

 

Figure 5. Comparison among GIRM, FDM (upwind differencing) and exact solutions  ( 21=N , 48.0=γ , 0=y ; (a) GIRM, 0=α ; (a) GIRM, 

0=α , 6.1=t ; (c) GIRM, 000025.0=α ; (d) GIRM, 000025.0=α , 6.1=t ; (e) FDM (upwind differencing); (f) FDM (upwind differencing), 

6.1=t ) 



Applied and Computational Mathematics 2014; 3(4): 137-149  147 

 

 

Figure 6. Comparison among GIRM, FDM (upwind differencing) and exact solutions  ( 41=N , 24.0=γ , 0=y ; (a) GIRM, 0=α ; (a) GIRM, 0=α , 

6.1=t ; (c) GIRM, 000025.0=α ; (d) GIRM, 000025.0=α , 6.1=t ; (e) FDM (upwind differencing); (f) FDM (upwind differencing), 6.1=t ) 

 

Figure 7. Comparison among GIRM, FDM (upwind differencing) and exact solutions  ( 61=N , 16.0=γ , 0=y ; (a) GIRM, 0=α ; (a) GIRM, 

0=α , 6.1=t ; (c) GIRM, 0000125.0=α ; (d) GIRM, 0000125.0=α , 6.1=t ; (e) FDM (upwind differencing); (f) FDM (upwind 

differencing), 6.1=t ) 
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4. Conclusions 

In the present paper, an innovative generalization of the 

integral representation or Generalized Integral 

Representation (GIR) was proposed. The idea was applied to 

the problem of advective diffusion. Ordinary, we define the 

fundamental solution first and then apply it to obtain the 

integral representation. On the other hand, in the generalized 

theory, the fundamental function is chosen first, and the 

differential equation satisfied by the fundamental solution is 

defined properly reflecting the fundamental solution and the 

boundary value problem. For example, we could use the 

Gaussian function as the generalized fundamental solution. 

This approach could extend the applicability of the integral 

representation method. 

We conducted numerical calculations of 1D and 2D 

problems and demonstrated the effectiveness of Generalized 

Integral Representation (GIRM). Stable and precise results 

were obtained in an admissible time. 

Appendix A. Generalized Fundamental 

Solutions 

We can define various types of generalized fundamental 

solutions. However, we show only four types below. 

Although the 3D forms are shown, the 1D and 2D forms 

can be obtained easily. 

A.1. Gaussian Type 

The generalized fundamental solution of Gaussian type in 

3D is given by 
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We have 
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From Eq. (24) 
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A.2. Cos-Hyperbolic Type 

The generalized fundamental solution of cos-hyperbolic 

type in 3D is given by 
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We have 
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From Eq. (24) 
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A.3. Lucy Type 

The following is an approximation to Dirac’s delta 

function proposed by Lucy [7]: 
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A.4. Traditional Type 

The following is the well known fundamental solution of 

Laplace operator : 
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